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40 1 I to * a Abe 1 E aleMation ane 
ſuperior to all other Methods that ever were known or 
found bout; and beyond which nothing further is to be 
hoped or expefiecd. It lends its Aid and Affiftance to all - 
the other Mathematical Sciences, and that in their 
treateft Wants and Diſtreſſes : It opens and diſcovers 10 
us the Secrets and Keceſſes of Nature, which have al- 
ways before been locked up in Obſcurity and Darkneſs.” To. 
2 all the noble and valuable Diſcoveries of the laſt and 
preſent Age are entirely owing : And by this Method 
Sir Iſaac Newton, the worthy Inventor, determined and 
ſettled the Syſtem of the whole vifible Worlu. 
The he and Application of F uxroxs are exceeding 
extenſtus; for Example, in Taigonometry, it teaches the 
Computation of Sines, Tangents and Secants ; in Arith- 
metic, the Calculation of Logariihbms; in Geomttry, 
drawing” Tangents to Curves, finding their Curvatures, 
their Lengths ond Quadratures, the Surfaces and Solidi- 
ties of Bodies; in Methuics and" Philoſophy, the In- 
: veftigntion of the Centers of Gravity and Ofcillation, 
: the Vibration of Pendulums, the Laws of Centripetal 
Forces, the Times, Velocities, and Spaces deſcrived by 
Bodies abel upon by any Forces, the Motions and Re- 
ſitances of Bodies in Mediums, c. Theſe are ſome of 
the numberlefs Inſtances, wherein Fluxions are applied 
with ſuch wonderful Succeſs. And though ſome few of 
theſe may be (and actually bave bern) hammer*d out with 
great Labour and Difficulty by other Methods; yet the 
Proceſs of none of them can in the loaj be compared with - 


tax. Beauty, — charming E n with _ 
F242 the 


* 


8 ö RR R_ _- * * * ; : 
T6 6 — - 1 * * 

. TY 8 N | 

* 

* . p : 


| The eee 


* 


Mubodof. Fluxcions, performs. all theſe Things, Ir 
thed of. Fluxiens: is capable. of . 28 


. 


ties, as 7aije 1he Wander, and Surpriſe of all 
Mankind, and which wonld-i1,vainbe, attempted by any 

: 155 Met had. whatſacyer... So dbat it is juſtly eſteemed. 
uh Norte, Genius, and the; val Thought that 


e entered d.the human Mund. 1 A. ICOTE ba 5 e 

e Met had J lunions is founded upon this: Py | 
Ample. ond obvious. Principle, vit. that any Quantihymay. 
be ſuppoſed. to be, geverated, by: continual Increaſes. after. 
| 75 Jane. Manner that Spate is deſcribed. by local Mul ian 

1 and noble runden. tells, us, that. in lis: Mee 
thod he conſiders Things as generated by.continuat. 
Increaſe, after the Manner o A Space which a Thin 


Fa. in Motion deſeribes. Mew De. Canteption 
4 


this is exceeding eaſ and natural: Far we eben Day 
e with aur om. Eyes, all Kinds of Lines, and faguret 
deſcribed by . the, Motion o Bodies + This:Principle then 
215 e eaſily. a ned, Aud furt ber, fince/ ut alſo ſee- 
by Experiences 1 at theſe very Lines. and Figures are de. 
cribed, ſome with greater Degrees of Velacily, fame auith. 
leſs, ſeme with Matians continally acgelerateũ or retarded,” 
and Jome with uniform Mations-:, We ſpall eafily under- 
ſtand, that any one ef. theſe Lines or Spaces bas in every, 
Point of 11s... Deſcription. a certain: Degree ef. Increaſe | 
determinate in'.itſelf, and peculiar to that Point, and 
which is the ſame with the Velocity of . the Thing that 
deſcribes it. Aud ie determine. this Velocity, or this. De- 
gree of Iucreaſe, in am given Peint of the generated . 
Quantity, is the ſame Thing as finding the Fluxion of Ae | 
ee variable 8 and is ibe Foundation f all! | w 
the Arithaetick of Hluxions. And to determine this:truly || I 
is. ofthe greateſt Conſequence for eſtabliſbing the Theory” - || co 
Mam Diſputes /and. Objettions baue been advanced | 0 
againſt the Truth of the Method of Fluxions; and among/t- | an 
theſe. Diſputants, as it commonly happens, thoſe haue been | Vi 
the moſt inveterate, wha underſtood the leaſt of the Matter. | tis 
To anſwer all the Cavils that have been offered ill be | ad; 
0 little. Conſequence i in any thing, and. F none at all fan il 
ſetiling 
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NT Te PR E NAH CE : 
ſettling the thun\Notion. of \Fluxians?"*Fhareft feat 


of that;\.T Gall, I Folloting Waturr ay V 1 den, N 


endeavour to gide be-tnprejitdiveds Nd clear 


be capabie r Demonſtration er not. In order" to this; 
let us aſſume what has Been beſbre laid doton, that any” 


Lenerated, flowing" Quantity is analaguus o A Line de- 


ſcribed d a moving Point, and that the Velocity of ibis 
Point in any Place repreſents the Fluxion of that Quanti- 


iy inthe correſpondent Place of tbe Fluent; now Ih 
cenfigerrtheGoneration of this 5 Ferre f ord Fluent, 


48 being more eaſily underſtood. 


I i the general: Protiice in Alben cs," to meaſure 
the Velocity of a by the Space uniformly deſcribed in 
a given Time;" Fur Velocity being that by which a Body 
is carried through a given Space in a given Time, N | 
fare Felocity muſt be looked upon as the'proper efficient 
Cauſe of the Space deferibed x" "ond Fol Space deſcribed the 

nate Efelt ef that Cuuſe. Noto ſuppoſe" a right. 


Linedeferibed\wwith* any Surf f Poteitty,\ accelerated, or 


retarded; at Phaſure, und ibàt eve would enquire what is 
the Hriaaty of it in any given Place. If we take a ſmall 
Part of the" Line, ohich tbe moving Point deſcribes juſt 
before it arrives aba Plate, and ball it un Increment, 
and ſunpoſc it to be deferibed'in a very ſmall given Time; 
then this lucremonl ulil nearly meaſure the'V elotity of the 
deferiving. Point at ba Place propuſed, and is ſit Se Hcient to 
giue a dug. Notionof\ he Degree of Velpeiry required. 
Noa Fenbil rigut Bine "was deſcribed weed ly, this 
would: aseurately: une i be Velocity. Bus ſince that 
Increment. is deſcribd with a V elocity, "by Suppoſition; 


continnally warigble," therefore this Notion doe have pere 


obtained m to de \correftd'; the firſt Notions we ger of 
ony;:Sabje rare generdlly: incorret?, and demand a nicer” 
View, aud a\more-arcurate'and* pbiloſophicual Eramina- 
2 "bifore- doe can acquire Notions that are perfett and 
unte. Here then il will be very evident, if we tałe 
le Ae. and a leffer Increment, by vbich "the Ve! facity- 


15 


true Les thereof "and 1hen- perhaps, be will be ö 
judge for himſelf, wheberthe Principles of this noble Mp3” 


8 
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7 Phe Jede e Bearer aud ntarer to a um form 
Miocii), iu the Difference be tefs than" any affignuble * 
Hd this Ineremend will i fer from Yhe tru? Meaſure" of 
the Velocity, hy leſi than" Any given Deren: Aus 
this" Inbrement continually uiminiſber, till ut lat 11 nb, 
it approuc hes eee to'that Meaſure, 2100 the "Differ- 
enet Daniiſhes WD" it. any, 
TH 3 by Hminiſhing' the Werzüpeh⸗ FE Jea) 

approach Within any De re of Lane to 


Sat ee et fine nd Inertment cun bo ates 


fo: fmall,"but it i "al further diviſibis ad infinitum; 
and ſince the Velocity is by Suppoſition cominually variable, 
Mis plain, there can be no dt Points of this Tacrement 
n both wbich"the Velocity is"bccurately' the fame. It's 
' therefore moſt manifeſt,” that \the Felicity here ehquiret 
_ . after'is peruliar to one only indiviſibie Plint ; and that 

Point is the Place where the Increment eds, or web ſhes 
into nothing: Here then we ſee plainly, that the Velocity 


in any given Point of the Line deſeribed” (or, hich is 


the fame Thing, that the Fluxion in any given Point of 
4 generate Quantity) bas a certain, fixed, determinate 
Value, proper to that Point of ii alone: And this ur- 
niſbes ibe Mind with that accurate abſtrabs Iden, * ich 
we ought to form of this Velotity or Flunton. And here 
de may obſerve, that this Degree of Velocity (or Fluxton) 
de have here been conſidering, and which endes but a 
Moment, differs from the fame Degree of V. elority (or 


Fluxion) which continues for any given Time, and by 


which a given Space is atinzlly deſcribed'; theſe, T ſay, 
differ no otherwiſe" than as Cane. in Power 45 | 
=o 4 Canſe in Acer. 5 

Here a metaphyſical Diſpui rb may FRY? how it 
comes to paſo, "that any Velocity which continuẽs for no 
Time at all, can poſſibly deſcribe any Space f Al; "of 


whether its Effect be abjolurely" nothing, or an infinitely | 


r 


Jmail Quantity, or what i i. Hefe ben it 8, that 
our Reaſon is 3 Stand, ad the buman Fact! Vier art 
quite confbundxil, loft, and bewildered. We are _ 
— | | aud 


ad, 40 the Point ll draws Wearer the propoſed. 
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4 e I bots veg to examine into * Nature 


now what, nor wherher it is ome 


14 4% beſt. is ſeme ſucb  ſubtile, fleeting 
+ the Mind (an lay no Hold on, ner form am 


G 95 in 
7 Ring; 4 


He ef. . Naw 2wbether. ſuch ſubtile, Queſtions wilthe enen 


determined, ar nok, yet. there. is one. Refuge for u vi, 

85 1 6555 100 n Wal 10 aur Purpaſe, what\ they are 3. 
2 we may ſafely leave theſe, deep Speculations. 

4 . have, mare. Buſineſs with them.,".; The, Me- 
VVV 
Hoe feigen. What. apprehend. the. Method af. Flagcions 
to be - cer ned i in, is, not what any ſingle. abſtract Halo- 


city, can fi ile or generate of itſelf; kus what a cunti· 
1% and 


a variable. Cauſe Huld net produce a ugriable Effetts as 
well as 6 permanent Cas, a permanent and. conſtant 
For Hence even Effect bas 4 cotinſt antaneous 
116 Ot. Cauſe,. and is always per- 


Ex1 Feng. Wit 


Faid connected. with it ; all the Difference con on be 


this, "that, the conlinual Variation af the; Effet#.mu 
2 1 on, aud be proportional to, the.continual 
/ariats e eee, And this will 


1 80 N 74g Tacrement 4, or Aae Magnitude: in 
i ir naſcent, or evaneſcent... State, that have ſo much, 


te, ſo. little Purpaſe, confaunded aud puzzled- the 


| n e World. And whether we can or wwe cannat 


conceive the formal, Nature or Manner F exiſti ug of a 
Th hing Juſt. ariſi ng aut of nothing, or beginning to be; or 
4275 ther a naſcent or evaneſcent Quantity le any thing or 

Fw yet the T7 . .of. the Methad of Eluxions wall 
1 as i. did. But tbeſe ſert M Diſputes have 
been.art{ul 10 ered bg 1 for uo other.  Purgoſe but to in- 
volyetbe. ubjett. in ere, to. darken. the Readers 


Tad, aud thereby, to , miſlead. and divert bim from 


Purſuing the principal Buß neſs in Hand, that is, from 
confide rh pj e, Draper. Evidence. on which alone this 
Dogrme 70 ownded ; , by. inſinuating, that the an 


MA 


WC, dive ly, variable Velocity cau produce in tbe 
whole. 14 cre, 7 think. no Reaſon: can be: aſſigned, un 
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The PREFACE. 


of tbeſeT, bings is eſſential to the very Nature and Founda- 


tion of Fluxions: II, ben, is is evident, all that the 
Method of Fluxions does or ver did propoſe, being either 
to determine the Velocity (or Fluxion) wherewith a gene- 


rated Quanlity increaſes in am given Point; or elſe to 


um up all that bas been dgſcribed or generated by ſuch 
— variable Fluxion, during any given Time, or 
10 any given Point of the Fluent or generated Quantity. 
Theſe two Things alone are the tzwo Baſes on which this 
noble Structure (the Method of Fluxions) is to be erected. 
All metaphyfical Speculations, of” hog Nature ſeever, 


Þaving no Buſmeſs here. 


JE 4 Gal now bring an Inflance or two a of the Phono: 


mona of Nature, which will help the Reader's Notions a 


little; and will fſhew, that what has been ſaid before, con- 
cerning the Nature and Idea of Fluxions, is really true, 


and agreeable to the Nature and Conſtitution of Things. 


Let a heavy Body deſcend through a perpendicular Height 
of 16%; Feet in one Second of Time, according to the 


Gallilean Hypotbe/s of Gravity; then at the End of this 


Second of Time, the Body has acquired a Velocity of 


325 Feet. in à Second; which therefore is accurately 
known," Now tate any Point A in the right Line, at 


any given Diſtance” from the Place the Body fell from, 


and the Velocity which the falling Body has in the Point 


A may be moſt accurately computed. But take any Point 
above A, though at ever- ſo ſmall a Dijtance, if it be 
diſtant at all from A, and the Velocity in that Point 
4vill always be ſomething leſs than in the Point A. And 


in like manner the Velocity at any Point below A, though 


#ndefinitely near it, will be ſomething greater than in A; 
and therefore it is plain, that to the Point A, there be- 


longs a certain determined Degree of Velocity, which be- 


longs to no other Point in the whole Line, and this 1s ac- 
curately the Fluxion of that right Line in the ONE A; 


and is the Velocity with which the Body would proceed, 
iF the Force of Gravity Jhould be ſuppoſed immediately to 


_ when the 28985 arrives at A, and to act no longer. 
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Let there be a glaſs Tube, open at both Ends, and 
whoſe | Concavity is of different Diameters in different 
Places, let it be immerſed in a running Stream af clear 
Water, ſa that the Water may flow freely through it, and 
always fill the Tube. Then it is evident, that in different 
Places of the Tube, the Velocity of the Water will be re- 
ciprocally as the Squares of the Diameters' of the Tube, 
in ubeſe Places, and will therefore be different. Therefore 
F you mark any Place in the Side of the Tube, and ſup- 
poſe a Plane to paſs through the Tube perpendicular to 
the Axis, or ta the Motion of the Water, then the Na- 
ter will always paſs through this Sefion with a certain 
determinate Velocity. But ſuppoſe another Section to be 
drawn, though ever ſo near the former, then (by reaſon 
of the ſuppoſed different Diameters) the Water flows 
through this with à Velocity different from that it did at 
the former: And therefore that given determinate Velo- 
city belongs only to one ft ingle, indiviſible Point, or 
Section of the Tube, and this is the Fluxion of the Space 
aohich the Fluid deſcribes at that Section; and is that 
. uniform Velocity with which the Fluid would continue 
to move, if the Diameter continued the ſame through the 
ſucceeding Part of the Tube. Something like this may 
be obſerved in a River, for. there the Velocity is greateſt, 
where the Dimenſions are leaſt, and leſs where che are 
greater. 

Again, let a hollow Cy ata be filled with Water, 
and let it flow freely out through a Hole at the Bottom 
of it. It is well known, that the Velocity of the effluent 
Water depends on the Height of the Water within the y- 
linder; and therefore, fince the Surface of the incumbent 
Water continually deſcends without any the leaſt Stop, 
the Velocity of the effluent Stream will continually decreaſe, 
till it all be run out. Therefore it is plain, there can be 
no two Moments of Time, ſucceeding each other ever ſo 
nearly, wherein the Velocity of the running Water is pre- 
ciſely the ſame. And therefore the Velocity that be 
efftuent Water has at any given Point of Time, belongs 
only to that one particular, ä ble Moment of Ti _ 

a | an 
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and n other : LS this is accurately the. Fluxion of the 
Fluid flowing. "out | "at that. SOR 57 Jime. ow. 


205 at that Moment | you begin and continue. ta pour 
mare Water into the Hinder, a that the Surface ef the 
Water may Second. wy lower, but keep its Place ; ; hes 
the effluent W, ater will alſo retain its 75 elocit ty, and dont 
tinue to be. $5) Fluxion of 1 the. Fluid a as before. Now 
theſe are the enuine E fects and Operations, of. Na atur 
ſelf ; and do, in a manner viſibly, confirm the Truth 
of. 054 has been ſaid of. the. Vature of FLvxzon. | 45 
©, From theſe, Examples, and many more. that might be 

: produced, tt is. clear ta me, that it is an eſſential. ro- 
erty. of the Fluxion , a generated Quantity, that il 
des not retain any. one deiermined Value fer. the lea 
Space of Time whatever ; but at the Moment. it arrives 
at that Value, the ſame Moment it lea ves it again; fo 
that it only paſſes gradually and ſucceſſwely through all 
the indefimte Degrees contained between, the two extreme 
Values which are the Limits thereof, during the Gene- 
ration of the Fluent : That is, in caſe the. Fluxion. be 
Variable at all; but if it is invariable, the extreme 
Values, and all the intermediate Degrees are but one and 
"the ſame Value. And therefore, although any. determi- 
nate Degree of Fluxion does not continue at all; yet every 
Fluent has (intrinſi cally) in itſelf, ſome FAB Dag! De- 
gree of Fluxion, at every determinate, indiviſible Moment 
. 

1 being N0W, " ſuppoſe, made evident, that every 


enerated Quantity has every where a certain Rate of 


increaſing (called its Fluxion) whoſe abſftraf? Value is 
determinate in itſelf, at any determinate Point of that 
Quantity: Therefore to find out its Value, or its Ratio 
to any other Fluxion, is a Problem firiftly geometrical. 
It remains to enquire in general how we muſt compute 
this Value. And here the only, or at leaſt the moſt na- 
tural Way is, to get the Proportion. of the Jucrements 

| generated by the Fluxions in all Suppoſitions of Magm- 
' tude of theſe Increments, and from thence collect the 
Ratio they firſt begin witv. When ihe Fluxions and 
| -— Moments 


ic. 


3% 
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ſimple: Gubin es. Here then will be had 
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 Mombpts of the fimple literal Quantities are degned 
hy Weper Sls f will be ealy Hy the Hiomial Thee- 
em to find the contemporary Increment of any compound 


Duantity ;, 765 "that ci be expreſſed in the Form of 4 
Series. Ne 

nou of the bene, Nane is not. accuratty the 
Fluxion , it in a determinate Point, becauſe that 
very Increment 7s generated by a Fluxion continually da- 
riable ;_ yet it is as evident that it continually approaches 
to it, by cantinually diminiſhing the Iucrements of the 
Ratio of | the Fluxion of 'a ſimple Quantity to the 
Fluxion of that compound Quantity, and in the loweſt 
Terms, and that as near the Truth as we pleaſe, whilf 


L 


we ſuppoſe ſome, though very ſmall, Increment aftually 


deſcribed. But ſince the Ratio of theſe Fluxions is re- 
quired for, and belongs only to, ſome one indiviſible Point 
of the Fluent, that is, in the very Beginning of the 
ncrement, or when there is no Increment at all gene- 


rated; therefore in this particular Caſe making the . 
Values of the ſimple Increments nothing, which before 


was expreſſed in general, and then all the Terms wherein 
they are found will vaniſh, and what is left will accu- 
rately ſhow the Relation of the Fluxions, for that jingle 
indiviſible Point where the Increment is ſuppoſed firſt 


to commence, or was required. For this abſtratt Value 


of the Fluxion belongs to no more Points than one of the 
Fluent ; and therefore of Conſequence the Moments muſt 
be made to yaniſh, after we have ſeen by the continual 
Diminution thereof, whither the Ratio tends, and what 
it continually converges to; which will be as viſible to 
every Body as the very Characters it is written in. And 


if any one ſpould doubt of the Truth of this, I ſhould for 


ever deſpair of convincing him of any Thing at all, The 
Increments here muft neceſſarily be made uſe of, not to 
determine their Magnitude, as ſome have abſurdly ima- 


gined, but as a Medium in our Reaſoning, to diſcover the = 


Quantity of the Cauſe that produces them, they being 
the continual Effetts of the Fluxlons ; and how can we 
OR” a 2 judge 


0 although it 'is evident, that this. Incre- 


xt 


judge of the Eure or are e of a N without con- 
fidering the Effect that it does or could produce: For that 
like Cauſes are proportional to their Effets can never be 
denied, except by thoſe that can deny any Thing. "This Way + 
of Reaſoning and Method "of Demonſtration then mit 
be exceedingly clear and convincing to all-that are'duly- 
qualified to examine and confider it, and do not with 4 
moſt unaccountable Obſtinacy, and invincible Prejudice, 
refolve to yield to no Reaſon at all, though Aan wer 
them as clear as the Sun. 

And here it may be worth ob/erbing; that \ in the 
Proceſs of this- Demonſtration, the Terms which va- 
niſbed out of the Increment of the compound Quantity, 

did plainly ariſe from, and was generated by the Va- 
riation of the Fluxion of that compound Quantity; and 

the remaining e alone are yy N by 

the Fluxton itſelf. X 

The Eafineſs and Simplicity of this Mithed of De- 
monſtration is no ſmall Argument for its Truh and il 
Perfeckion. The Simplicity of Truth is its great Beauty. 
And by this Mark it here proves itſelf to be the genuine 
Of-/pring of Nature and Truth, But if any Perſons 
4111 not aſſent to the Truth of theſe Principles, T would 
have them ſuſpend their Fudgments, leſt they make it ap- 1 
pear that they have no Fudgment at all. In the mean / 
Time let them compare the Reſults and Concluſions ob- 2 
tained by the Method of Fluxions, with ihe like Conclu- / 
frons obtained by other undiſputed Principles ar Methods e 
of Calculation ; and if theje Reſults continually agree, 4 
then it is @ convincing Proof (at leaft à poſteriori) that | £ 
the Principles from whence they are deduced muſt Be 

equally true. But if any Perſon that plainly diſcovers e 
himſelf unacquainted with mathematical Principles, ſhall, I fe 
out of his Avenſfon to theſe Sciences, cavil and diſpute | ex 
againſt the Principles here laid down, and which he ff ir 
5 N F; and endeavour to put the Iſſue 
on ſuch à footing, as neither himſelf nor any Body elſe | th 
can underftand any Thing about it, by running the Ac- | th 

þ count War mid the dark + I think it can be of no Con- 45 

| | | . * 
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ſequence: 41 all to trouble a Man's ſelf with. this Sort of 
Anti: Mathematicians. \ ne or Au 


dice can daſerve na Notice. 


Aud thus mach. I.chaos'd ts ay: dere by tt "oof Pre of Nee | 


face, ratherthan in be Book. itſelf, (wbi 


not encumber.woith needleſs. Diſputes) concerning. " OR Na- 
ture and Principles of Fluxions.;.a Thing eaſy enough 
to be. underſtood; and rendered ds Neult, mare by. the in- 
tricate Diſputes that have been dragged. into it by the 


Enemies of Science, than from the Nature of the Thing 


itſelf. +. T hedivine- Newton . (whoſe Works will laſt. as 


long as ihe Sun and Moon). clearly ſaw that this Matter 
did not at all require to be built. upon any metaphyſical 
Speculations.z be, by expreſſing. the ſimple Moments by 
general Characters, did thenee derive, by infinite Series, 


the Moments of compound. Quantities ;, from whence b 
gets the Proportion of the Fluxions for any indetermined 
Values of theſe Moments, from which general Propor- 


tion he at laſt gains their Proportion for that particular 
Caſe where the Moments firſs begin, or at laſt vaniſh into 
nothing. And thus he has given a a ex- 
tremely eaſy. and compleat in it ſelf. 

If Arts. and Sciences of many hundred Years ſanding 
recerve daily Improvements and Additions, it cannot be 


ſuppoſed that this moſt ſublime Art of all, found out but 
Zeſter day, can be arrived at Perfection all on à ſudden. 


If this Art be ſo exceedingly uſeful and valuable, it 
certainly deſerves the Pains and Attention of the learned 
Mathematicians. And the World muſt expel, that the 
Beauty of this Method will excite them to. lend all their 
Aſſiſtance towards the Advancement of ſo noble a Branch 
of Learning, whether it be in improving the Theory, or 


facilitating "the Practice. T berefore I hope 1. ſhall. be 


excuſed at leaſt, if, among others, I endeavour to con- 
tribute a little towards this great End. 

The following Book is divided into three: Seftions - tn 
the firſt are laid down ſuch untverſal Propeſitious, as are 
the Foundation ef all that Dotirine. The ſecond Setion 
applies theſe Principles to the Solution af the moſt * 

e r 


xĩ ĩĩ 
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ral Problems, or thoſe of "moſt frequent Uſe" in ibe N 


een And here man) F "the" Problems ſo. ek 


done by. (others, are reſolved by. Merbods' entirely new 
and, I think)" more Jimple'\z and therefore 210 by many 


ny” 
Perſons. be more "eaſily apprebended in this Form. And 
becauſe the Reſolution of {phyſical Problems bas been its 


tie touched an by others, I have added the third” Serfions 
where yon have the Inveftivation of ſome of "the" chief 

phyſical Problems in the Phenomena of Nature. And 
in this Section, it may "perhaps pleaſe a Reader of the 


Principia (the greateft human" Produftion that ever ap- 


peared in the World) to fee many of the' Aitbor's Jubtle 
Problems reſolved by his own Analyſis. 

I is not in the leaſt pretended that all 7. pings here 

treated of are new ; for ] bave collected many Things 
which 1 thought material for forming this Doctrine into 
a regular Syſtem; and what was wanting I endeavoured 
to ſupply as well as I could; not that I take it to be 
Perfect: For there are many Deſiderata ſtill wanting to 
compleat the Science. Becauſe the Method of finding Flu- 
ents by the Tables is exceeding compendious and uſeful, and 
has yet been but very ſlightly paſſed over by the Writers on 
this Subject: I have been at the Pains (which was not 
a little) to compoſe a new Table, whoſe Uſe will appear 
upon trial to be far more eaſy and intelligible than any 
extant; and no leſs extenſive. And for the Explana- 
tion and Uſe of it, I have given a vaſt Variety of Ex- 
amples throughout the whole Book, Yet I have not 
omitted the moſt general known Rules for finding the 
Fluents by infinite Series; and have inſerted the e, 
Forms of them in the Table. In the Uſe of which Table 
there is not the leaſt Difficulty, there being nothing re- 
quired but a bare Subſtitution of Quantities. But as to 
rhe Reſolution of Problems by infinite Series, 1 have 
been more ſparing of that, becauſe it has been well pro- 
ſecuted by others. I am not ignorant, that (by the Me- 
thod of Tranſimutation of Fluxions) this Table might 
have been further extended, and other more compounded 
* rms e have. been iuſerted. But, conſidering how 

iN ſel am 
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ſellem theſe. come in Uſe, I thought it needleſs to carry 
it any further. I have 4¹¹ along, in my. Calculations, + 
uſed diftintt.C haraders for the Fluxions and Moments, 
ince.. they.ought not to be confounded together. \\ And in 
moſt Problems (except ſuæb where tbe Reaſoning is ſo 
obvious as not to. need it) I have uſed both of them 
beginning firſt, with the Moments, and ſubſtituting at laſt 
the. Fluxions fer the nan gene Moments der are 8900 
portional theretlo. 
In all tbeſe Things 1 have 3 been 12 foort. 

For the, general Rules and Methods of Operation being 


| laid dom in as few. Words as poſſible," the Examples 


will explain their Meaning and Ce. In the mathema- 


\ tical Sciences I have taken general Methods to be beſt; 


and they, that deal in the detail of T Binge, and ſpin them 
out to an unneceſſary Length, making thereby a pompous 
ſhow . of Mords only, do certainly miſpend the Time of 
their Readers: Since one great End to be aimed at in 
the Sciences, is to abridge and reduce them Yo the __ 
general and conciſe Rules. | 

As I am not conſcious of any. Faults I lee comtmirtad 
in this Treatiſe, ſo 1 hope they are but few. But in 
ſuch a vaſt Variety of Things of the moſt intricate Na- 
ture, it is hardly poſſible but ſome will. eſcape: There- 
fore I muſt beg of the courteous and good natur d Reader 
(for whom alone it was written) that be will rather 
kindly inform me of my Errors and Defects, than cen- 
ſure and condemn the Book, \ For as Truth is what 1 
ſeek, I. ſpall with Pleaſure retrat# or corre any Thing 
1 have written, when it appears Ge ſs wes that 
or the Reaſon of Things. © 

Laſfily, let me acquaint the Raad that 11 is andi pen 
Jably reguired, that be perfettly underſtand Arithmetic, 
Geometry, and Algebra in all their Parts and Improve- 
ments, the Methods of Series, Dotirine of Proportions, 
Nature of Logarithms, Mechanics, and Laws of Mo- 
tion, &c. all which are to be learned from tbeſe particular 
Sciences to which they bel ong. For I am Clearly per- 


. that it is the 555 Methed: to treat every Science 


diſtin? 
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diſtinq; and e by 4 of, without the... ixtur In- 
 #erpoſition Yar? 'F bi len i the” Subj 2 00 
therefore in this Treatiſe 1 have delivered 55 but 
the pure Doctrine of Fluxions alone. Ii would. be but 
Toft Labour for any Peron whotquointed aith Theſe K. 
©*cognita, to ſpend any Time in Races ir" "This Bok; 
” Indeed to attempt to read any ſuch like reat? . 
Tolerable Judgment. The Conſequence woull be, 
"either the Author or the I Feu of the Subje# a be 
blamed, as is always tbe Caſe; but never the Reader. 
But then"if be comes thus prepared, this will make 
every Thing” eaſy and pleaſant, and he will ben find 
few Ddr bere, but what be will eafily Ju#niohunt. 
"All: Sieb 1 ſubmit” 70 the COS "of Ad rom and 
adieu 84 an ss 
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; 11 40 
| P. 8. I 1 Kanes Edition I have „ tte 
rations and Additions in ſeveral Parts: of the Book, 
which are 00 tedious to mention: But the Additions of 
1 principal Note are theſe, in Set. I. ſeveral more Exam- 
| q | ples of transforming Fluxions are added to. Prep. . 45 
4 | alſo more Examples of finding Fluents," 1 Prop. 10 
| 1 There is alſo ſome farther Zehen, en of the Uſe of tht 
1 Table; likewiſe" Ex. 10 and 11 to Prop. 1g, are en- 


1 larged, and more Exampies added. In Set» II. Prob. i. 
N is enlarged, amd two more Problems added at the End. 
if Likewiſe'T bave added a new. Problem at*the Bavinning 
of Sec. III. and ſeveral more” pbyſicai Problems at the 
4 End of it, with two new. Copper Fab. * PAY 
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Quantity is equal to the Sum of the Fluxitns of - 
all the Roots or Sides, each multiply'd comtinually 
ai ex f its A given 

divided by the ſaid Root or Side ibid. 


PROP. II. If. two Fluents or variable Quantities 


be to each other; or in à given Ratio; 
We RR Waheer: the ſame giuen 
10 1. ; 
And if ber, fluxionary Qyontties are equal or in 4 
given Ratio; their contemporary Fluents will be 
ual, or in the ſame given Ratio _ 9 
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upon the SE A, Containing, a Demonſtration of the funda- 


of computing a Ship's Way, both by plain Sailing, Mercator, and mid- 
dle Latitude, founded upon the foregoing Principles. With many other 
uſeful Things thereto belonging. To which are added ſeveral neceſſary 
TABLEs, in 12mo. | 

II. The PRINCIPLES of MECHANICS; explaining and 


of Deſcending Bodies, Projectiles, Mechanic Powers, Pendulums, Centre 

of Gravity, &c. Strength and Streſs of Timber, Hydroſtatics, and Con- 

ſtruction of Machines. With thirty-two Copper-plates, in 8vo. | 
III. The ELEMENTS of TRIGONOMETRY. Con- 


all plainly and clearly demonſtrated. | ce 
IV. The PROJECTION of the SPHERE, Orthographic, ſt 
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FLUXIONS. 


 PoSTVLAT UM. —— 


That any Quantity may be uppoſed 40 4 ges 
nerated by continual Liercaſt. 


compoſed of an infinite Number of con- 
ſtituent Parts, but as deſcribed by a con- 
tinued Motion. Thus a Line is deſcribed _ 
by the Motion of a Point; and a Rectangle may be 


along the other; and Time proceeds by a regular 
Flux. And all other Quantities may (by Analogy) 
be conceived to be generated after the lame Manner. 


* 

* DEFINITIONS. 

A | pe, * 2 50 
Don- Definition I. : 

trine | 


Quantities generated by a continual: Increaſe are 
called Fluents or lowing Quantities. Thoſe Quanti- 


phic, ties that always retain the ſame Value are called giver, © 


and ¶ conſtant, ſtanding, or invariable Quantities ; and thoſe, 
B that 


E R E. Quaatities are conſider'd, not as 


conceiv'd to be generated by the Motion of one Side 
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that are continually changing their Value are called 

variable or indetermin'd Quantities. | ; 
Thus in a Circle the Diameter is a conſtant Quan 4 
tity; and the verſed Sine and correſpondent Sine are 
variable Quantities: Alſo in a Parabola, the LatusW 
Rectum is a conſtant Quantity, and the Abſciſa andi 
correſpondent Ordinate are variable Quantities. 


: Def. II. 


The n of the Increaſe of any generated Quan- 
tity, or the Degree of Quickneſs (or Slowneſs) where-| 
with the new Parts of it continually ariſe, is called it 
Fluxion. | 

Thus when a Line is generated by the Motion of a 
Point, the Line itſelf is the Fluent, and the Velocity 
of the moving Point is ſtrictly its Fluxion. But Ve- 
locity is never properly aſcribed to any Thing but 
local Motion, and is uſed in this Definition, rather to 

deſcribe what is meant by the Word Fluxion, than to 
define it. Velocity is the ſame in a particular Senſe 
in, Relation to the Space deſcribed, as Fluxion is in 
a general. Senſe in Relation to the Fluent generated 
thereby. Velocity is allow'd by all to be a ſimple 
Idea, and ſo is Fluxion too. When a Man Wvnſiders 
„the Generation of ſeveral Quantities, after this Manner, 
he will find ſome to increaſe faſter, others ſlower ; and 
conſequently that there are comparative Velocities (or 
Fluxions) of Increaſe during their Generation: Anc 
thus he will by Degrees get the Idea of a Fluxion; 
but without ſuch attentive Conſideration, he will never | 
be the wiſer for all the Words in the World. 


Def. III. 


The indefinitely ſmall Portions of the Fluent which C 

are generated in any indefinitely ſmall Portions of Time e 
are called Moments or Increments. Or if the Fluent E 
decreaſes, the Portions continually deſtroy'd are called 
I) 


Theſe 


led 


an- 

are 
tus! 
and 


„FLUX ION S. 


Theſe Moments are the immediate Effects of the 
Fluxions, and are thoſe Quantities by the continual 
Acceſſion of which the Fluent increaſes and grows big- 
ger and bigger: That is, any Moment conſider'd alone 


| is the adequate Effect of ſome ſingle determinate Fluxion 


which is (conſider'd as) its generating Cauſe. There- 


fore the Moments and Fluxions ought not to be con- 


founded together, ſince the Moments (being generated 
by the F luxions) are as different from the F luxions, 
as any Effect is different from its Caule. 


Def. IV. 


The Velocity, Variation, or Puickneſs of Increaſe 
(or Decreaſe) of any Fluxion is called the /econd Fluxion; 
likewiſe the Variation or Quickneſs of Increaſe of the 
ſecond Fluxion 1s called the third Fluxion, &Cc. 

As in the Generation of any Fluent, the different 
Parts of it may be generated faſter or ſlower, that is, 
its Fluxion at different Times may be unequal ; ſo 
there muſt be Degrees of Variation by which it is con- 
tinually changing, that is, it muſt have a ſecond Fluxi- 
on. And in like Manner this ſecond Fluxion may 
alſo be continually variable, and theretore muſt have 
a certain Degree of Variation in every Point, or a third 
Fluxion. And ſo on. 


Def. V. 


Contemporary Fluents are thoſe which are u 
to be generated together or in equal Times; or which 
begin Together and end together, 


Def. VI. 


In any Fluxionary Equation, a Quantity of the firft 
Order is that which has only one firſt Fluxion in it; a 
Quantity of the ſecond Order has either one ſecond 
Fluxion or two firſt Fluxions : 2uantities of the third 
Order, are third Fluxions, product of three firſt Fluxi- 
ons, product of a firſt and ſecond Fluxion, &c. f 

| 1 B 2 Nor Ar ip. 
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 NoTaTION. 
1. The firſt Letters of the Alphabet, a, 6, c, &c. 
are generally put for ſtanding Quantities; and the laſt 
x, y, 2, Sc. for variable or flowing Quantities. 
2. If x or y be put for any fluent or variable Quan- iſ 
tity, then the ſame Letter with a Point over it x, y, il 


denotes the Fluxion of x or 9 reſpectively; and the 


ſame Letters twice pointed x and y, are the Fluxions 
of a and J, or the ſecond Fluxions of x and y : thus 


x and y are the third F luxions of x and y: Likewiſe 4 


* and y denote the fourth Fluxions of x and y, Sc. 
alſo the Fluxion of à or & is o. 


3. Again, x denotes the Moment or Increment of 


x, and y the Moment or Increment of y; likewiſe x and y 
denote the Moments of the Moments, or the ſecond 
Moments of x and y, &c. 

4. To the common Algebraic Characters already 
receiv*d I add this O, which ſignifies a general Pro- 


| portion ; thus, A CC = ſignifies that A is in a con- 
5 | . | 
ſtant Ratio to ; that is (if a, %, c, d be other Values 


D U 
of theſe Quantities) A: 1 0 75 ; and thus every 


general Proportion is to be underſtood. 


: AX10OM. 


Quantities, which in any finite Time continually 
converge to Equality, and te the End of that Time, 
approach zcarer to one another than by any given 
Difference, do at laſt become equal. 

If any ſhould think this not clear enough to paſs for 
an Axiom, he may conſider it thus; let D be their ulti- 
mate Difference, therefore they cannot approach nearer 
to Equality „than by that given Difference D, contrary 
to the Hypotheſis; which Suppoſition is abſurd in all 
Caſes except when D is nothing. SEER 
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F FLUXIONS. 


a 


S EU TT © 
The fundamental Principles and Opera- 


tions of FLUXIONS, 


P RO 4k 
The F Juxion of any Fluent or generated Quantity 
7s equal to the Sum of the Fluxions of all the 
Roots or Sides, each multipl ; d continually by 


the Index of its Power, and by the given Fluent 
divided by the ſaid Root or Site. 


DEMONSTRATION. 


mn. 
ET the Fluent be bx y; nov its Fluxion muſt 
be a Thing real and determinatein itſelf, other- 
wiſe we are ſeeking that which has no Exiſtence. By 
the Notation, & and / are the Fluxions of x and y; 
and will produce Effects, that is, will generate Mo- 
ments proportional to themſelves whilſt they retain 
their Values, which therefore may be expreſſed by 
o, 
2. Nor by the Poſtulatum, theſe Moments will 
increaſe the Quantities x, y, which therefore will be- 
come x, and Y ey. 


3. Therefore the Fluent 2 ” will now become 
bx * YO * TY SEX: ox + 


pr oe „ Sc. x 1 % +m "oY, Sc. 


where p, 9 are given Quantities, 


H—I 

* 4 mx 
oy + 70 
4. The 
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= Thelaſt Quantity being actually e and 


bx y ſubſtracted from it; we ſhall have bmx” | » oF 


2—2 2 »2 


+bnx'y of LE 2 „ S F 40 3. Þ 


— 2—1 


bmnx* y 0 1x +,&c. for the Moment of bx” 1 


Therefore the Moment laſt found being divided 
by the indefinite Quantity o, will give the Fluxion of 


z Y equal to bmx" y ＋. In ** OP a | 


zr 0 + bax"y "op + bmx oy oY * Y 


+, &c. and this is the Fluxion (or Velocity) where- | 
with the foregoing Moment i is (or may be) uniformly | 


generated. 


6. But ſince the (Velocity or) Fluxion is required 
where with that Moment firſt ariſes, in this Cale the 
Moments ox and oy will alſo be juſt ariſing and there- 
fore nothing, and conſequently o will be nothing, and 


therefore all the Terms wherein it is found will be 


nothing. 


7 Therefore the Fluxion of * at that Moment 


of Time is accurately bmx" 9 K on bux"y 7. 


Q. E. D- 
Otherwiſe thus. 


i. Let x and y be very ſmall Increments uniformly 


generated by x and y, in a very ſmall Time. 


2. The Quantities x, ), bx" Y «hem at the End of 
e 
that Time are become x +x, y+y, and bX »+x X 


"7 


3 +y 3 and the Increments generated in that 
Time 


— WS. 


Sea. I. 


Ul . 72 — 
Time are x, y and bmx 


F FLUXIONS. 
* 55 * 7 | _ 
bpx" 27 * * %% * CY * bmnx” ny "xy +,&c. 
= M by Subſtitution, where note p, 4 are given 
Quantities. _ 


£8 * 
15 = 


Effects of like Cauſes are proportional; therefore ex- 


3. Now ſince x: :: „ becauſe the 
punge y out of the Value of M, and we ſhall have 
the Increment 7 x to the Increment of bx 'y as x to 
M or as 1 to ; that is, as & to Imæx y 8 + 


* 
1 1 —1 . 


bux"y y + box 54 + Im „ 
9 x +, Sc. = Þ + Q, Se. by Subſti- 


24% y 
tution, ef P for the two firſt Terms, and Qx, 
Sc. for the reſt). 


4. But * is the Fluxion of x, therefore P+Qx is 


the Fluxion of 3x”. But ſince this laſt Fluxion PHQx 
is not that with which the Increment begins to be ge- 
nerated, which we ſeek : Ir is evident that by dimi- 
niſhing the Time, or which is the ſame thing, dimi- 


niſhing x, the Fluxion P Q continually converges 
to that Fluxion (or e where with the Increment 


firſt ariſes, and before x be diminiſh'd to nothing, is 


nearer to it than by any given Difference; and therefore 
by the Axiom when x is nothing, and ang 


* * ＋ nx y 7 
In like Manner it 


* nothing, then P or bmw 
will be the Fluxion of r Y 


way be demonſtrated for any other 3 QE. . 
Cos Fo 


; The DocrRINE 
Cor. 1. A Fluent can have but one Fluxion : Thus 
the Fluxion of x can only be *; of ax, 2axx, Sc. 
Cor. 2. When the Fluxion of any Quantity is the 
ſame with a propoſed Fluxion, then that 9 is 
its Fluent. | 
S HOLI UVM. 


As clear and evident as this Propoſition is, yet it 


has been cenſur'd as falſe and erroneous; though the 


Perſons that object againſt its Truth were never able 
to tell us what the Error is, nor whether the Fluxion 
of any Quantity is greater or leſſer than is aſſign'd by 
this Propolition. 

For a further Illuſtration, let us ſuppoſe that x and 


y are mw diminiſhed by the very ſmall Incre- 1 


ments x and y. Then by reaſoning as before, we ſhall 
get the Fluxion (or Velocity) of the contempora- 


ry Moment of bu” ” = ame 9 4 +bnx"y J — 
m—2 n! m—1 1—1 _ box . 


bpx" y — bmx » xy 7 


Sc. P- Ox, Sc. Now by continually diminiſh- | 


ing x, it is manifeſt that Px, Se. will differ from 
the Fluxion the Moment firſt ariſes with, by a Quan- 


ty leſs than any aſſignable, before x be reduced to ; 


nothing. 


Now when we ſee that whilit x» + converges to x, 


f 
that at the ſame Time P+Qx, Sc. converges to that 


Fluxion the Moment ariſes with, and differs in Exceſs | 


from it by leſs than any given Difference, and ſtill dif- 


fers the leſs, the leſs x is taken; and when x is infi- 
nitely ſmall, that Difference is OF ſmall in Ex- 


ceſs: And ſeeing allo that Whilſt —4 converges to- 
wards 


11 
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Þ wards x, likewiſe P—Qx, Sc. approaches to the 
he Fluxion the Moment vaniſhes with (or the ſucceeding 
| Moment begins with, being the ſame the other con- 
verg'd to) and differs in Defe# from it, by leſs than 
any given Deference, and till differs the leſs as 


it | x is leſs, and when x is infinitely diminiſh'd, that 
he Difference is infinitely ſmall in Defecs. If any one 


after all this ſhould contend, that when & is quite 
by | vaniſh'd and become nothing, that the Fluxion of 
Y is not accurately P or bmx"—"y"x +bnx"y—y , 
ing think no man ought to give himſelf any Concern 

Wat all for ſuch an Adverſary, or take any further 


rer Pains for his Conviction. 

nall | 

ra- 

4 + ö 

* 7 ä 

„ FRG 6 

on” If two Fluents or variable Quantities be equal to 

rom each other, or in a given Ratio; their Fluxions 

lan- will be equal, or in the ſame given Ratio, 

| to Aud if two fluxtonary Quantities are equal or in 
| a given Ratio; their contemporary Fluents will 

be equal or in the ſame given Ratio. 

0 x, b | 

that For ſince the Quantities always continue equal, or 

vaſt na given Ratio; the continually ariſing Increments, 


and therefore the Fluxions proportional thereto, will 
eceſlarily be equal. or in the ſame given Ratio. 
And vice versd, the Fluxions or generating Cauſes 
Ex- being always equal or in a given Ratio; their Effe cts 
or contemporary Fluents will therefore be equal, or 


s to- in the ſame given Ratio. Q. E. D. 
C 


Cor. 
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Con. 1, Two fluxionary Quantities may be equal, 
and their ſimple Fluents unequal. For (by this Prop.) 
only the contemporary Fluents can be equal. And 
therefore 2 NE 
Cor. 2. A Fluxion may have an infinite Number 
of Fluents : thus the Fluent of x is x, a +x, 5+ «x, 
C+X, — 2, x—b, „ — c, &C. 7 
Cor. 3. If any Fluxion be equal (or nearly equal) 
to ſome other Fluxion, in ſome particular Caſe; then 
the one may be ſubſtituted for the other in any fluxio- 
nary Equation, and their Fluents will be equal in that 
particular Caſe, (or nearly ſo.) - = 
Cor. 4. If there be any Relation whatſoever be- 
tween the Moments of ſeveral Quantities in their na- 
ſcent or evaneſcent State; the ſame Relation there is 
alſo between the Fluxions of theſe Quantities. 
Cor. 5. And therefore in any Equation between the 
Moments conſider'd as ariſing, the Fluxions may be 
ſubſtituted in their Room ; and the contrary. 


PROP. 2M. 


Given an Equation containing the Relation of the| 
flowing Quantities; to determine the Relation 
of their Fiuxions, 


SOLUTION. 


1. If any Term contains only one variable Quan- 


tity z multiply its Index, the Fluxion of the Root, its t 


Power whole Index is leſſened by 1, and the Coefh- 
cient of the Term continually, for the Fluxion of 
that Term: ” Be 

2. If any Term involves ſeveral flowing Quantities, 
obſerve what Power of any variable Quantity is w_ 
tain 


t 


J=X%—Z—dx. 


? 
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tain'd in that Term, and multiply the Fluxion of that 
Power (found by Art. 1.) by all the other Quanti- 
ties in the Term; do the ſame for all the variable 
Quantities; the Sum of all theſe Products is the 
Fluxion of that Term. 


3. Repeat the ſame Operation for all the Terms 


in the Equation ; and the Sum of all gives an Equa- 
tion containing the Fluxions required. 5 

4. In exponential Equations, or thoſe whoſe Ex- 
ponents are variable; let X, V, Z, Sc. be the hyper- 
bolic 8 of x, y, 2, &c. then multiply the 
Index of any Quantity into the Logarithm of that 
quantity, and you'll have a logarithmic Equation, 
whoſe Fluxion is to be found by the foregoing Rules: 


Then expunge the logarithmic Fluxions x, V, or Z, 


by ſubſtituting their equals 7 „or = 3 the Rea- 


ſon of which will appear hereafter by Prob. II. 


Sect. II. 

5. Sometimes it may be convenient to divide the 
Equation given, by ſome of the indetermin'd Quan- 
tities contained in moſt of the Terms ; or to ſubſti- 
tute ſingle Letters for compound Quantities. 


EXAMPLE 1. | 
Let y=a+x - 2 — 5 — dx; then the Fluxion is 


Fx 4 

| Let x=ay?, then the Fluxion of this Equation is 
* =34)*Y. | 

| EX 2 


Let y=ax*, the Fluxion is y=2axx. Or in par- 
ticular Numbers, let a=10, I, then y=20x. 
Now if #=1, then y=20. If x=2, 3» 4 &6 
then go, 60, 80, Sc. | 


| EX. 4. | 
Let z=1206x", the Fluxion is 2=120nbx%—="x. 
| C2 — 
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Ifx=3, . If*=6, then y. 


Ix — I X * 2 — U, Or 7 —7 _— that is 


v —xy 
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Ex. 5. 


Let Vaa — xx q, that is 4 ax = 
. cl 

F Juxion i is : X ag — xx) y, or f 

INE aa—xx| 8 

2 5. In Numbers thus, let a = 10, * =1, then 1 

= — ==, and if o, then y = = c. 

| 8 100 — XX | I 3 


* = 10, } =—— = — Infinity; and ſo of others. B 


E x. 5. 
Let vx iy, the Fluxion is v=34y*x* x + 2bx3yy. 


Ex. 7. ; 
Let , = , that is Kyu = v; the Fluxion is 


x 


=0. 
I 
. 


Let x* — ax! +axy — oo. Its Fluxion will be 
2x25 — 2a * an ad — o. 


EX. 9. 3 

Let this Equation be given y* —G = \/ag—xx; 
xx 

Vaa—xx 


f 
« 


its Fluxion is 2 = aa - — „ 


aN 3 2ũ X 
2 = ——— • ä ru 
2 Vaa — X* | ; 


E x. 


[1 be 


E x. 


of FLUXIONS. 


| E x. 10 
Let 2y* +x*y—2cy2 =Z3—2y2* be given ; then its 
Fluxion is 6y*y + 23xX +X*y =— 202 — 2c = 32 Yn 
32*)—by22S. 
Or thus, divide the given Equation by y, and you'll 


gect. I. 


have 29* + x* — 2c = on 32, whoſe Fluxion is 


32% 2 


49) +2x% — 20 = OE — . or 45 + 
a5 r* — 20˙*— 322 — * — YOu | 
E x. 
8 455 — * , So, the Fluxion 
e + 222. ite. — eagle 


— ax*y — 2x 


— == 0. 


Or LE — 2ayy + 


24/ay + xx 
gaby*y + 2by3y __ 4ayxs — 6x4 + ax*y 
_ — 0. 
ELF 24/ ay + ux 
Ex. 12. 


Let Was + Va, = b, then will ax + 
2. 


V aa—=ax © 


V/2a—xx=vv, whoſe Fluxion is ax — 


xx 


3 . ax 3 
25, whence 0» =— — „ CVS 


——— —u— —u— — 
29 2 aa — A 
** | 


Vaa — Xx 
2 . 
2Vax + V - xx 


2 — 


n 


EE 
Let zy — ar Sg o; its Fluxion will be ＋ Y — 
ax=0o. Or thus, let 
&] and the Equation 25 —as = 25 — at 20. 
| whoſe 


=, chen! mel 


wa] 
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whoſe Fluxion 27 + 85 — at Ko, that is (retoring 
the Values of 5, 5, 1) = — a o, the ſame 


as befor E. 


E x. 14. 


Suppoſe 2% 2 = avs and let be a given or con- 3 
tant Quantity, then its Fluxion is 2 15 2xxz = 


N. 


Or thus, let & , B t, 5=v; then the given 
. Equation becomes 2H = ayv, whole Fluxion 1 


2btz+2bxt =avy Hv. And reſtoring 2, E, &, , | 1 


. 8 


for 7, f, B, v, v; you'll have 28α ＋ 2 Sa 3 


the F luxion required, 


: Ex. 15. 


Lett Ion = +2 2 — "Ip o, and _— 5 anita 3 


then its F luxion i is — 2 


Ex. 16. 


Suppoſe 240 — * — * a —_ | 


2* 
and & invariable, its F lurion will be 2e 0 C25 — 
= 22. 
I 


pd es 


OXNNGE — 2 wm xX, — 24% yy = 


EY 17, 


Let 5 *, where Y is the hyperbolic —. of y 


then its Fluxion is 3Y*Y ; but Y = 2. there. 
TY. > fs 
9 - E x. 


fore x = 


e 22 8 8 
; p48 oo 8 8 8 rs Ne Ke WED N oy a 
PI AG ELIE IR in 


pf at 
ET Gaia: 
3 


W-a.1 of FLUXIONS. 
| Ex. It. 


quation IS *I ＋ I Z; but Y — _ and Z 


| y | | a” | 


ziven 1 . Inz 

n iff 4 tz) wy * 10 *. 

5,0 | Me 

1 Let y*” z; then I Z, in Fluxions xvY 


Y x Fluxion of x” = But (by Ex, 18.) 
luxion of x” = vx*"x + Xx% 3 and Y= 


E, alſo 2 ==3 therefore = + You & + 


3 oe : 
f XV = _ — 7 Whence 2 = Ku- + 


— O. Y "x — * INV : 

27 9 | 

7 PRO P. IV. 

77 | _ 

— Let the Fluent of e + fz2" a = A. 
Fluent of e + fa af+"S _ = 

of yl Fluent of e + e ne 
Then I ſay, 

here- . wer 

p TI. PTA TI NTBA 
Ex. I, : 


P =eA +fB. 
/ | DE- 


Suppoſe y* = Z, then will T= Z (where Z, Y 
are the Hyp. Log. of 2, y); the Fluxion of this 


| 
| 
| 
| 
| 
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DEMONSTRATION. 
For1. pr. P+m+1.nfB=p+1. 27. N 
+ m+1. nf 212. exe” 
ohh Fluent, by Cor. 2. Prop. I. is 
PI era 2 1 fe" 8 
II. e+ FT of = =e+ Y x e + fe "2s = 4 
e . TD . K . That i 
P=eA+FfB, and the Fluent is raf 3 
Q. E. D. 


Cor. 1. Hence if any one of the F luents A, B, P. 
be given, the other two will be found. Therefore, f 


2 T1. 5 —P+1 > x eA 
p TI TT X 3 
2 E19 + fn + f2" ow 2 2 4 
7 p+I Xe A 
PCI XneA rer . 
PI run u 


3 ND =] 5 
Chis: a 22 P- e 4 


ST 1 

280 
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I "al 
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Cox. 2. B= 


Cor. 3. A 


| Cor. 4. P = = 


m X ne 


EF. 


Let e + f2" + g + h23" Fc. V. t = Number «| 
Terms in V. | | ; 
And the Fluent of V"ztz = A. 

Fluent of V e = B. 
Fluent of V*"zt+»"2 = C. | 
Fluent of V"zttv 2 =D, &c. continued 
to t Quantities, 
Aud Fluent of Voz =P, Then will, 


Wed. 1. f-FLUXIONS. 

. TI. A + pritmntu. FB + | 5 
3 3+1+2m+2n .gC+p+1+3mn+3z . D Tk batt 
+, Sc. continu'd to f Terms. | 

I. P=eA +fB +gC +4D + Sc. tot Terms. 


2 DEMONSTRATION. 

| | Let p+1=r, m+1=s. And putting the firſt 
quation into Fluxions, there is reA +r+5n X 2 B 
: 1+259 X 90 +7 + 351 X hy Sc. = ra. 
1 VV; that is (reſtoring the Values of V, V, 
. B, Sc. and dividing by 2 V“) re+r +mxfz" + 
an. +7 + 35n.hz*" &c. Sr. e E Hg. h 
cc. + 52 XE + 2ug2%—" + 3nþ23—" &c, where 
Poth Sides of the Equation being manifeſtly equal, 
Wis evident the Quantities from whence they were 
Werived, that is, the Fluents in Equation the 1ſt, 


— uſt alſo be equal. After the ſame Manner is the 
ccond Equation very eaſily demonſtrated. Q. E. D. 


5 Cor. Hence if —1 of the Fluents P, A, B, C, 
— e. be given; the reſt will be found. 
m-- 1 | 


PF ROPE 


but e * = , k+z T, and 
the Fluent of z*gV"Y1 = A. 
Fluent of ff T*V*F* = B. 
Fluent of zf F=3\V*Y1 = C. 
Alſo Fluent of 2tgV*"+"Y1 = P. 
Fluent of zt+"2V*+iY! = Q. 


Then it will be | 
9 D I: PI 


tinutes 
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I. PPT X EA f 5 "8 
TAN N (_ehiyntrye+ 2 
+p+1+9gn+2 Xx el 3 


+ - fiC 
II. Þ =eA +fB. 
III. Q =eB / C. 


DzMoNSTRATION. 


Let "EY I =7, m + „ 14 1 2 t; and 
putting the firſt Equation into Fluxions, we hav 


. + r+nxf#k 64 
K . I B TAT I 


rafgV n+ Y 3+ gf +1Y it VV HDTV- x. Y 
Then reſtoring the Values of A, B, C, V, Y, an 
dividing by 2*V"Y?, and then expunging V, YS 


we have rek © ED r +0 xf 12 + Tanin x fl 7 
_— FT r r + in tn x el , 

= * D I + mf" TY; + tnlz" N 
e + fz", an Equation whoſe two Sides (when reduced 


4 


| being maniteſtly the ſame, argues the Equation from 

1 whence it was deduced to be a true Equation. And 
1 the ſame may be eaſily ſhown of the other two Equiy 0 
Wh tions. E. D. 

Cor. Hence if any 2 of the Fluents A, B, C, P, q 

Pf be given ; the reſt may be found. 5 


PIII. 


J. et e+fz” +g2% + e &c. = V. 
k TE + r2% +523 Sc. = T. 5 
S Number of Terms in V, 9 = Number of Termi 


"7 > 
Au 


"Can 


and 


IA , 


'C = 


ect. IJ. FFELE UXNTOWNS. 

ind the Fluent of zb VI = A. 

Fluent of #+"2V"Y1 = B. 

Fluent of zt+F" VNV T = C. 

Fluent of 2t+3"$V"Y = D. Sc. continu'd 


Fo t+r—1 Quantities. 


Alſo Fluent of V IT = P. 

Fluent of Z LSV I = Q. 

Fluent of zt+"2V "+1 Ys = R. c. con- 
tinu'd to + Quantities. 


Then I ſay, 
. IX AA 


EN + 7 + 27 x 
+p +1 +m +»x fk) 
+p+1+2qu+2nXer ff +Þ+1+3qu+31 X es 


. DTI Tn n 2A. CCDA an . r 
ori zun zu x g ) +ptit2m+qut+3n.gl 


+p+1+3m+31n x H 


e. (continued to 7 + 7 —1 Terms) = 
| enn 


II. P=eA TFB RCD c. to ? Terms. 


J il. Q=B+/C+2D +bE &c. 


IV. R=/C+/D+7E ＋ AE Se. 
V. S Se D +fE +gF +4G Oc. 


1 . continued to * Equations. 


This is demonſtrated like the foregoing. 
Cor. Hence if # + + — 2 of the Fluents, P, Q, R, 


A, B, C, Sc. are given, the reſt will be found. 


D 2 E 
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PROP. VIII. 


4 the Flue of 8tgV"YiX"=A. 
Fluent of vt N VIX B. 
Fluent of 2t+*2*3N"Y1X"=C. 
FPluent of 2t+wgV*"YiX'=D. 
Alſo Fluent of gV n+ YiX"=P.. 
Fluent of . 
Fluent of * 


Then it will be 


1 


+ P+1 TH x ft 
I. p+1 x A ＋ TI ＋ 4% +u X&> 
+2 +1 In +1 elt 


Top TI Tun rn 2 Fkt C+ p+ 1 Tang Nfu g Y 4 


+p+1+ 4 Tru Yu. eli 
. 
II. P =eA +FfB. 
III. Q =eB +fC. 
IV. R = C/ D. 
The Truth of this is ſhewn as the reſt. 


Cor. Hence if (any) three of the Fluents A, B, C | 


D, P, Q, R be given, all the reſt will be found. 


SCHOLIUM. 


In the five laſt Propoſitions it mult be obſerved, that} 
any of the Fluents A, B, C; P, Q. R, Sc. vaniſheiſ 


out of the Equation when its Coefficient is o: And 


therefore in ſuch a Caſe that Fluent cannot be found 


by any of theſe Propoſitions. , 


#4 : 
"yy . 


Sect. I. of FLUXIONS. 
If any one ſhould aſk how theſe Propoſitions are 


ound out; the Anſwer is, by the common Analyſis, 
or taking any Equation in theſe Propoſitions, or 


: aſſuming any Equation among the Fluents A, B, C, 
r, Q. R, at Pleaſure, and affecting them with un- 
novn Coefficients; then putting that Equation into 


q Fluxions (ſubſtituting the Values of A, B, P, &c.) 
and then comparing the homologous Terms, theſe 


oefficients will eafily be determin'd, if the Thing 


2 


Js poſſible. And thus you may find out other Pro- 


Politions of this Kind. 


POP: I 


transform a given Fluxion into another more 


ſample one. 


RULE. 
1. For any compound Quantity in the given 
luxion put a new Letter or variable Quantity, by 
elp of which expunge the other variable Quantity 


; nd its Fluxion out of the given fluxionary Quantity; 
o will you have a new Fluxion inſtead of the former. 


If this be not ſimple enough, aſſume another variable 
Nuantity inſtead of any compound Quantity con- 
Wain'd in this laſt, and expunge the former aſſum'd 


uantity and its Fluxion. Proceed thus till the 


ransform'd Fluxion be as ſimple as poſſible. 


2. Sometimes a compound Fluxion may be diſ- 


Plved into ſeveral other ſimpler ones, thus; aſſume 


o or more ſuch fluxionary Quantities, as you con- 
ive will, when duly reduc'd, make up the given 
luxion, and let them be affected with indetermin'd 
oefficients ; then reducing them to the Form of the 

given 
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given Fluxion, theſe Coefficients will be eaſily de. 
termin'd by comparing the homologous Terms. 
Or in any fluxionary Equation of & and , 
ſubſtitute ſome compound Quantity for one of them, 
ſuch as zx, or 2", for y; or x4/22—1 for y, or 
zx for y, or any ſuch like, that by Subſtitution wil 
make it ſimpler. For the whole Deſign of transform. 
ing any Quantity into another is in order to make it! 
more ſimple, that the Fluent may be the eaſier found. 


Ex 1 
Let e + fe X D Bis be propoſed. al 


ERS 


ſume v=e+fz", then 2 = Fn — n= 


Fr 


T — 2 UV 0 — 3 
and 2732 = —— —_— and be- _ + I 


nmm———_—_— * 


2 — „putting p = - eb. Therefore the 


1 1 - 
given Fluxion e x g - 4 


| 3 
XP + D. 
EX. . 
3k A. 
ere is given Fe . 72 A 

„then 2 = =, mdz = 
2 EE: — 25 — ] put Pp e. and thel 

— a. 
ö 2 


2 „ . 5 + £2 


Set. I. of FLUXIONS. - 
as will be evident by reducing the two Terms to a 
common Denominator. Therefore, putting @ = 


> 14h and þ = it z gk, the given F luxion 


2 Das — . 2 —1 
Dp comes — . has. — — 
e i wee 


de- 


d zl | 
em, 
, or ; 
IrM- ; 
ke it I 
nd. 


| le 
Let e + fu" 20S 

T 
3 . Then? = , and e+f2” = 22 (put- 


= F be given. Put v=g+ 


„ 
8 * fe — eb) and 218 = El 3 whence 


— , —A— © Ames 
e Xu—gs v—y Io" 
GE N e 


| Er b. 
Again, let f—pv= =; then r = 
2. 


S — e 
2 


r and 1— „ whence F 


| Otherwiſe. 

ee | „ 

: = — xf—p” vv is (by 
| the iſt mulciplying and then dividing, by — = — 


nw 4 : — 2 g. 
2 *r DUO. "v v + N 


1 


Since — 


— — 


11 v e expunging v and it 


becomes 


therefore F = — 


it he 


DocTRINE 


4 
Suppoſe e + /2” + gz 277—2=F, put e 
Fg =V, P= aff — eg, then 2” = — 


L 
. Vp+80 
this be not thought ſimple enough, ſuppoſe, 
*] 


Again = οαν , then v= 


r Z— 


ng 
"EX; 5. 


SM > 
FT PIETY 
_—_— Ar (> aan 

e + gf” + ggz” B ＋ gz" Tt Dt z" 


"RD transform the Fluxion 


(by reducing to a commmon Denominator) 
+AD ms S 
Co 


-+ BC + 


+Bg n 022 
BY Inf ＋ S2 


then comparing the 


homologous 


o and V n 1 1 
and PV = S X 208 ; therefore F- 


*X wp Here xp e = +22" I 


„aſſume 


ſry 


dect. I. of FLUXIONS. 


homologous Terms, Ag Cg o, AD BCN, BD © 


=ge, Bg+Dg=fg ; whence is had Cg -A, DB 
=}, D—-B=V/f — 47 =; and thence A = . 
52 Co DE x +2 


And therefore, 


2 P 2 
2 *¹—1 2. . 3 1 2 ¹—7 f HS; 2 SAI 
e TE + ga — "os 5 


Otherwiſe thus. 


Put 2” =y — „ then 2 = — x 


28 


2.8 


.# I 
5 . - Whence the fluxional Quantity pro- 


2 
I | 
Lot all 
poſed becomes — , Which will be 
_” 
in rational Terms when > is an Integer. 
Ex. 6. 
212. i | : 
Let — be given, where a is half of 


e +f2" + g 
an odd Number, and 4eg greater than F. 
= : 1 = —v 5 
ume eg +fg2" + gg 2%" we -D +g2" 


Bar—in—1g | | 
C + Dzr + g = (by Reduction) 


+ AC ] g ADP—2 + Ag „r 

. HI 

20 3 N 
CC 5 D 2” + gg 


Now comparing | the homologous Terms, we have 
AC—BC=o=Ag—Bz, AD+BD=g, CC eg, 
E | 20g 


25 


The 
209 —DD=fp. 


DocTRINE 
From whence we have C==h 


e+ fa + gu” © 


AN 1 2—12. 


1 


D = V2gVsg , 


* 


= 
AZZ 25 = 


B. 


| mr wn 1 De 


2, | 
Whence 


25 © Va Darage 


AJP + g2" F 
transform'd into others ſtill more ſimple, after che 


Manner of the fourth Example. 


E 


2 —1 2 


57 * TT e+f2" + g22" 
a is half an odd Number, and 4eg greater tha il 


A An ——12 BZ —-1 2 
Aſſume for it : 9 | 


or for Brevity Sake 


o& 


20 


: both which Terms may be 


be propoſed, when T ; 


F 28 


e +f2"” + gz” 


(by ReduCtion) 


* +lIz"xe+f2" Te 


＋ARTBE +B/z”* 
De TD ＋ D 


A +B2” 


e +g2% 


+ Alz” 


( dividing by *. 


D 


3 
— "wr 


FER" "i 


= d 4 

2 and compar. 

ing the homologous Terms, AK De ro, AT BTT 

DFI, BI De So, whence (putting r gel -A T 
k == 


the Method of proceeding, 


k 

we have D = Ay * 2, Whencel : 
1 * 3 5 42.55 + ger 1 

k Ein. e+f2"+g2%" F fz" + gar — oj 

Xu n—1 5 

= 2 and the firſt Part may be tranl- 
tX k +12" | 

formed again into others more ſimple * the ſixth 
Example. 


I ſhall here add ſome more Examples, to illuſtrate 
Ex. 


* L Fan 27 


Ex. 8. 
25 — 1 


nce 

! To transform the Fluxion ST In rn ur 
l gume ; __ - Apa 

1 a um P+92" +29: * 2 +2 _ p T 


C + Dz” 
3 r + Zn + 2:21 * 
before, we get Ar ＋ AS + Az" 

| + Br 2 + BF J 
oh Cp +Cgq #5 
+Dp 1 +D 
Hence we ſhall get Ar CY» =I. As+Br+Cq-+Dp 
So, A+Bs+C+Dqg=o, and BD Oo. Hence 
may be had the Values of A, B, C, D; and then 


Then multiplying croſs ways as 


— Ar + B15 
* the Fluxion becomes 7 = = 
-D +12 
7 — 1 T + 5 my 

a Ex. 9. 


SF o transform the Fluxion —— Put 1 


* 
A + B) o 
2 1 3 5 ; then multiplying alter- 


x; F nately, and — the homologous Terms ; there 
WJ i; found A = =, B ===, C=——. Whence 
ence 34 34a 34d EE. 
: 8 2a—) Bo 
MJ 7 = = * > 


The firſt Term may be further transformed thus; 


I 
put y = 2 +24, and there comes out Jas * 


ſixth IgG — 2 5 1 24— 8 
5 2; therefore 2 = 2 
198 + 23 43 + 93 3a 3aa+ZZ 


OO —— 


gas © a+y © Ez Ex. 


. » 
7 — INE 


l 


* * 2 ” 4 
— : 2 9 — * 3 — nn a 
< - 2 N ee * — — 


— ol _ 
n R pony” By. 
— — - 


11. iF 
x. 1 ' | 
4 * 4 
* ke 
oF 1h 
, 1 


> 9 8 . 
— array ——— —E—B — - - - 
— N 


1 
1 
1 1 
|; : 

5 
f £ 
14 * 
7 


Integers. Put i— IA N: 1+x+xx-+...4 


The DocTRINE 


] + = z 
1 


. 

_—. = 

To transform the Fluxion Tf 3 9 be- 

ing Integers. Suppoſe a = x**+*; and the i 

pies ae XX T 0 1 
8 ITF O tranſ- 


r 


3 
140% 
4 M0 
"8 
6 


Fluxion becomes 


form — „ put ITX =1+x X: 1—x+ 
5 | 


I 
* 
7 
Fo 
; I. 
2 
bo 
Ton 5 
Wes 
— 
* 


2 
* oF 
5 £4 


+38 


XX - & —,,, + *“. and I —x+x*—#,.,, + 4 - 
* = 1+px T X IT TAX XxI＋T TX ＋ xx, &c. 
The latter Side of the Equation being multiply'd 
and compared with the homologous Terms of the 
firſt Side, will give thy Coefficients p, 4, r, &c. Then 


* m 
L 


et — = 1 3B 
IST 7; + x IFR TEN x IT TAN ITF ATEN 4 
b+ OX | 4 + ex 


Sc. = x X into 


fs: all : E 
— — &c. This reduced to a common 


I +x Tn 1-+px+xx T2 + gx + «xi 


2 


＋ Tr Þ xx | | 
Denominator, and the homologous Terms of the} 
Numerators compared, will determine the Quanti-# 
, e. 0 

And the ſame Way the Fluxion of „ 
transformed, by putting 1—x” = 1 + xx: 1—x + 


* -I. —X I i KI DN xX N +qu+x# = 
1 +7x x, Sc. and proceeding in all Reſpects as | 
before: where n, 7 are Integers. 


XY x3. 
x" x 
L—x" 


To transform the Fluxion „mn, n being 


2—1 
* 9 


aL of FLUXIONS. 


, and 1+x+x* +3... + = 1 * 
+ gx +xxX 1 +7x + x, Se. the latter Side of 


be- 3 xe Equation being multiply'd, and the homologous 
the Wcrms of both Sides compared, there will be found 
Ne Coefficients p, fo r, &c. Then 
anſ- 8 228 x*x 
1 1 — X 1 +Px XXX 1 + gx . &c. 
=. 8 b + cx d + ex 
n ” IDN xx 9 1 + qx +ax 


. This being reduced to a common Denominator, 
d the homologous Terms of the Numerator com- 
red, will determine the Coefficients a, &, c, d, &c. 


Vd, 
the Ex. x3. 
hen 4 55 
5 e , 
= To transform „ being Integers. 
e-+ax Þ F ——— 5 | WE 
1 t 1 A N: ITA N . . . , and 
gl XX + XI. XY o_=EI+ DX +XXXIFTOQx + xx 
＋ XX ; 3 
c. which multiply'd, and the homologous Terms 
mon il LL ĩͤ OR XN" x 
tel mpared, give 2, 4, 7, &c. Then let —— = 
5 1 Xx XIX TAXXI ＋ * ＋ * 
= 7 b+ox dex 


0 OY +Px + 1 +qx +xx Which 
x +| 0 to a common Denominator, and the homo- 


= Pous Terms of the Numerator compared, 8 
2, C, &c. 
ts as | „„ 
And the Fluxion — TY is transform'd by 
ting 1+x#+F2=1 + xX: I— . +x* — x5, + 
=1 +xx X1+Px + xxX 1+ qx + xx, &c. and 
cceding in all Reſpects as before. 


eing 


Tn 
ER n : Likewile 


The DocTRINE 

; us... 
— — 
ing the ſame Series as the laſt ; that is, 1— 
IN X: I—X*+Xt,, .  X"—*=1+xx X TN | 1 
i+9x+xx &c. and proceeding the ſame Way. 


is transformed, by aſſun 


EX. 


SIt—15; 
6 


. 
4e; * 2 = =3; then we have 


3 5 P = I 

* RN 2DR2 1 25 Now if A = Arch whoſ ö i 

1 6, * 

natural Coſine is 2, == —J, ooo or 120 = C3 al 
5, r, v be the natural Coſines of B, B+C, Bad : 
all taken from the Tables; then Rb, Rs, R, RP 
will be the Coſines to the radius R; then will R 
26R*23 + 26 = RR — zRiz + zz XRR — 27R⁊ +22 e 
re. Then the Fluxion is transfom'd! 0 | 


when Mx 5 1 i | 


3 SFT A SE et ; 9 . 
6; . 2 S Ms Ls 79 
TY 8 ( 
1 Cn 
1 . A "FF, > wy. & hl wi) -** A N 
3 By 1 „ 
2 = "7 


To transform 


= 


I ; 
6 


1 : 
— Xx 2 


— 


R*—2Rsz zz x R*—2iRz ZE X R*—2vRz +2 


Again, let this be put = * = 
Sain, le A R*—2Rs5z+2%2 R*—2Rrz+ 


Mu | | | 2 
+ WEED and the Quantities K, : 
L, I, &c. will be found by bringing all the Teri 
to a common Denominator and equating the Cc: 
ficients of the homologous Terms. Thus if R 
made , and q = —2Rs, r =— 2Rz, = — 2 
the 


il 


RF 
at Ho 


1 
» - . 
11. f 
J 
j l 

4 1 
7 
4 , 
— 4 
1 
1711 
* 
11 14 
F 
3 1 
4 'Y 
„ N { 
1 [i 
5 f 
114 
1 
5 
+ 
i 
1 i" 
* + 
' 
185 
\ [ 
| 
{ 1 
i 
*. : 
0H © 
1 [1 } 
1 . 
| * 
£28735 
: 1 
if 1 
N 
Fit i 
+ * N 
2 14 
14 
} 
14 
' 
: ! 
1 [ 
15 ; 
J ' 
75 7 
* : oy 
1 191 
J 'F- 
1 #7 
9 + 2K 2 
& 4 
T7. 14 
At 
_ 1 * 
1 1 
4 1 
b : 4 
2 +23 
2 Wy. 
{ £414 bt 
701 1+ 
A a. K 
} 
1 
F 14 
1 
11 "os 
EE 4 57 * 
193 
1 7238 
1 
97 ? 
* 4 
- -\ y . 
: 68.4 
{x 4 
'T] , 
F- 
; 5 
, s 3 — *7 5 
C 19 
8.1% 
. 129 
mo 
F tl 
D 1 
Ls 
7M: & 
487 
EY 7083 
, +3 © 
IS = l £ 
Be . 
p + 31 &- 
: : 
} If 
. Wo 
"5 1% : 
7 #3 £ 
g 1 i 
1 F 
1 
ö . 
1 HA 7 
171 8 
* 
, 4 
I k 
: RE 
* 
N 4 
7 1 
7 
* Y 
FL 
l 7 
"F. 1 
11 
Fa 3 
* : 4D 
* 1 
4 4 
if 1 
2 
5 7 As 
5 EE 
AW: i! : 
# Ke + TE 14 + Þ& 
is be 
: © RL 1 
1 
4 
2 * 1 . 
„ 
[i . 
: 5 
* * 
o ve 4 40 
1 is * 
FE 
| 777 * 
12 5 : 
$3. 
* 3 
13 
L 
* 1 * 
* 4 > "Ti 
1873 2795 
YI 8: 
: 2 33 (F< 
47 
13 1 1 
* 75 an 
4 3 
N T 
= +1 0 
* 
* = . 
4 
N i 
4 1 
: : : : 
2 Ay : 
* 3 
* 1211 
, ; 
l A 
* od 
+ - I 5 I 4 
+ G 
1 
Nin 
ö ©: © 
5 - 
* 7 

4 . ” Ul 
4 My 
$9.5 

* 1 . 

F 4 

Þ $3122 

3 * 
7 1 
* 3 

. s WS 

4 ©4374 

* * 

F * 24 

©; Ls 4 

13 

ey = 
VP 4 
n * 
1. ? 

8 ? 

1 1 

SS + 

= b 
7 16 ' 
4 { : 
' . 
1 * U 
8 * 


a. 4 FLUXIONS. 


= a=. 
1 will come out K = —, k = 
I 3 ere FR X 9 7 5 
— N 3 eee eee —_ 4 5 
* 1 K 
3 ee ee =P. In which 


—, 1 
—4 2 2 N. 
may be reſtored, and the Terms made homo- 
neous; and for that Purpoſe dividing the Values 
X &, L, M, by R., and &, I, n, by Rs. 


Ex. £4: 
ave , > 
2 1 

haf To transform the Fluxional Quantity == 5 

ere 9, A, n, are Integers, and F leſs than 4e. 
* 4 - A 
39 tz =», and then the Fluxion becomes — 
3 1 f + x22 © 
—a@Agcain, to transform — let eh =R 
Aan, e fu N 1 
m' di bo | 


=, A=Arch whoſe nat. Coſign is E, 5 


B, 2 > ad A T, V, W. ©c. the aan” 


Pines © B, BC, B-+2C, B+3C, Sc. to x 
erms; all takin from the Tables: Then R5, RS, 
„Fc. will be the Coſines to the Radius R, and then 


T Or REAR π] + $22 = RR— 2RSx + x» 
RR—2RTx+xx X RR—2RVz + xx, ©c. to x Terms. 


TerWherefore the F luxion now becomes 

e Cot — 

= 

= K 2RSx + x x RR — 2RTs+x* X c. 
Laſtly, 


1 
f 
N 
j 

l 
\ 
1 
ji 
; 
| 
if 
j 
J 
71 
11 
Ke 
1 


— — — — — ͤä— X — I, 
r 3 K EF «> r ae eros ES» GE Goa RE tos, 
1 — . . LAI DP: ear AR COR ORD 11 29 Pr g 


1 
* f‚ R ———————— Aae 
I+qxhxx X Ir ISN xx, Sc. 
: K + kx L +I Mm 
FIX: | 5x - 


Denominator, K, &, L, &c. will be determing 


The DocTRINE 
K + Ax 
r 


Laſtly, put this laſt 


L + ts 
RR 2RTx + xx 
Ca | | 1 N 
Rr to make the Quantities homogeneous, ( 
for Brevity's- Sake, let R=1, 4 = —2R:, :M 
—2RT, s =—2RV, . Sc. Thi 


Sc. x into , or rather x 


1 Fax FN © I + Ys +xx * I + Sx + 1 
&c. Then, by bringing the Terms to a comm 


by comparing the Coefficients as uſual. And at! 
R may be reſtor'd, to make the Terms homogenes 
or of the ſame Order. When the Operation is pi 
formed it will be found that when > = 2, Xe 


—-: SE. a 
—_—_ Y-.__ my” I-OonYy - 
If a * K — —— þ = — 7 . 
3 . 
.... = £ : Ari 
1 XVI—sS 1 Xx IS Tr. 
. es his 
tft -g NK rt Wn 
As in the laſt Example. In 

If > — 
— 3 
OO — — Nut 
. — 8 T — 1 


73 — 27 1 


1 X- Nr 


1—4 * — x 212 


Set. I. of FLUXIONS. 


XN X Fram th 
f3 =" ZZ 3 44—1 


(in 


— 


oe X IT X t—s * t—r X — 


; . | 
Thi — 8 ae Rx A — — 
_ q—rXq—s+9—tXg—v Jet! T* N iN = 
To 1 zr +1 175 — 27 
| —_ 7 ohne 7, ode F —˙ (! 
. | r—=Xr—5Xr—tXr—w ? fog AIR 
A t— 355 +1 $3.— 25 
CC 5 


4 — 31 1 45 — 27 


Ll 


— — — — — aA — — — — — 
t—gXt—rX t—s X t= t—gXt—rXt—sXt—wy 
* —3v* +l v3 — 2 


= XD ͤ —— = K e 
And the Law of the Progreſſion is evident; in the 
Denominator 'tis plain: And the Numerator of any 
Quantity K is determined by this Series, p—! — 

A—=} *—4 —4 A—5 Ab 


pP— + Oc. 


If any body would know the Reaſon why the given 
| rinomial Quantity is divided into as many ſimple 
El rinomials, as there are Unites in a, as is done in 
his and the laſt Example; they may ſee it demon- 


rated in Cor. 3. Prop. yo. of my Elements of 
Trigonometry. 

1 
To transform the Fluxion xx + ayx +yy = ©. 


omes XX Taru +2Z*xx + 122 , whence x = 


22 + a r 


N — 
— — — — — —— — 7 — — 


"ut Dax, and J=2x +x2, then the Fluxion be- 
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EX. 16. | 4 

To transform axy +3 xx + yy = o. Put * = 
D — „ and the 7 
Fluxion becomes a - I + 22) — ES * nn ; 
Ver 1 

ks then 4 . * 29 ＋ 2 So, therefan ; 
1 8 2 5 — 2. 2 | 


Vzz— 1, then x = 


ay X SSI ＋2—2 NY 4K 22—1 n : 
and * 7a | 


_ 


3 2X 21 ZXZZ—ITI 4 K- 


therefore 2 + — == ==0--- a ; do! 
TAN Z TI 21 | 5 

the laſt Term may be further transform'd by puttin - 
S a AZ BE CS 


—— 2 


z+9 X 3+ 1 X S—1 — z+8 Y z2+1 * 2—1 
and finding A, B. C, as U 5. 


EE 25. 


Let ay} = * + bay? — c, be given; put b 
=2y, then aj Y +baji—c2391, or — 
(233—bz +8 4 


N 
: 
cas, whence x = = 02: — þ + —WM 9 


* 
8 ag ir 
and & = 2023 — r = = 2), hence J = = 206 
as 
IT Ce | V 
| Ee it. | he. 
| * Den 
To transform the Fluxion nn n 
: | Wax? + bsx* oon, 
put aw +6x"=x"z", then 2"—b San, and Loghrher 


2*— 


=—þ = Log. a+ 3 Log. x. In Fluxions 


1 18 2— 2. * * 
IF = *» hence 57 = = x; 
2 — : a + bx" * 
n 2 — 22 
27 * 2 mb * 
Ex. 19. 
v 
To transform the F luxion vx AN X Fl. _ 
let v , and * ur-; then will 
* 1 $24 | - Fe 
II — A 21 3, = 
. c, or 2 * 2 


ge, then comparing the Indexes and Coefficients on 


5 doth Sides, zu I go, and 2 2 which gives 


+ of I 
= 7 and e =—2, Therefore v = — 


V 


| PR O'F.. a 
at 
V Equation being given containing the PFluxions of 
oa MR Quantities; to find the Fluents, either in fimple 
2 Terms, or in a Series thereof proceeding ad 
infinitum, | * 
„ 


When the Fluxions are not of the ſame Order in all 
he Terms, ſupply the Defect by the Powers of ſome 
ven Fluxion ſuppoſed to be Unity: Frafional and 
ompound Quantities muſt be reduced by Multiplica- 
'on, Diviſion, &c. Radical Quantities (except ſuch 
here the fluxionary Part is in a given Ratio to the 

F 2 Fluxion 
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j 
4} * 
1 
10 
J 6 
1 
0 | 
[ : 
1 
0 
„ 
44 N 
$4 0 
7 : 
” 
/ 
e 
1 
23 
* 
. 
1 
i 
7 1 
9 
„ 
* bo * 
1 . 
\ 4 
78) 
2&4 
, 11 
1 
5 . 
. 
þ 1 
4 ; 
s. 
| | 
p 
þ 
| 
1 
7 
. 
1 
2 : 
1 44 
k * 
7 
* 


muſt be extracted. This Preparation being made, 


ficient and the Number 2.302585 into the Logarithnſ 


The DocrRINE 
Fluxion of the Root) muſt be reduced to ſimple Terms 
by Involution; and the Roots of adfected Equations 


Se 


el 
Wi 
* 

1. If the Equation then can be ſo order'd, that, | 
every Term has only one variable Quantity and inf . 
F1uxion ; multiply ſeparately each Term by its variadl þ 
Quantity, and then divide it by the Fluxion and its 
new Index. | 
2. If any Term be ſuch a Radical Quantity that 
the fluxionary Part may be divided by the Fluxion off 
the Root (or Part under the Vinculum); and that by 
ſuch Diviſion the Quotient may be a given Crone 
Multiply that Term by the ſaid Root, and then divide 
by the Fluxion of the Root and the new Index, fl 5 
the Fluent of that radical Quantity. . 
3. If any Term be divided by the firſt Power of the. 
variable Quantity; then the Fluent of that Term 
mult be found by itſelf thus; multiply the g:ven Co 


of that variable Quantity, for the Fluent of that Term 
Or thus by Series, ſubſtitute for this variable Quantig 
the Sum or Difference of ſome given Quantity and 
another variable Quantity, and its Fluxion for the; 
Fluzion ; then this new Term being actually divided 
* Fluent will be found as in the firſt Article. 

. If in one Side of an Equation there be 7ii 
7. Hah containing wo variable Quantities, each mul 
tiply'd into the Fluxion of the other; then by Art. 1. 
find the Fluent of either Term, ſuppoling only one 
Quantity variable, and this will be the Fluent of bot 
theſe Terms. And if there be three Terms containing 
three variable Quantities, where the Fluxion of each 
is multiply*d into the Product of the other two; nn 
find the Fluent of any one of theſe Terms (by Art. 1.) 
couſider ing the other Quantities as er: ; and this 
will be the Fluent of all three. 


I 


ua 
dthe 
va 


5. Laſtly 


7 


vet. 1. of FLUXIONS, 37 
5. Laſtly, all the Terms being collected on the cor- 
eſponding Sides of the Equation, will give an Equa- 
ion containing the Relation of the variable Quantities. 


n; 


:, EXAMPLE 1. 
itz Let / = d — x, then the Fluent y dx -x. 
va . 5 
its! E *. . 

Z . ; * . | ay? 
na Let #=ay'y, the Fluent is x = 1 
- F Ex 2: 
it. Let y = — , Or / = aa —xxl Yu 


5 x; multiply by the Root à3 — x, and there is 


: a —xx|*X— xx ; divide this by —2xx X2, and 


the 85 i 9 

rmWhere ariſes aa — * or Ha- = y. 

606% 

thn Ex. 4. 

io a% 

i Suppoſe y = TT. then y=2.302585a X Log. x. 


Pr thus, let S x, and S =, then will y= 
ag ag azz az 42Z25 2 


— — — — 


15 7 — 3 * Þ — ·ô 


.- | £00: 22. 4 4221 
= nd the Fluent y = 7 7 
t. . E 
both Let 3 = 2ay3xx + 3ax*9*7, where there are the 


ning uantities 9 and ax, and one multiply'd into the 

each ther's Fluxion ; the Fluent of 2ay3xx (ſuppoſing y | 

chenſMovariable) is , therefore 2 = ay. ' 

. 10 : | : 

his Er. 6. : 
ge 


U eee m eee | 
ſtly aq K&N, then V TI Ex. 
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5 E. x. 7. So : ; 
| Suppoſe J = ax ax + x% xx V 2ax +xx, 24 Le, then y = 
ax + XXX 2ax + wx) © ” 2ax T 


3X 2 +2XX 3 * 


* 's * Fe 5 5 = 
Lets = 1 2 that is 5 =5"*—»9"7, 


JJV En os Co EE ISortor iS "I 

- 232322 Pe et Sy RL TE, (7 
CR SE Fes F as 
5 * . 7 5 


5 
and the Fluent v = xy—7 = 


- 


* 
I 
Ex, 9. x 
Let = 51 ＋ 25 + 3 *; then v = 
E 5 
Ln 8 ax : 
Suppoſe y . + what + 1 Z S: 
| . * * * * F 


[7 


multiply the firſt Side by 4 , and the laſt by | 
* — . — 2 14 dh 
and there will bey = pn + a — * + ** 

then divide by the Index of the Power 1 each 1 ; 


and the E luent will bey = Ra ＋ — ＋ 2a 


2&* * 
31 —— 3 


Rae: 


E11. 


1 . . _ 2bbcy 35 

Let the given Equation be x = 8 + 7 ＋ M 

. . 5 2bbc —, 1 

+ N, that is & = 5 W 7 Jer 
» WP 5 3 ! 
X 3% e; the Fluent is x = = 7 


EE, << ; 
3 + 3 3 | Fx 
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f Pe WIE 
1 3 x „ . 2 1 


» 8 oe 1 Py x | by ; 8 2225 
Let) =s *X—%*x + — ; the Fluent will be y 
= 2x: — * + 2.302585 Log. x. Or thus, put Wo 

4 | * .. * _— S 
ax, and —Z=x, then -- —— = — .. 
A, To | | : && 8 642 aa 
wo. 


22 MO ; | 1 3230 
5 c. whence jy = ¹ = ——= <= 
SEL, 42  a* 

nk * : 
—— (fc. and then y = 2x5 27 = = — = 
* 42 24a 


EX. 15 | | | 


Let the 8 be / = « + Ban Zug; vals 
T That radical Quantity, and then y = al + 


4—1 
1 + 4 X f 4. - -L he Se. 
tent | patter 
> Y.” n TI 
HI DET | 
2 "Mo wy, 


EX. 14 
Suppoſe I best-. Efes into , 

+ A 
hat is y Nc TCT, Y Y. 
ere are the two Quantities 2? and e each mul- 
iply'd into the other's Fluxion; N 1 


Ee”. 


Irhence the Fluent is y = 


+ Ee. 


Ex, ES © 
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Ex. 15. 


Let y = ber- + N- + e i inn 


+ I 2 


e+ tz + gem - that i is = = 02-1 X ariel l 


+ 2 + 2pngat FOE * e+ fe" +gzml 


Here are two Quantities z? and e T +221 exc 4 
multiply'd into the Fluxion of the other, therefor 


y = Xe = TS , the Fluent. 
E16. 


Suppoſe / begze— 2 + n x G26 55 no 


+ rn 0 


[atm xftz)+—12 into Ja e * 
that is / = 920-15 Xe + fe" + fe x2 + PAN 4 prfet + : 


N PDEN. T Iba Hi. fea” e 


Now here are the 3 Quantities 20, 55 and SY 
and the Fluxion of each is multiply'd into the Pro 
duct of the reſt ; therefore the Fluent is y = 2? \ 


” 


e D Xx NN. 


1 


Let this Eqution be given y* = S Y + x*x*, by eng 


tracting the Root, J=zx TA = (by Tovols 
tion) ix + + x*X —x+x + 2x*%, &c. or y =! 

— IX —X*X + x*x — 2x%, &c. Whence y = x- 
2X7 _— * 


7 d 5 = I 


& 


Ex 


1 


Seck. I. of FLUXIONS. 


E x. 8. 
Suppoſe y Tas A IA aαινα . Ex- 


2 cti ; the Root this Equat => 
3 tracting of this Equation; y =ax 4 Teqa 4a 


13198 Sec. then the Fluent will be Ft ON 


512“ 
ger x3 1314 
8 FT 1924 os 2048 a˙ * 
Ex. 19. 

suppoſe this Equation Mn Bn mn $42.9 

o. Putx=1, by which multiply the deficient 
Terms, and then you have 2) — c2*x — 2 — 
1 er eee And extracting the Root, 
. which will be threefold, then YZ = bo ** — 


3 
. O — — ol 
c r S & -A + ar + 


8 ISN i REY. xx. x30 
2 „Se. Or, laſtly, 2 2 — — — 

1 5 2c 2CC 
* .. Whence the Fluent will either be 2 x 
p 4c+ | 

70 * 3 ' a | | 

g ( . * 3 - 8 N : 

* 1 + fc: Sc. or 2 Sc — 1 4 
I 5x4 | 5 ** on 
e r 
128cc* Sc. or 2 - 6c 8cc M 

"EE 
&: S 2404 9 Se. 
ole Ex. 20. 


=] 47 3 8 8 aaxx NOTRE 2 
* Let 7 4a + 4aayy* + 3 = 44ax*y* 
x | * 22 

TT n tranſpoſe 4a — FTA and 


hen multiply by y, and you have 4% — 4%. + 
OY + G0X%9* == 4X" ＋ 4)*x8%9* = x o—_ 
G * 


— 


The DocTRINE 
by aa +&x, and there ariſes aay* — gay? + 4y* y 


1 WS 


c 

x*x> i af 
— extract the Root, and — 2yy = 

aa + xx? EE ay 2 2 

3 ; ee p 
— 3 Whence the Fluent is ay — yy = 
4 aa + xx a iy 


V aa + xx. | : 
| Ex. 21. 3 


Let 2) +2j =ax; then its Fluent is zy = 4x, e 


E. X. 2 3 1 

Suppoſe a — byx* , or ajx* —bjit 4 
—buxy = = 63, ſuppoſing x invariable ; then in 

Fluent will be ay x2? ans fo . 2 


li 
E23. c 
Let the Equation be az2* +aazy — abzx = ber 


22 


— 2dcx';, then the Fluent. is * aayz — abu 


=bczz—abcx ; ſuppoſing & invariable. 


II. 

If the Quantities cannot be ſo ſeparated but on 
or both of the Fluxions contained in the Equation 
will be affected with Loth the variable Puantitic; 
then reduce the Equation fo that one of the Fluxion 
alone, (or at molt, only affected with its own flow 
ing Quantity) may poſſeſs one Side of the Equation 
and the other Fluxion affected with both the variable : 
Quantities be on the other Side, in —_ Term 
Then 
1. Range all the (JON that are on the ſecond... 
Side of the Equation ſo, that all the fluxional Quan 
tities affected only with its own Fluent, may itand 
horizontally at Top, proceeding regularly according 
to the Indices either increaſing or decreaſing, ac 
cording 


ect. I. of FLUXIONS. 
Wording as the Fluent is to be had in an aſcending or 
eſcending Series; and all the Terms affected with 
Hue other flowing Quantity may ſtand perpendicularly 
n the 4% Hand according to their Indices. 

2. Begin at the left Hand, and find the Fluent of 
he 5ſt Term of the ne, Row, for the firſt 
rerm of the Fluent; then fubſtitute this inſtead of 
he other variable Quantity i in all the Terms of the 


. er perdicular Row, writing their new Values over- 
FSocainſt them under their proper Indices in the hori- 
* intal Row, then proceed to find the ſecond, third, 

g. Term of the Fluent ; by ſumming up all the 
u uxionary Quantities of the ſame Index into one Term, 
Ind then finding its Fluent ; all which Terms of the 
Fluent are to be gradually ſubſtituted for the Powers 
f the other Quantity as you go along. 

3. And this Operation may be performed various 
ays, by aſſuming any given Quantity for the, firſt 
Ferm, or perhaps for ſome other Term of the F luent, 
l * oftentimes it will be neceſſary to do ſo. If any 
f the Terms be divided by the inst Power of its 
Wowing Quantity, it will ſometimes be neceſſary to 
E ubſtitute for this Quantity, the Sum or Difference 
Wi a given Quantity and another variable Quantity; 
Ind then reduce the Terms to the preſcribed Form. 
And this is the Newtonian Rule for finding the Fluent. 


IF; 


11 


EX. 24. 


ay x +xy x 
VE = 


; | Let a/ +x#y —ax —xx S ο + 


ex bx x 


ms , to find y. Divide by a+x and reduce 
onal; 255 2 * — ae 
mw 8 Equation, then Y = x +- „ = 

and x*x wx vx xx yabox 

ling Ko aa * 43 T 0 a3 


ac. e. Then the Work will be as follows. 
G 2 


{ ; ) % 
The DocrRINE . 


; In this Example I write x - 


vx v v wx — 
%% / © peapmonny 


a aa 1 a3 Þ 
larly; then Ibring down x into the Value of y, and gi 
its Fluent x, and put it into the Value of y. Then 
ſtubſtitute x for y in each Term of the perpendicul Z 

—— a 


Row, placing their reſpective Values * 


A n 1 23 Wo $6 RR Et FOE e ĩ / ] ⁵ꝗ³uUèNQQZ— — — Its 9 
RILEY R 8 A FE 5 Fry 3 5 . 5 = f 3 I bY LSE CT 9 Ee: 8 * f £ S als CE ard, x7 8 
8 F NR // EE Crt CNS Ee ⁵ SIRE OTITIS ED ee" nA | AO. 8 5 
A 3 2 t „ oi 1 5 8 4 . . N 8 . Lo ng TI 8 2 3 2 225 * * 8 
, ö — 23 * 8 
i j - — ” 
} 1 a * . * 


4 
+ . „and + 7 againſt each, under the pre 


8 per * of x. 


Then I bring down the Term in the ſecond Plac 


TX * 
* and write its Fluent Fog in the Value « 


* 


, * : 5 * 
9; then I write 2 for y in the Terms + 275 


3 
N 


Lend 5 Loo and 


I put ove! 


ect. J. of FLUXION 8. 
3 ggainſt them as before. Then I take the Sum of 


3 DE om ——— x 2xũ ox 
5 in the third Place — — — 
1 he Terms aa "= 


2 . ; * _ f . 

** 3 3 | 
Fluent — 7 which I ſubſtitute for Y as before. 
and thus I proceed as far as I pleaſe. 


Ex. 25. 
Let / & — 3x% + yx* + x*%x +yx#, to find y. 
= Here x the firit Term being found and written for 
. you get — 2xx, and its Fluent — xx for the ſecond 
Ferm, which being alſo written for ), you'll get + 


:#, and its Fluent 25 for the third Term; and 


Jo on as below. 


— 


: | +x=— 3xx + * 

a+ x | + XX —x*x + x3Ix —3x+x ce. 
Ir 5x + X*X — & + 2x+x &c. 
| J = x — 2xx +xX —"x + 34% c. 
J = * — xx + 383 — za þ 1x Oc. 


* 


Otherwiſe thus. 


{ Here I take à for the firſt Term of y, and writing 
pt inſtead of y, and get ax+x the next Term, which 
being again written for y, I get the third Term ax* 
*, and ſo on; fee the Work. : 
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= f nm a 23 18 ts IE 
+ x — 3% + x*x 
%%ͤ ] +42 9 
ax Xx x*x J x3x &c| 
. 
. 2 „ ＋ 4a 
Xx K * * X3 \| 
I „ 
+ a. + 24 . + 22% + 54_. 
4 1% 2 * x” Xx : * & &c. 
; — a 1 . T ? 
+'1 5 D | 
- 
r. , 26. E 


Suppoſe this Equation y=— 3x% +39x% ＋ y*#— : 
Pxt + 3X — 3X Kc. + 098% — 6x*% + 89%%x -= 
8x3% + LOJNE SH 10x+% &c, To find the Value o 


4 


y as far as 7 Dimenſions 2 Rn 4 in 


Fo + place the Terms in Order according to e ea 
following Table, and then I work as before ; and b 
moreover I ſubjoin the Square and Cube of the 
Value of y gradually produced, to be. ſubſtituted 
by Degrees into their proper Places towards th: 

right Hand, in the Values of the Marginals « on tht 
left, as follows. | A 


ws 3 
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8 10 —9 1 19 Se. 
2155 — bxtx — K — 5 

— 9 — 12 — 7 * Sc. 

— I 2%X5X — 10 eK Se. 

— 1 * Se. 


＋ 2 +l Guy 4: 7 * Ss. 


gx = OXEX = L500 — 2INAN — f — h Se. 
— 2 — 2* — , — 2 — 1 — e e. 
9x4 + 6x5 s Sc. 


nada 2.7 0 Se. 


— 


L495 * _— 


Win a deſcending 3 Here the Terms in the 

P oorizontal Row muſt be placed to proceed from the 
Wreater Indices to the leſſer: And the Work will be 
below. 


ted 2 

the nee, = 

the BE RE . . | 

: en . — 
XX T * * + 


to 
8 
* 


j=2xx f —=—+ a 6 


1 | 
3 X — c — 


48 


| _ The DocTrine . 
Here obſerve, that any given Quantity might hau 


hn. 


been inſerted between the Terms 4x and — —; an 


7 * 
Mee 
2 
IF 


ſo y might be extracted an infinite Variety of Way = 
But if that fluxionary Term had not vaniſhed, the 
we had been obliged to ſubſtitute a+z2 or a—z ll 


0 : : 7 . 7 
x in the given Equation before it could be reſolved. 
Suppoſe the given Equation cx*x + yx = ay, þ Y 
2 © . IF 
ERS = | „ 
Reduction y = 7 — 1 then the Work wi 3 
be very eaſily performed as in the following Table, Wc 
2 dl F 
3 8 5 5 
* ON x * 3 
— 3% 3.4% © 53.45 IF 
; cx * CXIX cx AN c ; / 
TT x 3aa + 3.443 55 3.4.34. =p 
: c * +. cx. cxõ c „ = 
_ | Wa — ON 
I 3 © 3468 * 34-50 * 3.4.5.0 
: E Wy ( 
* * 7 x3 


Therefore eee 2.343 35 2.3.4 T 2.3. 4.50% 


Sc. But (by Sch. II. Prob. 2. Sect. II.) 1 


x * * 1 x4 f 
3 ＋ — Oc. = Numb 


244 H 2. 34 2.3.4. 


of the Hyp. Log. . Therefore y=2caa x Nut 


of the Hyp. Log. 2 — 2c X:1 + — +— , 


And by the ſame Rule the Fluent of & = xx - 
D, will be found y = | Il 


ea. I. J FLUXIONS. 


III. 


1. When the given Equation contains firſt F luxions 
one, or if it contains frft, ſecond, or third &c. 
ions, as in the following Example, where 2axy* 

3 * +2*%9* — 2y*X*=0, to find x expreſſed by y 
Ind given Quantities; it will be reſolved by the 
Blowing general Method. 


rind Series to repreſent the Series required; as * 
| AJ" + BY + Cy'+* + Dy, &c. wherein the 
Indices n, 2 +7, 2 +5 continually increaſe if y be 
Wery ſmall, or decreaſe if it be great. 

2. To find the firſt Index ; ſuſtitute into the 
en Equation the frf Term Ay", its Fluxion, and 
ond Fluxion, &c. inſtead of x, x, and x, &c. (if they 
We there) and then you'll have a new Equation, as 
Ay — un — n Xx A + 2A — 2½ Ay” =0, 
Wppoling y=1. Make two (or more) of the Terms 
Wa! to nothing that have the leaſt Indices equal to 
eanother, for an aſcending Series; or thoſe that have 
e greateſt Indices equal, for a deſcending Series; then 
Wy equating their Indices or elſe their Coefficients, 
will be found. Or if there happen to be only one 
„en with ſuch leaſt or greateſt Index, make its Co- 
ficient So, which will deſtroy that Term, and per- 
aps give the Value of 2: Thus, in this Example for 


aſcending Series, you'll have 242 — un — u X 
Ay =O, or in — n =2, Whence # = 2. 
3. For the other Indices; ſubſtitute the Value of u 
to the foregoing Equation, and you'll have 2aAy* 
24A + 2A — 8A) = O. Then take the 
oft Index in an aſcending Series, or the greateſt in a 
/cending one from each of the reſt; and find all the 
H poſſible 


1. Make the Equation =o; and aſſume an inde- 


50 


poſſible Numbers that reſult by adding all theſe Re 1 


fal unte into the given Equation the alues of x, x, 


mee being ſubſtituted, the Work will be pe 


Values of A; and as many different Roots ſo mai 
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mainders to themſelves and to one another as oft a 
poſſible, and then you have 7, 5, t, &c. here 4—/M 
=2 only one Remainder ; then 2, 4, 6, Sc. „, 
4 „ &c. And therefore the Series is Ay? +By++Cy64 1 
= + F 

For determining the Coefficients A, B, C, & 


Sc. expreſſed by the foregoing Series Ay? + BYE 
Cys, &c. and put the Sum of the Coefficients of ever 
ſeveral Power of y equal to nothing, and thence A, Wi... 
C, Sc. will be gradually found. Thus x = 20 
4) +6Cy", & x=2A+12By* + 3oCy4, &c. whe 


form'd as below. 
5. If the firſt Equation for the Coefficients be 


adfected Equation containing ſeveral different Pow 
of A, then that Equation will afford ſeveral Roots 


* FFV N 9 
5 e = 
8 * N + We? Px n Ps 


different Series may be obtain'd. And if A has ſew 
ral equal Values or Roots in this Equation, then jul 
mult divide the leaſt Remainder above by that Nuff 
ber (of equal Roots of A, one of which you aſſun 
for its Value; )- then proceed as in Art. 3. takin 


this Quotient tor another Remainder, = 77 
6. It a Series be required to be expreſs'd in Tin "_ 
of that Quanlity whoſe 2d, 3d Fluxion, Sc. is int 7 
Equation; it muſt firſt be got in Terms of the off 
Quantity that has no ſe. ond, third, Sc. Fluxia 
and then the Sc ries reverted, | [ 
= 
Scnor. As there are fluxionary Equations that aWduc 
mit of ſeveral Solutions, and may have the Root Wind; 
preſs'd various ways; 10 there are Equations tl. 
cannot be refolved at all as being impoſſible ; Mee. 
others that are very difficult to be reſolved, and m 


require the utmoſt Sx1il of the Analiſt, and fon 
times a different Proceſs from theſe Rules. 


sea. I. FEFLUXIONS. 


Ex. 29. 


Let 24% — % + 2K ) — 2% SQ o; to find 
v expreſſed by y and given Quantities. 

The Form of the Series found by the foregoing 
Rule is x A/ + By! + Cy5 + Dys Sc. This and 


its Fluxions being ſubſtituted into the given EY 


will be as follows. 


| | + 2 [+ 2aAy* + 245) + 220 2aDy* Sc. 
1 — 8) — 2aAy*—12aBy* —3oaCy*— $g6aDy* Sc. 


5 5 2BB 
| f + 2x * 2A + + 4 ABy* Tach Se. 


W— 2x „ 8A 32 AB. 


W Then equating their reſpective Coefficients ; ; 24 
2 =o, therefore A may be taken at Pleaſure. 
by — 2 A* 
q Again — 10aB — 6A“ =o, thence B = a 


r 


Þ After the ſame Manner C23 


| we 
„„ oF = A WI + 


5a 
31A4 
454.9 


y* 6c. 
Otherwiſe thus for a deſcending Series: 


Make the Terms 2A 5 — 2 Ah =0, or In 
o, whence #=1; this ſubitituted for » will pro- 
duce 242 Ay — 2A 9% S O. Take the greateſt 


Index 2 from the reſt, which is 1, and there remains 


—1; therefore 7, 5, t, Cc. are — 1, — 2, — 3, 
Sc. and the Series is Ay + B + Cy—" + Dy Se. 
and the Operation will be as follows. 


H 2 + 24x)» 


DocTRINE 


The 


+ 2aAy + 24B + 2aCy—=" & 
— ay x p ml" Ee. ; | 
58 1 + 2BB + 4B 1 c: 
+ a % | + 2A%* + AAB +4AC 4+-4AD7 © p 
—2yx — 2A. +4AC + 8ADy—- EM 
: +2aB =_ 
+2A*  +24aA + 4BC__.c-. „ 
or — 2A. +4AB7 pon +1240) . 


Hence, equating the Coefficients ; 2A —2 R 1 
and A oy be _ taken at Pleaſure ; ; likewiif 
a3 9 


B===, C=645 D = e Ce. when 


the Series is known, and x = Ay — _ Toh 5 


75 


REPS. 


a —— IT -, ce. 


96 


Ex. ws 


Let 4% 49 + e. =o, to find y in an aſcend : 


__z __--- dd 


Aſſume „ALB. +Cxr+s, Sc. and ſubſtiM + 
tuting the firſt Term and its Fluxions for y and i 4 
Fluxions, we have Xn -I X n—2 N -- p 
n XK IN A*2%%—3 + uA*x$2"—1 = O., Since til 
Index »—3 s the leaſt Index, make its Coefficien 
AX HA—1 2 =. and take one of the Root he 
n S2. Whence the Indices will be — 1, 1, 1 


ſubrract the leaſt, — 1 from the reſt, and there | 
mains 2, 4; therefore 7, 5, # = 2, 4, 6 Sc. when 


y= Ax +Bx++Cx* Fc. and the reſt of the Wor 


is as follows. 
: . 


+8 * 


$4.1 of FLUXIONS. 


2% | + 246Bx + 12043Cx3 + 336% DN Oc. 

49 8 — 8 Cx Se. 

7. — 484*BB 
ye + 2A*x* + 6ABxs Ce. 


ence 2443B=4a*A*, and A may be taken at 
; 1 1 1 | 
Pleaſure; let A = — then = 2 alſo C 


2a ? 


I 3 2, | _- 
N _ = = how Sc. Whence y = 
x4 e x5 


247 * 72045 4032047 es 


Otherwiſe for a deſcending Series. 


Let 24—1 and 2-3 be ſuppoſed to be the greateſt 
ndices, then #—3 =24—1, and z=—2, and theſe 
dices will be —;, —7; and taking 5 from —7 
he Remainder is — 2; therefore 7, s, = —2, —4. 
e, Cc. Wherefore y=Ax—* B= A Cx, Sc. 
ee reft of the Work will be thus, 


* „ 9 7 N Fre tes) ET... TIES 
4 4 71 5 a Ha N 1 or RE EIS Yd Rl 
x, r 2 W e E „ F =o 
EEE ts Ts bs n Lo, I LIE 1 3 2 n 
an 3 7777... ͤ ̃ ̃ T d ðᷣ v 7ĩ˙—¹˙» SWINE I TY 4 
228 © 0 Hs 2 75 e 4 as eg nd” 7 n n . 
2 BEL *. 75 3 1 


n 
F 
3 8 


ay —24a AX — 1203 BY 336 CY οντ c. 
49 TI A 64 ABT c. 


Y 5 2A*x—5 — CAB —= 8 


2 Se. 
2 


herefore A=— 124, B=3645, C 


| 68 
| nd = — I 203%? + 36a5x—4 — — NAS Se. 


Voll Ex. gr. 


Let the Equation be x = 23) — 49% + 2 — 
+ 5M + 73:9 +2965, to find x in aſcending, 


Let 


Let * = A BY +Cy+* Se; and ſubſtituting 
Ay” and its Fluxion for x and x, there arifes — a 


- 


+ 


whence 


K A- +Byz + Cy3* +Dy*, c. hence 


FT 


ws 40 
— 272 
— 


+ 7 
* 


therefore A = „%% = — 1, C=2, DAY 
Sc. and the Series is x = !y* — y3 + 257, Oc. 


Let 2 —2* — 242. — ©Þ + 2X3 + , to fi 
Z in a Series of x aſcending. Put z=Ax" + Bx 
+ Cxr+ Sc. and by Subititution according to tl 
Rule, we have 3 A3X3—3 = He - an 
—HCAX +23 +06 So; and ſuppoſing the led 
Indices 2—1 and © to be equal, we have #=1. All 
all theſe Indices will become o, 2, 3: And ſubſtractin 
the leaſt o, the Remainders will be 2, 3; whent 


Ax+Bx3 +Cxr++Dx5 Cc. and the Operation 
+7 


follows, 


T 

3 = 
poſe 1-1 and 1 to be the leaſt Indices, and you 
have u ν + 20% = o, and #—1=1, or 22 
and all the Indices will be 1, 2, 4, 22, 3. Take 
from the Reſt and the Remainders are 1, 12, 2, 


The DocTRINE 


a 


1 * 1 , 
A —$A9"* +757 +25*=0. Sui 


, 5. 1 Sc. are 1, 14, 2, 2% 3, Sc. a 


— 2Ay 38) — 3 C) — 40% Ge. 


| — * 0 | | 
SS By3 

_ 2 Azy + Az f 

* * 5 * Tr 
＋ * 28 

+ 273 IT 


Ex. 22 


Dec 


Kc. = 2, dhe Series 15 2 


4.1 of FLUXIONS. 


25 Ahe g iad- cage. Se. 


* en dee . Se. 


2X*Y - — 2Ax* * — 689 Fs, 
C2 -A- e B — 4, - 5e: Dx. Sc. 
2X" . ＋ 23 

(3 + 63 


e: If A=+c, then B will be infinite; therefore 
= i 1 1 

If you take A=+c; then ſince the Equation 
AA c Ac go, contains two Roots Sc; 


Number of equal Roots) and the Quotient is 1. 
hen by Help of the Remainders 1, 2, 3, Sc. you'll 
Wet the Series 2 g Ax ＋ BX +Cr, Sc. with this pro- 
Feed as with the former, and you will get other Series 
Wor the Value of z, wherein B may be taken at 
Wleaſure, | 


Ex. 33. 


Suppoſe ey + fz”"y + dyz"—"'S = i, to find y. 
\ſume y =A2” + Bz*+" + Cz2"+ Sc. then putting 
Az” and its Fluxion for y and y; and you have 


he Indices #—1 =p, then »z=p+1, and the Indices 
become p, pm, and the common Difference = n, 
and y, g, f mn, 21, zm, &c. Whence y A 
+ BZ HAI Cze fz i, Sc. therefore 


1 


Here TR + go, and A = +c or 


Z Kherefore divide 2 (the leaſt Remainder) by 2 (the 


WAYS + fr Az —= + take 


SS 


—— — — 


— . — 


— 


— — —— 8 
—— — AC 
— 


— * — 
— — — — — -— <6 to. 3 
— I Ima, 


53 2 
— — — 
Dil cams ett No 5. 
— — bs - — 


. - 2% = — 3 
= iS \ - l —_— - 1 5 / * 
— Le N — — gens — — — = 
= ng = rr N a A n — 
— 2 4 — —— — UU de <- — — 9 8 T A 
= —— — —————— 2 — n r 
a 2 . * — — — 2 - Dm = 
— — = — OE I . — —— — 
* — n - - N — > 
Te IO RBI ied . —— - * — Re S * N 
_ a G 989322 CES CEA - \ : * — 
— =. x, IO IN 
- = : 
* — 


r , 
1 


a 
= has 2 


And 


+ 829 
+ PLE +; 
aa -G e 0 
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+ dAzit + 


Hence A ===; ** d a he EE; 
pT. e p+1-+m.e 


5 — B, Sc. and putting e=+1þ : 
p+1+2m.e L 
T. 
and 9 = 7 +2+1, then Y = e, Az 
Am + 2m f 
e + 2m.e s + 3m. e 


„ 


— Cz. ＋ Zz &c. 


— +2m __ 


Ex. 34. 
Let & Y rz, to find x by a Series of: . 
Suppoſe x =y X , this in Fluxions gives i 
=) XaF32* + An- x +2" ol 


z DDs, that is ay + f2"j + Uni 
Zo. Let y = Az + BA 
C &c. then by Subſtitution = 4M 
AZ - + n ATU - ar — GE = oi 
And putting the Indices 2 1 = 7, then » == +18 
and theſe Indices are , 1 +, and the comme q 
Difference n, whence y = Ax + Bz"+:+" 4 
Czr in &c. 
6% NI. AT +ar+1+m AB . + 7+1+2m.4C27T% 
+ 7+1.6A THIN. B der 
+ Un A + 1m2B &. 


— 8 
Hence 


a. I. 7 FLUXIONS. 
3 3. 428 on 

Hence A f 
rr i Tux bun g 


Inn 1 TN TI TZ. 
. :=r +1, d. +pm F, . 


c. whence 


_ 
Ich preceding Term with its Sign, then x = « +82" 
+I. = _ 7 An. 9 2 22 9 R 


— % {4 . 
Pc. = Fl: a N x 


= I $36, 

BY ct x gef c. c H +93 &c. 

, to find by z. Suppoſex =y. T Y e . 
his put into Fluxions, and then the whole divided 
Hy 2 Fyznl &c. you have 272 x e+f2" +g2"&c. 
N * ＋ 32" + 522 ce TAP = = Se. 
et y Az. + Bz + Cz”"+* &c. then Az” and 
Its Fluxion being ſubſtituted for y and /, tor the firſt 
erm of each compound Quantity in the foregoing 
= quation, and there will be — ez ＋ nA N I + 
Az -i Sc. =0; and making the Indices 
and 2—1 equal, then m=7 +1, and the other In- 
dex is 7 +1 +7, and the common Difference x, whence 
WH =Az+ + BZT HI + CarH c. And put- 
ting -+1 =p, then y =pA2Z” + p+n x BZT +p+2n 
x Czx an Fc. put m + 1, then 


ry NS / E= in rd Free 5 
c Te LT IN Cr CER v N 
W 199 nn 4 LR 25 


n e 25 
5 8 — 


— 
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— ez — fant" Sc. — er — fart" — gz | 
| + ay + Pa. A + p+nxaB + PZN 7 
+ e +2+nx8B 


+3" + yA 

Sc. e F 

+ mnſEy3"—" | + migA —+ mnſ2B 

+ 2mnyy2%"—! + 2mnyA 
Se. | 


* 


— — ͤ — LIEY 


—— — 
— LEASES „ = —_ \ - — 
— —— — — ary \ — 
— ͥ ͥ — — a * 2 — < 8 * —— 
INI CC AE ee in Conroe = ___ . 
I — wn —— _ = — = 
_ — — — . . Pace — — wy 
* — — —̃— — 
Dae 5 — « 11 * 4 = 
— —— — — — be — — SI — — 
— = » 1 — 
— —— 5 2 — — — — 


. 1 
==; PN P Zu & & i 
2 8 9 N 0 yB r 5 60 


= E — zun — mn ; —.— i E 
5 Tau N 
þ — 5 <A Dey + 3B eee 


2 


P + 4uX% - 
And x = Az? + Bz Z= + Cz:+ + Dze 3 & | 


LGF T oy” 


PID ror fn TS 
_— 4 ag 
- n—_ 


— 
— — 
= —— _ 

— 


— * — — 
1 nn ne reno 
” > A 1 
3 
Fn 4 « 


— 
— 22 
N ou 


- 8 ro 9 
% a 


IV. 
The Fluent of an irrational Fluxion may ſometint 
alſo be found by ming an indetermin' d Series as| 
the laſt Rule. 


EX. . 
ax 
Suppoſe & = v*x*x, where © = 5 and) 


Viax — xx. I take Av*x3 for the firſt Term, at 
aſſume as many Terms oi the inferiour Powers ol 
and x, or their Products, as I think will be ſunicien 
for which no general Rule can be given. But je 
need take no more than the firſt Power of y, becall 
all the Powers above will be expreſs'd by the Powe 


A. I. of FLUXIONS. 

1 x, which are ſuppoſed to be already in the Equa- 
8 on. Thus JI aſſume z= Av*x3 +Bv* + Cx* + Dx+ E 
Wy + Fx + Gr: + Hy Flut. v*x*x, Put this 
45 3 _ Fluxions making x nd writing 


Fery where ; for; then reduce i it from Fractions, 


Writing 24% — xx for yy where it occurs. Then col- 

# | ſeverally all the homologous Terms (or thoſe of 
e ſame Powers of all or any of the Quantities x; U, 
W, thus 


þ 2Av*xty 1 24 AN + 5aCxv + % + 2B 


I | — 30 — 2D 3 + 4E 
3 FY + 8 0 - _ = 
aC + 26 C = : 


Y The reſpective Coefficients then being equated, 


„ere will be found A=, C=2a, D = z aa, 
o F=—2 aa, G 2 a5, 

3 * | 

1 r enen : — 5430* + 


Mie, If any of the Quantities B, C, D &c. come 
It equal ro nothing, ſtill the Series will be true, pro- 
led they don't deſtroy the Quantity A. But if A 
io by reaſon of ſome of the other Quantities being 
thing; or if they involve ſome zmpoſſible Equations, 
en the Series is not true; and you mult try again by 
Iuming more Terms of the Powers or Products of 
„ J. But in many Caſes it cannot be done in finite 
erms. | 


\ of! 

cient V. 

t J IE fi [uxionary Equation where the variable Quantity 
cali "cry great, and you would expreſs the Fluent by an 


cending Series: Or in any very much compounded 
2 fluxionary 
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—— — —— 
—— — — 1 1 be re. _ 


— — 
— 2 


— — 


3 


"ek. — 
— 


3 
— — — — 


— — 


— <> 


| > + 
if 1 
1 is * 
. 
|} 
1 T 
N. 
t 
: 
1 
#EF'+ © 
- . 
'S' 4 
- 4 
* 


— - = \ 
Fa _ 1 - - * 6 
8 —— — —————— - _ 
n ay - : p 
— — — n 4. a l 
- 0 - * — — 
— —— nab ed the awed es — 3 — Lo w — — — — — 
— — — — * 4 8 5 — — — — — — x woe — — 
— _ p — — 2 — — — kgs us _ by — — — 2 — . 
8 = — * = as A+ <4. — — — - 
— 1 IR 4 7 * 7 8 =_ td = * _ — N 
n * rn — ESITTT, IIODO — 4 * * 
—— * — a oy — 5 
a D, 


60 


Reſult from the lait Equation, and then z = 25 


Series) will be the whole Fluent 2 required. O. 
| k 


The DocTRINE 1 
fluxionary Quantity whoſe Fluent is required; tak: 
given Quantity extremely near equal to the varial{ 
Quantity; then inſtead of that variable Quantity ju 
ſtitute into the Equation the Sum of this given Quai 
tity and a new variable Quantity, and likewiſe i 
Fluxion for the Fluxion; then find the Fluent in fn 
ple Terms, and this will be a Part of the whole Flu 
required; and the Operation repeated as often as if 
ceſſary will give the whole Fluent. - 


| = 3% : 

Let S = *V/JaFxx; ſuppole r very near equal 

x, and putr +v = x, and aa rr ss, then x= 
and Z = V x Waatrr+2rv+vv = DVV + 2rv + 2 


- T 5 

: 270 +0V 27 + vv! m 

= NK S+ V * 3 
| ” 8550 „ 4 

5 rv „ 3 
— &c. = 0 X54 — — — Ml 
Sec RY; rv aav v FH 

3 UV e 2 
5 - 253 : 

v aavs 


Whence 2 = 5v 1 el Wi | 
Now in this, ſubſtitute —v for v, and ſubſtract. 


— &c. And this is the Part of the Fluent «fl 
reſponding to the Difference of the Quantities 7- 
and -v, or to 2, that is, to theſe two differ 
Values of x. Hence if v be taken extremely {mi 
and there be aſſumed ſucceſſively for , the Numb 
or Quantities &, c, d, e, /, &c. in Arithmetic! 
greſſion, whoſe common Difference is 2v; that 
ra „XX. til f (ms 
Value of 7) be S D then the Sum of all the #1 
correſponding to each (collected by the foregd 


fre 


ta. 
Ca 


F 


: ou will, you may expreſs the Quantities B, c, d, e, &c. 


7 10 an 


Suppoſe & N —— let r+v=x. 


| 2dbr 2dbu 65 Fs 

2 PP+dd — a * e Xxrπ 
Sho 2 = U 3 
1 A2 qr + 24V—t —27V—VUVY 


a : 2dbr bbrr 2bbr 24b 
x putting 55= dd + —, {= ———— 
VU Ti 1 | 

N | a 5 SS+FU + —— v 
To dn=24—2r,) ef 25 
4 % —=247 —T, an 1=28—27,) } e 
hen dividing the Numerator by the Denominator, 
: t4q—HSS bb i. 


„5 T7 7 


Ind putting e = 


Ws 114 


— we have $=wv / = +ev+fv* &c. = 
7 we hav * v+f 


he: + Lo RS 
oy 3 975 v* &c. Whence 
= . £.. 5. | 
t M = 27 © ss ® +— = Sc. In which 
ubſtituting — v for v, and ſubtracting the Reſult 


from the Equation, we have z = ah 4+ 46 — 
7 245 
+ &c. for that Part of the Fluent belonging to 2v, 


qu* 


X or to the Difference of the Quantities 7 -+v and yuv. 

at 

he Where it is difficult to get many Terms of the Series, 
pages in the laſt Example, v mult be taken ſo much the 
ego aller, and the Operations ofiner repeated before we 
O can obtain the whole Fluent : And the working with 


V Numbers 


— — 


—— —— 


eg 2 
— "th. 


— \ Sho 


— a. 
——_ 2. 
— 


— 


ä 


hd — —_ = 
_ - _ - — — on” w_ — —— Sono — 1 = l ” ——_ 
Tus * gps - i * — 
on l — — — — —.— - MES — ä wo b 
CT ol Po - * — — * —— ll — = 
* j0 3 ———EwEꝓZDw¶m —— % — — : — — : No DR — 1 
- WE. —rU— —-—-—- . —ñ——— wy __ . : - 5 — ety - > OG, 5" > 
* E — 2 3 . — —— 
Dr > ———— a; 2 „ or PETE I 4 —— — 
— = 2 — — »% 4% — — — 
** — — hy ol 5 - = 8 N 

—_— — — 4 — & * wore — _ 


F 
+ © 
* 
TH 
. 
: 
p F 
FE 
49 
11 
} 
| 
! 
N 
ö 
| 
z 
; 
7 
"14 
44 
we + 
- FS 
. 
i 
+3 * 


— — — — 


in the Equation: Then aſſume 


The DocTRINE 2 
Numbers inſtead of | known Letters, may ſome.| 3 
times be preferable, when the Quantities are ven , 
complex. 3 


Beſides the general Rules before delivered, then] AF 
are ſome particular Rules which in ſome Caſes vil I 
find the Fluent in finite Terms. As 1 


I. 


When one of the variable „ aq is Wantiy 

or its Fluxion the 
Product of the o/ber Fluxion and a ew variabe 
Quantity, which ſubſtitute for the other; and yo 
will get an Equation which put into Fluxions, will 
give the Value of the exterminated Fluxion ; and 
then the Fluent will give the aſſumed Quantity; and 
from thence the other Quantity will . had. = 


V 


Ix. 4 
Let =ax++24x'9* +0y+, where x is wanting WW 
Aſſume -- = x, and expunging x, aazy = 2+ + 


24*2* +44, whence y = — +22z+ -—, In Fluxion 
aa S 1 


. 2M aas 27 322 
ES + 22 — therefore —— or =— 
Y ag 85 8 a * = * 


22.2 ar, 24 
+ — — ==. Whence the Fluent == +l | 


* 3 3 
— 4 2.302585 Log. 2. therefore y being known, 


2 will be known (by the Equation y = = ＋ 22 77 a 


Y and conſequently » by the laſt Equation. | d 
| VII. Some. 


8 
- 
Ne” 
« | 3 
= bg 
_” 
* ky 
er | 85 1 
9 
— * * 
0 Is 


: Sometimes the Fluent may be 104 by firſt putting 
en Wc Equation into Huxions, making ſome of the 
ill luxions iavariable. 


E x. 1 


et * Make j conſtant, 


: nd put the Equation into Fluxions, then LN. 
1 ö . 7 
be. e — *. a ay 
-x=XT) + - 2 2 „S and = E 


youlſ 5 ET | N r 
will ; „ 
4 hence a+3xx* = xy*, and Vx — ARE. and 
e Fluent is x N T. 
VIII. 
ing Sometimes the Fluent may be found by aſſuming 


: ther variable Quantities to make up the Fluent, 


+ Mad finding their Values by Help of the given Equa- 
I ons and their Fluxions. 

ons 

32"! 3 E 

4 Suppoſe yx— xx = apy. To find x. 

L Divide be y — x, and * = — bas Aſſume v, 


d ſuppoſe the Fluent x=ax2.302585 Log. — x+v. 


hen will x = 8 (ſee Prob. 2. Sect. II.) 
3 

d by multiplying, yx — xx +vx =) —ax+av, 

om this ſubtract the given Equation a 

d there remains vx = —ax ab, whence if + =0z 

then 


2WNn, 


> + 


Ome: 
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then will v = — 4; therefore x=2. 3025850 x Loy 3 
4. F 


EN. 42. 


Su ppoſe az = zx —xx. Aſumez=a+x 4 
then SN D, the Values of 2 and 2 Cubſtirueſ 
in the given Equation give ax + av = = 4X +xx+:$ 1 
xx, that is ad = vx, or x = 55 = of 

V CU 


ing _ given Quantity; whence x= AN z. 3025 


Log. — therefore g , N02. 302 585 Log. - 2 
Or z = a + x + c x Number of the Loni 1 
2.302 55 5 


E x. 43. 


Suppoſe 2 = X"x"x, where X is the Hyperbii 

: ; „00 4 
Logarithm of x. Aſſume 2 = orgy +5; 

put into Fluxions there ariſes & = NN ; 
DX 
m+HI 
—— 3 : i 
m1 (writing „ for X); Again aſh 


— 1X Int 
S= — — + , this in Fluxions gi 
I 
n n—1 X X*—2x"%x | 
= — . 1 Then again 
I | 
7X 1—1 N X— Er 


mor 


—_ 3 3 —3 
2 -I „ n —2 X X —. 1 | 


+ 5 NM], therefore 


11 


+ T. Whence 1 


ect. I. of FLUXIONS. 


0g : — — 2 Hz mT 

; — —2 XX 2X | 

E= == - + , Ke. 
m +1 : 

+1 4 * m1 =D - | 

cute 5 


„ 


— 


, 4 
: mM +I ; Mm +1 
= cc. 


IX. 


For compounded fluxional Quantities, aſſume an 
#quation with indetermin'd Coefficients, to comprehend 
he Fluxion given; wherefore the Equation muſt be 
uch that when put into Fluxions the big heft Power 
nay be the ſame as that of the Fluxion propoſed. 
hen comparing the homologous Terms, the Coeffi- 
ients will he determin'd. And ſometimes the Indices 
ay be found this Way. 


EX. 44s 


To find the Fluent of pyy +qayv/ y+ ay+ aa X y. 


Aſſume the imminential Equation Ay+B xii”; 
Wn Fluxions | 

py + Ag + Aga )  _ 

BAY 3E C V = 

+ 3Aay-+ Ba 0 
TN 

ere 4A =p, Aa+3B + Aa g, Aa* + 3Ba=0o. 


ep. Now if the Fluent be poſſible, theſe two 
values of B muſt be equal, whence 89=. ” 


hence A = iP, B = — 5 „ and likewiſe 3 2 49a 


gs... — 4 
© Py . 
> r e —— 8 
8 * 9 — = Cx 
r a = - 0 


The DocTRINE 
If the Fluent cannot be had this Way, aſſun 
the Form of it different. If Ay + By: + Cy + 
Vy + + ay 4 + aa, were aſſumed, then p=8q as beton 1 

If pg +a + as Tart aa X be propoſed. If 4 3 
NX Y + ay I aa be aſſumed, the F luent can ol I 
be found when 169 = —7. 1 
If AY +By* DV a, the Flu 
can only be had when 3p=809. 


E x. 45: 


To find the Fluent of ax+4y x x + cx + dy 


=o. Aſſume for the Fluent CN NAL = 
a given Quantity; and taking the Logarithq; 
r L: Tah + r L: Y = L: A. In Flux 
N TX T of 
— - —_ = oo; reduced 7 7 x 
+ rar X 3x + ar X xy + a X 5 ; 
and comparing the Terms with thoſe ot the g. 
Equation, when reduced; you'll have 4 Equatiq 


r ＋ 7 — ag NK =, 1 a + ag = : 


. N 8 „ ESO PAN eo CONT . * 0 ö 

. TI.. on bl 

4 . „ uo I DI 8 we i. 3 
if 3 2 Erro Foe YO 


_ 5+ 
Whence putting m = WW. + c —qad, —_ : 
en 4b —ac Tam —abbact 

2 — 9 8 4 8 

| 24 278 20 . 
Then the Fluent is 2ax + b + == I | 

An 

2ax +5 FTFmxy = B a given Quantit 7 


After the ſame Manner the Fluent of a N 
XX + A + foy + gy XJ - So, may be foun 
aſſuming the Fluent x * ay. 5 x + op), "Xx +} 


= A a conſtant Quantity; and ſo of others conlil 
of more Terms. 


f FLUXIONS, 


E x. 46. 


ax + bu 
To find the Fluent of — Fees ae 


Let the Fluent be ſuppoſed 4 x Hyp.! Log. cx” + 
rex -& + r+1I I 1 * 
2 ck T * If 
ANTI _ ak + bux 

ox + xx e +xx- 


Or 


2 * in Fluxions d 


; then dre 


avant 47 "7 8 
„F 
. 3 
£96 8 i Ie an 
n 1 W 


4 a, and dXxr-+1 =b., Whence r = == Y 
7 4—4 
— be — 4 
Mae. Therefore the Fluent required 


2 be 


— x Hyp. Log. 3 + * PS 


PPC 
F 


Here follow ſome more Examples wherein the 
Noles before laid down are promiſcuouſly uſed. 


EA. 


To find the Fluent of 2 Ft: F: 2 F.: dec. 65 Y. 
Let A = F; 

R 2 245 JT 

E . 2*A = ym 

HH === ==. = 

Sc. 
Ind aF: As, 3 =F: az, y=F: G, F YZ, &c. 
nd let F: za, c=F:28, dF: zy, &c. then 
1. F: AS g A—5B, as is evident by putting the 
Equation into Fluxions; for the ſame Reaſon F: a? 
Z2—b, F:22=28—c, F: y = -d, &c. 
2. Since 4 AB = F: Az, and 5 or F: = 
:AZT., Suppoſe the F: Az zA, this in 
K 2 Fluxions 


'S | 
Toe WOETAINE 
Fluxions gives 5 = — = 2 C, therefore 3 1 
C. Whence 38 20. And F: «z = 

(22—b=) A-2353 — WAS; 120 2 2*˙A— 23. 

20 6. 4 
1 2 = 23 ce; but c or F: 28 = F: «22 
F: zA B Xx 22; ſuppoſe its Fluent = :23A — :23|8 
+'s, this in Fluxions gives 5 = — 323A + 225 i 
D. Whence 5=:D; and c = 123A —122B +: 


BA—32*B+32zC—D . 
and wewrefore F: BE _ 2 2 REDS =. 


* 


4. By the ſame Method F: yz = 


24 A- 42 B +62*C—42zD+E Z 
5 -. And ſo of oth 


Whence 
rity; = A. 
THE 2 P: 2 F: 9 = 2A — B a a = F: Az. 
1 CCC 
1 3 3 12 
. =A—3=B+3C—D 92 
4 F:3F: 2F SF: 2 — N Ns 6. + 
„ I „ Ac 
5 P. S F: S F: & F: & FHH = 1K NK 
Se. 5 = FD 
After a like Manner the F: 2*— N F.: yz 
_ + Jo 
_ X F: 2 — — - 


7⁴ 


[| 


E x. 48. 
Suppoſing A=F:y2, «=F:2F:y2, F. F.: Fg 


y =F:2F:2F:2F:y2, &c. as before. To find i 1 
Fluent of 2%, "2 


: TY of FLUXIONS: 
3 Put F: 2 7 = —— z +53 in Fluxions 2"7 = 27 + 1 
, therefore s = — 292 A, 

Bd = —22 At, in Fluxions ; 22 
xi, and 7 — 

v; in Fluxions v = = N ͤ 1 X#—2Xz az 
2 * —2 K 2 6, and of = = e 

4 E. X11—2 * g + , and w n- I x 

W-: x »—3 x 2 ty, Ge. Whence | 
LA 

n XK 1 —1I X N—2 Xe 2933 + AXU—1 XU—2 „23 —3 

2 E. 4 _ S 5 


: Ex. 49. 

et 3 — 2axyy g — ay x. Fut ,; 
'F J= = =x-- xx, and expunging „ /; 3 ¹ — 
ö Piz — 24x22 = — = Again put x = 2v, 
D* = 2 + v2, which ſubſtituted in the laſt 


; quation, it becomes 30 — 3avZs = azv. 

. 24 5" Daa, OP. 
Let v = , and v = , and the laſt 
Pon becomes 342 — 352 = =— 28, 

Lets — 4 t, and =, and you'll | get the 


—— — 22 


4.9 Equation 3185 = 2}, or 312 — 21 = o, or 
„5 2 
i —= So, and the Fluent 23/—-* or ＋ = 


2 — . Whence by Reſtitution, Y3 + x3 ax. 


E x. 50. 


To find the Fluent of azx + b +rx XZ = e+fs 
x; puty Arx, then the Equation is transform'd 
into 


— . EC mn — 2 2 RG —— i . — = * 
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s .* | a 4 - — 3 ha yen — 
into 7 zy + 92 = e+fxxx; multiply by y : 


Ci es 


a : 
S +rx'” , then will wn 22 + 7 2 — =" |. 
« I 


$+rx'", . And the 1 is 2y” 


1 LY. 
22 
2 — 


E x. on 


ro find the Fluent of + 5 * —— — 5 * 
* Td 3 
+ Matiply the Equation by - 1 „ and we han 


ar- by—1x% cxeybæ E 
—— ER 5 2 — and the Flue - 
1 


ERS 


A ſome given Quantity. 


2. 


To find the Fluent of E = *. + ” 
„ 
The Fluent is Log. p = Log. x 


E2 
> 
+ Log.) 


Log. 2 = Log. z and therefore == =, 
3 2 


a1 FF FLUXIONS 


EX. 424. 


— 5 

| 2" 

La = — Zr i- +5; this in Fluxions 
2 1 Nl; Es = | 


- Pay, ee 
ey 5 bes 1X & +62 —— ſuppoſe 
+1 * 8 


— —.— x «+ s "of z. r in Fluxions 
KTI X p+2 Xx 1*(3* 

_ FX Fi—mXa+te 

5 AIX pt2 X 13: 

_T+1 e L—22 X mw 2 1 


+2 


25—2"2,, ſuppoſe 


— — 


I X jp+2 X ths 7 ha 


a \ 24 2 * $ K en 8 eee r * een 
C §32322öÜ;à᷑ x x; 222 be lu 5 6 5 * 
3 ee JE r ENS FIC ET DO ͤ . et Ed 2272 ¾ ᷣ u 
* gd v . 3&7 1 7 21 — bt 4 PER 2 25 by {4 Ja 4 N 1 3 bo 4 * S — . IE 3% 5 > dg 5 SY :**; Ms b . 5) - 1 1 ky <4 Mu 4 <4 e 
5 PFC : IAG OG. HE 23 dl A . ER I hr ion r E 5 e 1 br, - 
JJV oe or Lg ae Noe On Gn ĩèĩ „%% Ee S024 3 
— 8 E 8 


Z \&c. Whence F = +62" es &c. 
=. T7 


hat is Fl: z +32" 2s — 8 . ˙ 


e X 0s A. L Xa Ea 1 22 
, +3 X 12” 
5 NX % wn. | 
zn x +32" G4 


j++ N 15 


Otherwiſe, 


* + Bz" Kr Er 
T+I 

a * a +2" 1 

T1 | | * 


Suppoſe F = + 5s, then 4 


71 
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2232 72 BZ 4—1 Zr —1 3 


4 


— —eͤ —_— 
T+1 XT+1+7 


r T 2 


7 
WS 
wp 
PO 
— 
I. 
#4 
"T8 
2 
* 


| mT+1XT+I+1 'F 
ER erg. L  W 
1 TI N r IA X m+1+21 1 


Whence F: ata 2s = _ 0 — 
T ＋ 1 


g = nz" , I X uþ2" 
no + | | — e . | 
T+1+ X= 11 ＋2n X % + 82" 


= X #62” 
—=C+ &c. 
TN A 


E K-64» 


To find the Fluent of «+ r +y2%" +323" 16 
vr, having the Fluent of :+&z"\ 2"S given. F 

Suppoſe « + 82" + yz" + 323" c. = a+ 
XI +0+C2" +Dz3"&c. then z + 62" + yz2" +21 


== +82" X 1 + 0 + Cz” + &c.\® ; but 


6 — 1 + o + Cz» 4D 
| mw * 


1 +0 +Cz**+ &c. 


24 + Sc. Multiply t 


1 i £ : 
N [ 1 + - 2M FE. 
2 Je 
Series into « +& 2”, and we ſhall have a +# 


an +023 Wo, = 


eck. I. f FLUXTONS, 
+ 0 * — Dz3* Bo 
q * Sc. And equating 
W- --' + 9 + 1 
Je coefficients of the ſeveral Powers, then « = a, 


| 2 | 2 - 
265 75 f U. 5 =—D +-C, &c. Whence 


=2 DK 
2 2 


I 
K N 2 


bp, &c. Therefore Fl: a + 22” FR" Frey: X 
8 ba | 4 * . 
F. a ＋ E 2" XxX into 1 + - Z=. + 


> as + Ez" 12 c. 


5 Therefore if the F 3 of L be known, 
e Fluent of this compound Fluxion will be known, 
Form 11th of the Table, and this is uſeful when 
Quantities y22", 923", Sc. are very ſmall. 
Likewiſe the whole Fluent when «+&z" becomes 
Wo, will be found from this Rule, by Form 17th 
the Table. 


EA., 55 


To find the Fluent of 2"x"y"y. 

Let xy" =A, AZ=B, Be, then aa 
xion given is Z”A; then by Rule VIII. put F: 
zA; in Fluxions "A =2"A + nAZ"—S +5, 
== iA = — e i; aſſume 5=—12*"B 
t, | hen NIN ( LR. 
t/=2Xn—1X22C+4; then = - 2 Xn—1 X 
2X 2'—3CYZ = —1Xn—1Xn—2X2D. Then 
ume 4 = —AXn-1Xn—2X2-3D + , Oc. 
en at laſt F: 2"*y"7 or F: 2'A 2 "A —n2"—B + 

L n * 


w 


— Os > 


— — . V Ia rr — 


f 
' | 


ꝗ’œ — — 
— 


— 
a 


f > Ba j 


i; 
1# 
1 
Wo 
* £ 
14 
* 
I 
1 
114 


Then we ſhall have F: zx*y'y = zA—B, where A 


— — ern ned And] a 2 =_ a 
— U— rs oe, — Ds — Patt 4. 
— _ py: ron mr _ — on —— — 
— —— —— —— —— : - 
\ 7 - — — ps Rr = 2 
2 * 5 = — — 
— r 


the moſt general Methods of ſolving this difficult Probla 


and we cannot be too particular in treating on thi 


The DocTRINE I 
* == E — c. 1 
Then by the very ſame Rule that theſe are ha 


you will get the Fluents of A or &, and B or A 


of C or BS, Sc. in any particular Caſe ; expungiil 
by Degrees x / or S as there is Occaſion, by Hel 4 
of the given Equations. The above Series is . 
ſame as is found, Example 48. 0 

Suppoſe the given Fluxion is 29, and rr — 
=y, and —xx=iy, alſo xz = 8 and 2 =; 
7,9, x being the Radius, Sine and Coſine in the Cite 


F; x*93y9, and B =F: As; here A=E*7r- yy x34 : 
7274 545 Y N rr 
2 — =, and BF. DN = 
— 949 


r whoſe Flu 
Ver- 


found from the Table. | | 
And thus I have explain'd, as clearly as I couk 


The Reader perhaps may think me too prolix on ti 
Head: But it muſt be conſider'd that this is a Problet 
of the greateſt Extent and Uſe in the whole Practiced 
Fluxions ; nay it contains almoſt the whole Science 


which is the Foundation of the greateſt Part of f 
Practice. But after all, we ſhall find it exceeding di 
cult in may Caſes to find the Fluents of Quantiti 
by any Methods hitherto known. And it is mul 
to be wiſh'd that we had ſome eaſier Methods of fin 
ing Fluents, eſpecially of compound fluxionary Qui 
tities, without the tedious Labour of reducing fit 
to infinite Series, which in many Caſes converge! 
flow, and are fo much compounded as to be in a mil 
ner uſeleſs. The following Propoſition is deſign'd 
remedy this Difficulty in tome particular Caſes. 


P R O. 


| ROD. 
ul 7 fd the Fluent of a given Fluxion by the Table. 


Ln. This following Table comprehends all Sorts of 
. WF uxions and their correſpondent Fluents ; not only 
ach as can be exactly had in finite Terms, and thoſe 
| A on the Quadrature of the Conic Sections, but 
ſſo thoſe that can only be had by infinite Series. 


11 2. Theſe Forms are all number'd in the firſt Column; 
ice ſecond Column contains the Fluxions, and the 
A2 ; ird gives the Fluent thereof. The 21ſt and all 


e following Forms relate to the Tranſmutation of 


Folumns are equal, the ſecond being transform'd into 
De third, and the Fluxion in the third Column always 
longs to ſome of the foregoing Forms. 6 
Here 2; V, y expreſs variable Duantities, and all 
e reſt are given ones, which may repreſent any 
uantities whatſoever affirmative or negative. But 
the 6th, 8th, and 1oth Forms, the Nature of them 
guires negative Quantities, and therefore they are 
Itten negative. 

4. In the ſecond Column are ſet down all the ge- 
ary Conditions relating to the Signs, Indices, &c. 
each Form: likewiſe in what Caſes the Form will 


Soul 
oblen 
zn til 
oblet 
tice ( 
rence 
n thi 


of i /, and when the Series will terminate. But the 
** vents in Form 11, 12, 13, and 14 are deſign'd al- 
1 ays to terminate, and are derived from the fore- 


bing ten Forms, which therefore may be called 


i 10 gina! Forms. 

oy 5. In theſe original F orms, though the i of the 
> {vents there given may in molt Caſes be ſufficient, 
gf t there are ſeveral Varieties both of numerical and 
" 5 metrical Fluents; fo that the molt ſimple and ele- 
of nt may always be choſen to ſuit any particular Cale. 


is ſufficient to premiſe this concerning the Nature 


theſe Forms. 
1 2 | A T ABLE 


a. I. # FLUXIONS. _ 


luxions; here the Fluxions in the ſecond and thirxd 


by 
53 
11 * 
33 
1 
19 
Us 
:F 
4 1 
1 
wy 
= 
0 41 
4 
4 
— 7 
1 6 
* 
+4 
1.90 
TS i 
& * = I 
14 g 
1 f 
„ 721.4 
1 
„ Py 
114 
7 1 = 
d. 5 
F { _ 
2 
q 1 
i! by 
1. 
4 \ 
4 
: — 
qi . 
1 4 
: 19* 6 
is (8 
| oY; 
li i} 
: * 
1144 
2 
1 7 
. w 7. 
i i 
7 1 
** 
e. 
. 4B 
. £ \ 
5 
n 
{ N 
q #1 
ee 
9 r 2 
4. 
3 
1 
= 
G [ 
13 
* * 
Y 4 
* 
6 0 F m 


== 
* 


| 


— OO Deed te —I—yU— - ” » = 
a - — - /. — — = - N 3 
— 22 n . N 0 8 
ETF —__ — 
——— — — — — ba — — 
; 7 R a = TT \ 
2 my. — —— ag EC. PO TR 
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— < — _ * 
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. N= 
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LO 


 Fluents. 


12 * 


wohen 1 


This Form fails 


Zu 


: 


2 =, 


=: Z. . Or L x Log: A2 
2 of the Hyperbola be 


tween hb bebte, whoſe in. 
fcribed Parallelogram is any Spad 


RR, and Abſciſa (taken in the Af; 
lymprore) Rz or 2. 


Or o S 


— 


3 Tian arg 
This Form fails 
when E. =— 1. 


— — —— — 


{TI 1 
a | 


—— 


> +82" ＋ 82” 
+1 X 78 


— 


9 = x Log. * * + Bz , 
= 52272 of an Hyperbola be. 


tween the Aſſy mptotes, whoſe i 
1 Parallelogram is RR, = 


ſciſſa — 2 + 2. 


1 


PPP n 


"ESE IEEE 


al of FLUXIONS. . - 


WW F/uxions. | Fluents. 
611 1 f 

2 5 * Degreas in that Arch of 

; 4 + 62" ""— e 

: a Circle whoſe * is 1, and na- 
PI | 
8. ; M1] | 

= - of a Circle whoſe Radius 
Here « and 6 DRY 


7 


1 : lare affirmative. 
1 is any Line R, and Tangent Ry os 


| —£ es —= of the Circle whoſe Ris 
bo % „RRV 72 
— 6 R, and Tangent R 6 GH 
. 9 2 —xvolg Log. of 3 . 
4 2 0 — 82 a a "60 < : 1. WEE 2 
be 9 * x Log. of ENS 
in. | 1 22 
pad | ; pes — xLog. of XR +240 2 
A Here a is ar- Maß 40. 
native, and — 8 L * — 82“2ẽ—ð—v 
7 negative, 82 — 1 a8 - x Log. of 4 ＋ 2" == 2 T7 4 
Area | | 
. f the H erbola be- 
„RRVag a4 A * 
S_ | . tween the Aſſymptotes, whoſe in- 


icribed Parallelogram is RR, and 
Abſciſſas (terminating this Area) 


a be V+ and Va OA Ve 9 

1 Sec = 

e in 0 = —— a right angled Hyper- | 
: RR Hag | 


bola, whoſe ſemitranſverſe is R, and 


GZ 
| Tangent at the Vertex M ; 


— dl . — a b NEE — . a . ö | 


0 


— o 0 3 
— * 4 Y 
n 8 2. 
1 Ge beans 7 FRI — 
5 e ee I nn en th ö 2 e 
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Fluxions. 


| 


2 3 


Here @ and 6 are affir- 
mali ve. 


F 
3 


* 


Nrmative proper 


is an 4 
Frattion. 


Wii FFLUXIONS. 
Hens. 


5 into AL x Log. l F ee 


= + CL x Log. v1—2tx+xx + DN x Q 
+ EL x Log. » TO TM FNR ce. 


180 Deg. fg" 
4 1 * . 


A—F 


K = an Arch © 


94, b, C, KK. a yo iK, 3K, 5K Se. to 1800. 
„ /, 4, &c. = Colines Radius = 1. 


| P, Q, R, Sc. = Degrees of Arches whoſe Sines are 


ax bx CX 


Wray "Jy Hine VIi—2ux ＋AÆ 


—, Sd. 


CASES. 
If , then A=z(—25=)—T. B= 2a. C =I. DO EF Se. 


3 A=(25=)1, 2 CI. D, E, F Sc. So. 


— 


25. B 24. C = —27. D 25. | 
| 1 —.— 


1 Ari. Ba...... hn. 
| 


— 25, B = 24. GO D = 2+ 
- Fer. 0 


. B.=.24. C = 25. DD 3-0 


 — 25, B =24 C=o mmm 
-zu. F = 2c. FE EO 


| 
| 


” 


Fok 
\ 


8 8, 
© 8, 
oy DO I 
: x 
0 |*V [ 8 8 
; > NV *Q [© | 8 N 
1 jv 2 we 
+ — | g- J 8V 
«| < * 8 
0 N 2 | EW 
© Q | Q — 
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13 5 
00 
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za 
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per 
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Fluents. 


ö ZE Log. /1i—2x+xx + CN xXP + 


— into AL x Log. 1 — K. + BL xx 


DL x Log. /1—2ix+xx + EN Xx 
+ FL x Log. /1—24x+xx + GN x R &c. 


1 


—— 


180 Deg. B2" | 
N 


K = an Arch 


of — x .* 
| - A | 
„ , % é = ves of 2K, 4K, 6K Sc. to 1800. 
15 = con? Racns = 1. 


"0, By 6 = MN of 3 whoſe Sines are 


ax | bx cx 


EE - Ws, 
1203 Fox x „ 7 Ve 


A 


2, then A =—1, B 2, C=s 


=» A =—1,B wb C = — 24, D, E Sc. =o. 


_ 


= A =-, (—25=) o, C=24; Da 
A 


— 
py 
>le, Ne 


— 
— 


=—T, B=— —2f, C=26, D=—25, E 


ll 
= > - 


„ 
8 


A —1, B=—2, C=2a, D 25 
E = 20, F'= iX, 9 


=—T1, Bo, C=—2a, D=1, E, Fc. S0. 


— 1, B= — 25, C24, D — 27, ES == 25. 


M 


R = Fr 7 T7 W 1 e _ 9 N 
2525 ͤ ĩ].́˙àD—!:; RBI ets Bt 


2 
[] 


Ve. 


! 


firmat 


28 4 
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EI x Log. of VESTS. 


© 5 
"tp A XLog. of «+22 . ; 
„ 
N * Log. of = 4 _— 
—L —ůů— 
ny . Tage. — 2 + 8 2, 
2 
Ws of the right angled Hyperbola, whoſe 


Semitranſverſe is R, and Ordinate R 2 
a 2 


2 , 
RR ße of the right Hyperbola, whoſe Semi- 


tranſverſe is R, and Ordinate —— + 82" x Ban . 


2 


1RRyY/Þ 
_ Semitranſverſe is R, and Ordinate 


x Sector of the right Hyperbola, 


E * +2" X B21 , When « Raid for a nega- 
tive Quantity. i 


4 Sektors 
IRR Vg 


tranſverſe is R, and Ordinate a XV, 
. 


of the right Hyperbola, whoſe Semi- 


when « ſtands for a negative Quantity. 


— 8 
— — — — 
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— Ea * Degrees in the Arch of a Circle 
. 


whoſe Radius is 1, and natural Sine 


SE 


— 5 "A 
is 1, and Sine OP * 02˙ : 


1 
2 
"Er 
* 

2 


— R — x Arch whoſe Radius is R, and 


Sas . Z 
Sine RV « 


[| 


2 whoſe Radius is R, and Sine 


R. b B, or verſed Sine 2R g 0 
* : ; 2 


= . & Sefor of a Circle, whoſe Radius 


: 2" 
is any Line R, and Sine R/ nt « 


| 


2 Sectors 
 nRRy/B 


of the Circle whoſe Radius is R, 


and Sine * DES 2”, 
* 


— 


— 2 * B! in the __ whoſe Radius 


— 
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—— 
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0 
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44 


ere > is any affirmative 
whole Number. 


N. B. This Form fail 
* ＋ is a 
EE negative whole Number 

| from —1 to — N incluſive 


| Tr 
when 


|; En [4 * 
12. „ A + 62) 2. 


| Here > is any affirmatiint 
i wvhole Number. 


EY 


' N. B. This Form fail 
Y © oben — is any affr 
native whole Number 
from 1 to > incluſtveh. 
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Fluents. 


A 


— x * , N Xe—3n X c. . . + till e—an 


J!̃! ˙ 8 —. ; 
5 -M X & - 21 & a 


d n 2 * 3 i 4 0—3n X of 
— EC — Ge till — == F. 
S Fluent of T. 
„ =apaantt, 


r + I1+an- 
eu ＋ ne | 
A, 855 C Sc. each ee Term vin its Sign. 


b XN N X r & &c. . . . , till Jae 


f n K N till 75 
a FN N K HW. . till iy 


A, B, C &c. each . Term with its Sign. 
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. | I +» x Þ2* A $+2n N 
| N r 4 4+- 21 * 25 | EF31X& | 
7 Te 5 
—— PX <A C — Sc. till — — runes F. 

e+4n c £ ＋ An N & 

o = Fluent of Y "2"Z, | 

3 
E = 7 + IA xu. 
= + wn + 1. 


| 


n 2 = — —— 2 Sec. 
= hk . 4 3 — PSY — 
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— * — 
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— + &c, till — 
Em XY 7  TÞnxx 


= Fluent of 2+ 2"S, 
% = 4 ＋ 6 

E I; I + un: | | 
A, B, C Sc. each preceding Term with i its Sign. 


—— — 


2 92 
, 


„ 
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OX ebe <4 till Ju = 


| 
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9 * A . . . till 41-1 
2 2 4— T 4 


Fo d-— 2n N 
ng 
rr N | fr +2 * n 55 


e 


+ fon 
+ == PKG . till N 


rene ES ay woe 
r of e 28. 
/ = & + er. 


. 


A, B, C Ge. each precoling Te erm with its Sian, 
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F: bis Series. will terminate when —— — 5 — 4. 


is ay megative whole Number. | 


N. B. This Form fails when * IT i 
negative whole Number whatſoever. 


* PEE _—_ 


p - fs" +82” + e. 


* 


{4 * 


a + = 22 


This Series 2 will terminate * 
affirmative whole Number. 


wo 


4 + 53" 3"3 into 


Here t and muſt each be greater ban 


Alſo Z and +2 hes muſt be one | 
them = o at the beginning of the F. 
the other = © at the End of it. 

— 


This Series will terminate when —— 


— negative whole Number oberer 
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; — T3 — 728 — f 9 — 
og 2 ras OT Tia * | 
3 „ aa 04+; X into a +4 (32) * 


D A . 


XL 


A, B, C c. each preceding Term with its Sign. N 


EA pg c, 


* 2 3 


r | 


T+FI+3n. 


* | | | 
A, B, C &c. are the Numerators of each pre- 
ceding Term with its Sign, 


| £4 £+nX«&a EX 
E — B 
7 BET TEaxs © xe 
Zu X 3 | eh 
rl. | | I 
o=n+I+1I+p Xn: 


0 = whole Fluent of LE . 
A, B, C Sc. each preceding Term with its Sign, 
but without the Quantities 7, g, b, &c., 
When any of the Quantities e, f, g, &c. are want- 


. — 


N 2 


the reſpective Terms will vaniſh. | 
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42 ＋ 862 + 2" +I2" Ge 2% 


N. B. This Form will fail when 2 


is any negative whole Number whit 
ever, or when any Denominator is o. 


nes BY" — 1 
may ＋ 27 x 2 y 


— —— 


Or my 5 1 25 . 
nad | 


hehe: 


PR 


rayd + m οε © Hνοε * 


into 2 1 
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= BA 
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p +21 X% = 
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1 
F 
| P + 4n & 


&c. X into 27 X a@+2"+ 1 a TEO 
* ＋ 1. 
m = I. 


A, B, C Se. the Coefficients of the iſt, ad, 3d &c. 
Terms reſpectively. 
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A is any whole Number whatever, 
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e+f2 x g + hy? 
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Sj} 


e. E 1 


Here > is any whole Number greater that 
o; r is half of any whole Numbn 


whatever. 
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e+f2 23'S 7 
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g + hg 


Here either > or r N muſt be 4 poſiti® 
whole Number greater than o. 
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Here r is any afirmarioe whole N * 
. 


e + Io + LH 


| N. B. This Form fails when 4g 15 1 
2 Nets ff. 


a 
o 


+ Fs 2 


is any poſitive whole Number reale 
than o; m is the half e am who} 
Number. 


SE hy 


e + e+ fo + g 
Here e and g are Hr mative. 
a is the half of any affirmative whit 

Number greater than 1. 


N. B. This Form fails when fis great 
thats 4. 
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[= FER is, 


a = gl — þþ, 
S = fo — eb. 


ther 
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9 7 
2 1 
b 
att 48 


hul v = if + gz), 


N. B. This Form fails when 4eg is greater 
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h + kg) x e + fs) + g 


than ff. 
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k + Iz x OY 


Here > is any afurmative whole Numer 
greater tban o. 
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| Here e and g are affirmative. 
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> is the half of any affirmative hilt 
Number greater than 2. 


N. B. This Form fails when F is great 
than 4eg. 
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| Here m is half of any poſitive what! 
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32 xe +2 — 
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Here > is any wor whole Number 
greater than o. 
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greater than kk. 
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Forms. Fluxions. 
„ 2 x e+ fe E 
34 _ 
os 6+ bz + [Z 
BS Here þ and 1 are affirmative. 
: | A is any poſitive whole Number greater 
| Iban ©. 
| m is the half of any affirmative ol 
Number. 


N. B. This Form fails when kk i 
greater than bl, or when à is u. 
gative. 


35 8 * 
h + ks EN 


Here h and I are affirmative. 


A is any paſitive whole Number leſs that 
M+1. 


m is the half of any poſitive odd Number. 


N. B. This Form will fail when kk i 
greater than 4hl, or when a is neg: 
tive. 
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The Uſe of the foregoing Table 9 


Fluxions. 


1. HEN it is required to find the Fluent 

given Fluxion, by this Table; it muſt 

be found out to what Form it belongs. To this 
ſubſtitute n or 9 (as the Caſe requires) for the n 
Index, and then it may be compared with the ſen 
Forms in the Table. Or the given Fluxion may (i 
often muſt) be reduced to another wh e by d 
viding it by the higheſt Power in the Radical, (thy 
by taking the higheſt Power of the variable Quan 


with it; by which Means the Fluxion will acquin 
new Form and Expreſſion, for the Sign of the Ind 
will be changed, (and this I call reducing the Inin 
Then ſubſticute n or 9 for the numeral Index, and! 
what Form in the Table it will agree to. 


: x 1 

aa ＋ ub - xx | 

here x= will be x®, {=2, and 20 21; and x or x. a 
| | my | 

_— 1 af” lu 

=x* x; therefore the Fluxion is — 

aa +x%/ bir 


we ſhall havea =+, which ought to be a why 
Number, and therefore it comes not under this Fon 
Now reduce the Index by dividing by xx, andy 


ſhall have — _ — * 

* XI + 4ax* V —1 + 3.8 
——Z—; where 0 wi ef 
SPR_1 + bbx—2 . 9 = 


and the Index —2—1 = — 1, therefore a =1 
and therefore it belongs to Form 23. | 
1 


gect. I. of FLUXIONS. 
2. If the Fluxion, then, is a Binomial, you muſt 
rſt try if the Fluent of either Expreſſion can be had 
in finite Terms by Form 3d or 15th, (which may al- 
ways be known by the Notes in the ſecond Column); 
f it cannot, then try whether it can be had in finite 
erms by any other of the Forms for Binomials, 
which will be eaſy by comparing the Indices. If it 
all under the IIth, 12th, 13th, or 14th Form, there 
vill be required two (or perhaps three) Operations, 
yhereof the t is always for the Fluent of the 
iginal Fluxion, and is to be found by ſome of the 
rſt ten Forms. But if it cannot be found in finite 
Terms by theſe Forms, then the /aft Recourſe is to the 
5th, 16th, 17th, or 18th Form, as beſt ſuits the 
B TOS as 
3. Having found to what Form (or Forms) the 
luxion belongs, you have no more to do, but only 
o write the reſpective Values of the general Quantities 
n the Fluent belonging to that Form, and multiply 
he Reſult by ſuch given Quantities as the given 
luxion was multiply'd into, and you have the Fluent. 
4. And in compound Binomials, or Trinomials, 
ch as belong to the 21ſt and following Forms, 
Ince theſe are transform'd into ſingle binomial 
luxions, ſtanding in the third Column; therefore 
ou muſt proceed with theſe according to the fore- 
oing Directions for Binomials; and the Fluents of- 
Feſe (ſingle) Binomials being found, will be the 
luents of the Trinomial or compound Binomial 
luxions ſtanding in the ſecond Column, reſpectively. 
5. But there are ſeveral Sorts of compound Fluxions 
hich cannot be reſolved without ſome further Re- 
uction. Now there are theſe two other Ways of 
ducing a given Fluxion to a different Form or Ex- 
reſion. The firſt is actually to multity by any 
[er of the Quantity under the Vinculum (in any 
inomial or Trinomial Surd) and then leſſen the 
dex of that Surd by the ſame Power if it is in the 
7 | ; a Numerator, 


nt 0 


\ 221 


2, 
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Numerator, or increaſe it in the Denominator: Th 
alters the Power of the ſurd Quantity. The oth 
Way is actually to divide by the Quantity under t 
Vinculum, and then leſſen the Index of that Su 
by 1 if it be in the Denominator, or increaſe 
by 1 if it is in the Numerator: This alters the) 
menſion of the ſimple variable Quantity. Andi 
both you will have the more Terms according as jy 
multiply by a greater Power, or continue your Diviſ 
the further. But the laſt Term only will be of al 
Form with the given Fluxion, differing only int 
Index of the Surd, or of the variable Quantity, 
6. Therefore in any Fluxion, but elpecially j 
compound Binomials and Trinomials, if there be 
Surd in the Numerator you may /efſer its Dimenſy 
at Pleaſure (or take it quite out of the Numera 
if you multiply by ſome Power of the Quantity und 
the Vinculum, and leſſen its Index by the /ame Poe, 
7. Allo in any given Fluxion, if the Index of 
ſimple variable Quantity be too high, (as 20, 30 
Sc.), or when it is too low or negative, (as — 1, — 
— 28, Sc.) it may be alter'd at Pleaſure, by dividi 
by ſome rational Compound Quantity in the Deno 
nator if there 1s any, or elſe by the Quintity und: 
the Vinculum, and /ubtrafing 1 from its Index, if 
is in the Denominator, or adding 1 in the Numeratn 
and continuing the Diviſion to a proper Numbers 
Places, | 
For Example, if * be given; fed 


aa + x 

XX —1I + bbx—* 
I +aax—? ; 

neither Way will it agree with any of the Form 


The, 


the Index, and it becomes 


for in the firſt Caſe 5=2, and x X I = 1 
which makes Ag; and in Caſe 2d, 6 = — 2, a 


* N N , and Ao; but > ought to be a whd 
SD Numb 


Peg. I. F FLUXIONS. 
umber. Therefore (by Art. 6.) I multiply Bock 
XV. bb—xx 
aa +ax 
bbx — X* x p 
ax, and it becomes — 
aa ＋ xXx Va bb — xx _ * 


2 
how the firſt Term — 0 comes under 


Oz aa +xxvV bb—xx 

he 23d F orm. being of the ſame Form as that in 
— x 

aa + xx bb — xx 

ing actually divided by xx a (according to Art. 7.) 


— X 1 


umerator and Denominator of 


Art. 1. And ings latter Term 


bb—Xxx aa an 9 
er Term (like that Art. 1.) belongs to Form 23d; 
nd the former to Form 10. 


Or thus. 
c bb — Xx * | ; 
La — by aa+xx, and it becomes 
aa 4 xxﬀ 
Xx Ms Db —— ja: | 
—.— 2 — ==. Reduce the Index 


XX aa + xx 

. Ca x = 
IAA 7 

hich belongs to the 23d or 24th Form, where \=1 

and the firſt Part belongs to Form 12. 

By theſe Operations the gi ven Fluxion is reduced 


n the latter Term, and it 1s 


ſtill further reduced if there be Occaſion, by repeating 
ie ſame Method, till at laſt all the reſulting Terms 
will fall under ſome or other of the Forms in the 
Table; as in the Examples here given, and many 
more will follow afterwards. By theſe Sorts of Re- 

P 2 duction, 


˖ becomes ＋— = , the 


o ſeveral Terms; all which (except the laſt) muſt be 
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duction, a given Fluxion is prepared for a Solutiq 
when it does not fall directly at firit, under any 
the Forms. 

8. In Form 16, when the Denominator of ff 
Term happens to,o, that particular Term muſt þ 
found thus ; take the known Part of the Numergy 
(that is leaving out the Powers of 2), and multiphi 
into 2.202585 Log. z, and you have that Term. A1 
the ſaid known Part of the Numerator will be the Val 
of the Capital Letter in the next following Term, 


For Example, In finding the Fl: wwxy/1 TY 
—_— 


| | : 2 
we have this Series — + = 
4 2 

1 I 
= OS 

po Sc. Inſtead of the third Ten 

4 5 
take —:Bx Log: x. But BA = (without x); then 


0 


: 5 
fore — 3B -= C. Then the Series is 1 


IXI 
8X2XX 


—1X2.30258 Log: x + 5 


Sc. ö 
9. Though theſe Forms contain Variety of Logs 


rithmic Fluents; yet each of them may be change 
ſeveral Ways into different Quantities. Thus, whe 
a Logarithm is in the Fluent, you may multiply (tit 
Number whoſe Log. is there) and then divide it h 
ſome compound Quantity, which you ſee will mak 
it ſimpler: Or you may ſquare it and take half ti 
Logarithm : Or you may extract the ſquare Rod 
and take double the Logarithm : Or you may mult: 
ply it or divide it by any given Quantity: Or malt 
the Numerator and Denominator change Places, 1 
| then 


a 1. of FLUXIONS. 
en change the Sign of the Logarithm, c. And 
us you may always find the fimpleft Expreſſion for 
e Logarithmic Quantity. 

| ax 3 


Thus, Log: 5 = ag —— = 


ay 7 5 22 Log: 


= — Log: =, Oc 
10. And if you have an untractable Fluxion that 


Il anſwer to none of the Forms; it may ſometimes 


transformed into others, by Prop. 9, which may 
en be reſolved by the Table. 


The following Examples will make the Proceſs 
ry plain. 


EXAMPLE i 
xx 

To find the Fluent of Os, 

Here „ = 2, by which expunging the numeral 
* 1 

| —Ga+x"* 
ich is a Fluxion belonging to the 4th Form, 


erefore a = —aa, G =, 2 x, and — 
4.2026" - | 


Log. of a = Nr Log. xx — aq = 


2025851 Log. V, the F luent required, 
. 


dex, the Fluxion will be reduced to 


Let the Fluxion = = — be given. 
xx 


Here „2; whence the Fluxion will be reduced 


5 5 a a Fluxion of the gth Form  *whence 


2 
, GI, Xx, and o. 30258 Log. e 


- 
— a A Ea — — ũ ENITSS . 
. = — — X — — 12 hs * * 
8 ů — — —— IRTP" K 


\ * 
3M 
$17 
1 
n 
Fu 
\ 
fl 
}» 
bi 
i 
1400 
5 
11 
" 
$7 
i 
13 
ö 
1 
[ 
uy 
i 
; 
1 
* 
1 


=; FF 


= Fluent of — 
1 4/00 + xx 


; therefore the Fluent 


—n = . 3025857 KL * + VEE TH 
I + xx rs: A 
8 Ex. 3. 
To find the Fluent of — = he 
. , 


Here , and the Fluxion becomes = 
B-, which belongs 0 Form the 3d and 11 


T6, 


Or rather thus, by taking x* out of the Radical, 


2 ; 1 8 
Fluxion hn — 2 ＋ CX . wh E, whi 


belongs to form 15th. Here a =— , B =c, 2 


— 2 2 — 83 — —— — my 


Then ſince a + w = — 2 a negative whole Nu 


ber, e RS; Fluent 9 be had in finite Tern 


n 


153 SCN 2 
— — X — 3 | * 
142 204 '* + 


7 F | 3 2 5 | ; 
30abx* +750 5 . „ the Fluent 1 


and is = b XK: — 


gy 2$a2-| +> | 
—_ * 
quire te. 
1 21 
| 2 0 
To find the Fluent of — 
2 VdT — cc 


This belongs to Form the 12th, having by Fal 
| b22 
the 3>he Fluent of 


=; in which Ci 
2 — cc 
* = 1, „ = 2, and —1=1—2 , and 


o 


A l. of FLUXEFONS. 
Bz 
ven Fluxion becomes — But ſince 


1, therefore the Fluent cannot be had by 


Nt | 


E 


orm the 12tb. Wherefore I reduce it to- 
32-22 eh . 

, Which is a Fluxion of the 10th Form, 
1— 22 


here 1 =—2, 4 =I, = — cc; and the Fluent 


01745 3 Degrees of the Arch whoſe Sine 


6 
2 


E 


le Fluent of Mad Ter, Or ar Va x 
be required, | 
This belongs to the gth and 13th Forms. To get 


3 


e Fluent of — by Form qth; here 


20 + * 
24, B=1, 2 , n= 1: Whence the Fluent 


.3025Log:a+x+/ 24x + xX: = O. The given 


N n ur 
luxion therefore would become ax X 2a + & . 


here * 2 , , , 7 =1,,« = 34 2K 
1, X x, y = za f, O: And the FREE 


at | 


wn 
* 


K as + x?  2a+x, by Form 13. 
Ind the Fluent of ax—:x/2atx = aa? + 


20X+xx 9 


ES 


— DEER EEE 


— a — than. — y D 
— 2 fins 6% — — r 71 5 


— 


7 = — . — ama 
Jt 


—_—_— 
11 
* 
| 5 
L 
\F] 
11 
3 
1 34 
1 1 
* 
19 
\ * 
* " 
| [ 
7k 
3 x 
4 . 
7 ” 
+. N 
* 1 1 
S% : 
n ot 41 
1 
11 
Y : 
z 33g 
Lf 1 
MK i 
"A Ly 
4. 1 | 
j ; 
7 [2 C 
207 14 
. 
17 
ih 
14 
24177 
110 if 
7 . 
* 
i; 
"A 
4 | 
71 {| 
„ I \ 
N 
2 4 
4 
N : 
7 


2 
1 
ö 
, 
: 
| 
U 
mn 
5 
1 
ö 
1 
to, 
. 
, 
[7 
'$ 
+ 
| 
428 
S 
P 1 
* * # 
'* 3% | 
5 
* ba 
7 is 
1 
* 


— 
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To find the Fluent of — Z by Form { 


ent of - 
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br: | + © 


Ex. 6. 


To find the Fluent ef 
AG — — 2* 


bb 
This will be had by Form the 6th and 11 


Here a = aa, 6 = 7 „ 1=2, then the Fluenti 


4 ＋ 52 


yy a 
— 2 
b 


Then by Form 11th, & = aa, 


b L 1 
* —X 2. 3025 Log. _ ag 2.30265 


Biz 
bz 
22 
8 
whence the Fluent of 5 is ———- 
Bs ad ad 


* 1 
bb bb 
LE = bby — 4 and conſequently the 


— 44 | 
_ mm = 
2 — TT. 7⸗ 25 


b+2z b3 
2.3025 Log. arg” A 


: 4 =, # = Os A=l1, y =I, 3, K 


bj 


a I. of FLUXIONS. 
* 


To find the Fluent of bx 2 


2 — X 


This by Form 23d is transformed into bxaigo'X 
2 5 
I 
44—3x, p = a: By Form the gth the Fluent of 
— 2 — — 
13 hy 7 X 2.30258 x Log. / v+Wa+3v 


Va 
= O. And by Form 13th, Fluent of — 52 


Where A =1, e u. = v, g + hz? 
] 10 


N 0 


— 


| __ ba 
nl a+ 3v 18 = — „1 Va + 30 = — 


Va-x X 44— 3X — 7 X Lag: 


r + Hex. 


Ex. 8 
To find the Fluent * — IIS . 


bb 3 


This by Diviſion is reduced to E ae — 


” x 2 __ 2. The Fluent of , Va — ** 
bb 1 — a ED 


. 2.302594 
bb "7 On 


Log, — . And by Form the 23d, 
* 
aa = — XX . m—_— 


. transformed top + = X 7a 
05 ＋ — xx Q 
2 = 


dy F orm th and 1 2th); WD 


EE — — ps 
— — hg 


#; 
1 
1 


— 


. - —— . — 
. nn nite rr een erence — 
: " —— 
* 9 -_ —— 
— — re — — — 
— = 
— 
— — 
— 


3 - wire! A I png 
— ; 7 ö 2 
— — a cow — 2 — Bs. — * 5 - 8 
— ? — SOD wk wo — —— 
. . — * — ——— R = Ae ee Sy”? 
— — he — s 
= = — * 
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T « 


For S +02) =6b + us, e+f 


Uh + ba——v 


= A , . a2, g, re 
ah 


A=1, Now by Form the 6th, the Fluent of 7 


7 
b 

" Bo LV | 

corre Þ 3025500 5; - xLog. of — 7 — 
Pp — 75 7) 0 
And by Form 1 ith the Fluent of | — ; 
* 7 
= >” bY, : Whence * Fluent of = — . | 
266 bb © b h 

bb + 7* 
E 

: rr Vb 2.30254 _ 2 — aa 
ES a ( 4 
p 24 X 2.30258 Log: N : +1 
— _— 5 255 0 
08 9. . 
The Fluent of Lν ef wh 3 7s required. 
Vab + ax þ 
Here 6 =1, and the Fluxion would becongif , 
„ | 
DOE IX = therefore the given Flux. _ 
V av 53 ax® o * 

3 1 
is 83 5 Multiplication to haas 2 
V + as XV 


Sc. I. fPLUXIONS. 


+ | bbx . 15 2bbax—*x 
v ab +axVa+x Vatabr—/ Qu ITX 
bba*X—<3X 


—; _ Term whereof belongs 
ababx—V 1 Ta =I 


the 23d Form. Let e+/Z2/=a+x=v, 2 ＋ 2 
Tax, =I, 1 = -, m — , p=ab—aa, then 

bbx BE, DU 2 
ba a+ * 1 5 ＋ av 


„ Whoſe Fluent by 


25⁰ 
orm the gth will be Va X 4: 19 Log: 


7D VpNav: = = X 2.30258 2 


þ 

ara + V ab+ax: = 2. 302585 We SS * * 
— 25 

| Vatx TV + x: 23 AA, the Flure of 

xt | 


e firſt Term, 
Again for the 2d and zd Terms: Make e+fz9 = 


T=, HEN +abx=?, 0 —1, P — 5, 
=1 in the ſecond Term, and g 2 in the third Term, 


ich therefore will be transform'd into — 2 


| Vp +bv 
d — oont , whoſe Sum —— | 
bbozy 225 


By Form the gth the Fluent of 


70 by Vp +ov 


5 * 2.3025 * V bv+vV/p + bv: 2.30258 


2 Leg 


PR | ba +ax , 2 
+ - = And 


Q 2 Dy 


een 


by Form the 11th, the Fluent of 


* — 
+ Lima 7 rr ol multiply the Sum of theſe F luenty| 


| 
, . * will have - EY De N 
B Hal ar Va x, to which add I 
h 
bb 
firſt Term a and you will have 
ba — 36 h 


————B ——S + a x, the Fluent 


OS: 


111, quired. 
ue - . 


To find the Fluent of 


jaw #6 — @Z +16Þ%, 


The given Fluxion . be reduced to — 
| 403 
4˙˙ — @2 + 162 _ *  a*b2—2% 
Val — az + 162) 4% 1600*—a12—' +a 
42 | 4 


Oy abi —az+1 6572 1 164% 
each of theſe Terms belongs to the 27th Form, 
For the firſt Term, v= - +a*5*2—=7,, p=16 


a* - 0 
transformed into | — = — a 


5 
whoſe Fluent by Form the gth will be — - 


5 OW 
2.30258 Logar: =" TR: X 2. 3025 


Log: LL 


Var — 2 + 165. te 
Ag 


3 


LY 


& 1 of FLUXIONS. by 
Again for the other two Terms, here vg 2 4 
as ; 
22 p=ab* Ah 645. ME —2, I, A=1 in the 


cond Term, and =2 in the third: And theſe two 
erms by Form the 27th will be transformed into 


— 4 N UV 4” ay 
bbby/ pg +400 169b\/ pg + vv 32 U v 
I Sun ii _  oEESs 
ICO ps + UV 320 pg +vvu ; 


hoſe Fluent (by Form the gth)= LIE GL 
| 16 3255 


Log. of: Vv+4/p; +vv: = EY — IT 
| . 


2.302585 * * Log: — 24 + 1622 + 4b 


#6: — e + 166*2* : Whence the F luent of —_— 


| * 1 : 
4 — G32 + 166*2* is = TV a*b'—a32+ 16bbzz 


a : a*b* ab 
7X 2.302585 Log: 3 + —Y 
a3 


32bb 


193 + 4by/ a*b* — r + 166*2*, , 
|| ſhall add a few more Examples, chiefly to 
Iuſtrate the METHOD of REpucTioN. 


U 


| 0*b: . + 1 66*2 » 


*. 302585 Log: 16bbz | 


i MS | | 
. eee Dividets wat 
— 2 propsſea : Divide by z and it wi 


—2—1 4 


9 
reduced to = _ 
Fer 


. This belongs to Form 
7th, 


The DocTRINE 
' | ; | . | 
7th, where 1=—1, ADZ5» Ea, dy K I 


a=,587785 5 b=4,95 1056 3 c=0, and $=,80goy 
t=, 309017; 4=—1; where always obſerve f 
the Coſines of Arches above go? are negative Nu 
bers: then will be found P, Q, R in Degrees; » 
the Logarithms of VI — 25x Ax, VI — 2 


VT — 2ux+xx, for which Logarithms put 8, I, 


Then (by Caſe 6th) the Fluent is HO 4 X in 


— 


„ 
, 309017 X 2LS-+,951056X2NP +,809017X11] 
—.587785 X 2NQ — LV. 


EX. 1% 


Given 3 N a -, this by Form 2 i ſt (putt 


2 » 

5 5 — —2 39 

v aa x:) is transformed into v—aa\ N 
4 


which belongs to Form jtha 


g. 


be given; this is reduced! 


3 
7 xXx Xaa+xxl* 
. N 
abb — b 
aax—x N ** X aa + xx 90 
N 7 


i oo 
abb — bxx\* abb — bx*\ * 


$ 
1 * 
1 5 
3 
4 g 
i K 
N Þ 
*F 
4 
. % x 
jp 1 
1 1 
| l 
in 
2] 
-< g 
7 
11 
1 7 
1 
b 
* 
1 5 
q 14 4 
L t 
Py. 
e : , 
i . L 
17 ; 
| 18 : 
F il 
: . 1 
19 12 


which Terms belong to Form 24. 


. 
— — 2 _ 
F 
a 4 2 
— — - p 
9 AW; ow. - 
NR as, es L 
1 
* 


— — 
w_ 2 — of — 
— * 


s — —— * 2 e 
— — ; —. wum 
9 es 


"7 wy 
9 


+1 of FLUXIONS. 


— 


* 


. 14. 


15 e K Y 
5 Xab — 2007 


ze propoſed; Divide by 


XXX a aFd* bi xa 48 
3 222 N 


, and it is reduced to — 


lr x a + mb 


b+x X ab — 20% 


Form 24th, and the laſt to Form 25th. 


The two firſt T n belong 


Ex. 15: 


== LL 


— be given; Divide by 


ui 4+) 49 +9 — I 

0 , and it will be reduced to — — 

2 ; | ay ab + © - 
, 628 „ : 

tha + 


an ab + cy — 5 aa Xa Tab — ; 
e laſt Term belongs to the 32d Form, and (by 
lucing the Index) the two firſt Terms become 


e. 3 gy : 
—1+ 9 + ay any/—1+9"7 +aby= 
h which belong to the 27th Form. 


ace [| 


Ex; 16; 


Ren Vd E + 3% this (by Multipli- 
4 — & 8 


daax 
lon) is reduced to — 


4 Ma — bx + xx 
dx* x 


. * DocTRINE 
OPS — baxx ; the irt T erm belong 


a — aa bx x 
Form 32. And dividing the reſt by — * + 4,6 
— Fi bd—ad xj 


— — — 


Vas — bs +xx Va - N 


/ Fx __aad ald X% Phe laſt belongs to fe 


a—xVaa— bs + xx 
32, and the two former are Fluxions of the: 
Form. 


are reduced to 


"> A; 
8 


Kr. 


Gruen - —; this (by redu 
| a+ — gaax + xX* 


| 3 2 7 
the Index) becomes — 2 1 +abx— 1 
| 1 — 3aax—* + a*tx—4 


belongs to Form 33d. 


S 


18. 


Ex. 


. 2 


— be propoſed; becauſe 


my 
——.— 


a4 — ga + 24 
is greater than 44, it cannot be reſolved by the: 
Form, therefore I divide by 4. — aazz + 24, wi 


4 aa — 2 SN 
a+ aaa a 


— — 


— 2 —u—J 


— 


reduces it to — 


3 

2 Va — Tx 

= ; the two laſt Terms bel 

a4 X 4% — a*2® + 24 2+ 

to Form the 34th ; and the firſt is further reduced 
2—8 2 


. 3 which bell 
a I — aa 4 4. — 2˙⁷ | 
to Forms 10th and 34. 


—— 
1 


2 — * * * 4 : ——— — 
4 — — p - * = f - 
— — — < = = K Ling 1 q — — 2 — wt ” * n 2 = 0 o — _—_— 
- 0 5 * = 4 1 1 = ba — — — 5 — * " pe 23 8 — 
9 * — — * 4 ** = 8 d T > Cd : —— Þ” aged Oe — 4. by 4 — q . h — — 22 * 3 1 * > — = . 
— „45 JE. - ) = * 3 0 = : * - — 85 Mo = L 7 g — 
* » Fe Cn — 8 < 8 - » » 32 1 . 0 — 5 - - > — = —_— 
* rr 1 . q 83 TOE i _ * 2 1 =. 
. * . 2 — > CET * — 5 —— > „ * > 9 2 3 
4 5 he * * * 90 1 4 * 8 - — * Þ % — wh — U — 
. L yu ne OI a — * 2 — — = RE Re CE. — 4 = N — . — —— 
* . Io ; * 1 — a —— — — . wag h - 
, — , ” - * — "400, "2. <a av & — ke) << ————_ br 2 b — a= * n *. a a 
. a a 2 2 — 2 — ** 2 5 ' - an — a 1 oe = - — 
— —— — — ras & 2 — — —ͤ— > > 2 — * 1 _ — 8 — b — 
- — — - . N 5 WII — — =. — ” — — n — 
— — 0 0 * — * 8 — * — — — — i ta, — * p = 8 
= — ns — — — a | 0" "2... 14 reae_ilggs 19th — 2 8 OH — — 2 — — = — = 
e = CRE r — — TIRE — mfr ws; - - . WOOD — - — va. £ an — . N 
— — — 2 . — Z —N bs - REIT: — . — a — 8 —— 
1 — 2 — * — — — * 2 = — — = b "Uy —— 
— — — — — * 0 
L 4 FOES . — —— n — 
2 * — 
7 . 08 aol went - . * — 
5 E | Ws 2 pak 
4 : 1 4 + | + > L 
"In 8 5 * 2 4 5 od - £1 l 
4 N 2 7 2 7. AN * 
5 "= by I", 4 a 
4 » 4 = * 9 2 1 8 
* 57 N — 4 7 * << 
\ 10 L 6 % WF - +. a 
7 LN 3% A 
5 — * . . 1 
; 7 * * Sa 


LoL ri oss. 


8 Ex. 19. 

1 t XxX 23 
Les there be given — ; this is re- 
* aa—ax Tera 

. aaxx | ax*x 


aa—ax ANC, - % aa—ax +xxXaa—ax'* 


1 : 

he former Term belongs to Form the 35th; and the 

: 7. ; i . 2d ax " 

rer by Diviſion is further reduced to ＋ + 
| aa=—xx\ 


a K — A 


the firſt belongs to the 


ar Tax X aa—ax\* - 
;nomial Forms, and the reſt to Form 35; where 
blerve that the Part firſt found (belonging to Form 

z) deſtroys a Part of this laſt Fluxion; and then the 


dug 


wil : ax 
hole is reduced to this, 2 5 4 
aa — ax + xXx X aa — ax\ © 
ax | | 
3 — 
ga- 
EY: 206 

uſe. 27 — 155 | 

Given „extract one Root 5 


a +062" Tc , AN 
he Denominator (ſuppoſed to be put = = 0), then 
ill -o, by this divide the ſaid Denominator, 


d let the Quotient be e+/2” +22”; then the given 


23 


the; 


luxion! is reduced to this 


— , x e + fz” = gan. 
arch belongs to the 29th, 3oth, or 31ſt F orm. 


R 5 Ex. 


7 
U 


* — - : 
— r — — =_ 

2 — nn. = 

l _ 5 " = 7 * * 2 = = = 
Py = 2 E 
: £ 8 . 7 — b Py — 2 Ri = - $. — 
1 * 2 * ON: 4 5 _ _ _- bo =o = = _ = = = E 
ear — — 5 —— 7 be = Vs —_— * — 2 — 3 
— on 3 . : * IE . — go * be 2 — — n 
- * l Y 3 Favs — Fs We. ow og ro Fehr rr — Soup — 
7 ir . 4 * — Bs on — 
£ 2 - — — _ 8 — — * — w - _ = 7 * * — 22 = 0 _ 
- l - | 
7 7 — = — — * — ages — == 22 2 
24 — « - _ — a — ä — ͤ ꝛ— I. — — - — 2 r 
26. pn $6404 — 2 72 — > WS an — 2 — * 2 
< . — * * — — 2 — — — 
” — - — > Ay 2 — = = — — 
- — * * = 
3 = * — Lc * = 
<D 
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Ex. 21. 
| gfn—ly 
a+b2" +22" + d23" ZZ 
two Roots a, h of the Denominator ; 3 then you hy 


There is given extra 


minator by a—Z I, and let the Quotient! 
rr Then the given Fluxion becom 


zu- = 2 el 
a—Zxb—2"xetf&"+g2" r 
2712 . 
RY : (putting a—þ 2 Mt 
Xx 4—2Z” X e+f2" +g2%" 


which Terms belong to the 29th, 3oth, or; 

Form. 
If the given Denominator has no Roots, yetl 
may be divided i into two Quadratics by the Ruls 
2/1—1% 


—; hi 
Algebra, as FTE Tan xr Tow | a W 
may be transformed to Trinomials, as in Ex, 


Prop. 9. 


\ 


3 2 
Given — „ here 7 
a +62” I; +/2" Foz) 


zm muſt be Integers ; put 7 = V bb—4ak, i 


| 
the F Juxion i is refolved into theſe two Terms, - 


IO +þ 2.—.— le thi 
mY 6 P umi 
0? + k2"Xe 172 + 2 Nee ＋ 


3 
then dividing by the Denominators E + kx", 8 


þ 


4.1 of FLUXIONS. . . 
? + kz", if there be Occaſion ; and the reſulting 


2 | 
erms will belong to the 32d Form, and perhaps to 
me others of the foregoing Forms. IT | 


8 : | aT—1 x | 
To find the Fluent of N . „ Where 


e Iategers; and 4e>F. 


K + kx 
1 + gx + xx 
_ 3 + Cc. by Ex. 14. Prop. IX. and 


e Fluent of the ſeveral Terms will be found by 
orm 28. 


Transform it into this x?—x x: 


SCHOLIUM. 


Although the Conſtruction of many of the fore- 
ding Forms depends on ſeveral Things that have not 
We: bcen delivered; yet it may be proper in this 
ace to give a ſhort Account thereof, that the Reader 
ay not be intirely ignorant of them, which he will 
e better underſtand after he has read ſuch Parts of 
e following Book as they are founded on. 
I. It is plain by Prop. III. that the Fluxions in 
rm 1 3, 19 and 20 belong to the Fluents there 
gned. 5 

2. Form the 16th is calculated in Example 13, 
op. X. and Form the 18th in Example 35. Like- 
e the Fluent in Form the 1 5th is found by Prop. X. 
uming Aar + Bz + Carr r Sc. x 


SZ" EY = Fluent of KGN 2 2. | 
3. By Prob. II. Sect. II. the Fluxion of any Quan- 
„divided by that Quantity is the Fluxion of the 

;W**1>olic Logarithm of that Quantity; and that the 
R 2 Numbet 


5 


The DocTRINE 
Number 2.302585 reduces the common to the hype 
bolic Logarithms. Now if the Fluents in Form 2,, 
6. and gth be put into Fluxions according to the aq 
ſaid Rule, it will appear that they will reſpectiy 
produce the Fluxions in theſe Forms. 
4. In Example 3d, Prob. X. Sect. II. it is ſhew, 
that the hyperbolic Space between the Aflymptot 


=> 


| 3 | x 

is = Fluent of - X, in which if you write I. 
| a + Xx | | | 

for ab, Rz (or 2) for a+x, and Ræ (or 2) for , u 

will have RR whoſe Fluent is the hyperbolic Spi 

in Form the 2d. Likewiſe if you write RR forall 

7 + 2" for x, and 1 for x, you will ha 


RRS 1 


of theſe Fluxions will be IRRY/2þ x =* 


— as in Form the 4th. And laſtly, wri 
* = (32" | | : | 
RR for ab, and Wi + BZ" for a+x, and / 


5 1 | « 3 6 54 % 
222 S for &; and likewiſe write Hav 
; Sp - . 4 
au, and -V IX 112 1 for x, and the Differen 


in Form the 6th. 4 — 82 
5. By Ex. 9. Prob. X. Sect. II. the hyped 
| bba t 


Sector 1s equal to the Fluent of N 


a a FR Gan 
which writing R for à and 5, en for 5 
NR | Q& 


bl | £ —_— | . 5 
FRY & for , you'll have 


refo 

- — An— 1 | A: 
nk 2 , as in the 6th Form. - 
4 X = uctic 


6, A 


+1 of FLUXTONS. 
6. And by the ſame Example, the hyperbolic 


2 : — 5 
„ and BV K* = for y, you will have 


La 
R 75 8 —; in like manner if you put 
N . + 52" | 


'R 
when a is a negative Quantity, or e a . 
932 


y, when a is negative, and expunge) and y, you 
|| get the Fluxion of the gth Form any of theſe 
208. 


| .1416R 
dus is R) is = 24 
3 5 180 


Degrees in that Arch; 


Length of the Arch = , 017453 R Degrees in 
Arch: And by Example the a Prob. VIII. 


II, The Arch = Fluent of — 


> if you 
_—_ Y 


ite R. * = for 7, 


u will have Rv I x22 —5 „ Whoſe Fluent 


* BESS 
; refore is = that Arch = 5017453 R x Degrees in 


1 
Arch = — R 


action of Form the 5th will eaſily appear. 


; from all which, the Con- 


8. In 


aby 3 
= Fluent of — = (writing R 

or is uen "= ( g 
Ry 2 

g and b) — 3 z now if you write * 22 


** T , or N ee = 


1. Since the Length of any Arch of a Circle (whoſe 


125 


120 


ceſs the 13th and 14th Forms are gradually calcula Fl 
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8. In like Manner by the ſame Problem, the A 
2H R f | | 
= Fluent of WF = . in which writing for 
D 2R | — | 
RY . of ——\/efz" — 2%, and the Flui 
: f t 4 
for y, you will get — 2 X- — 
25 WE — (2 = 
| | 3 | 
and R = =, from which all the nt 
| a — 62" 4 
Varieties in Form the 10th are eaſily deduced. 
9. Form the 11th is gradually calculated by C10 
Prop. IV. where it is demonſtrated that the Fluem en 
+1, 
mh eee 
Ia +5 is . h 


| wn-Fn+p+1:x8 Me: 
in which writing ⁊ for P, © for A, y for xm" 
you will have the Fluent of « + mn as 2; aowi 


writing 7 +1 for p, Fluent of « +82” W (0 
found) for A; you will have the Fluent Nei. 


« + 82" 2*T"S, again, writing » +2" for p, andi 


Fluent of z + 827 Z arg (laſt found) for A, j 


get the Fluent of a Faw 2, and ſo on. 
In like Manner the 12th Form is calculated fi 


Cor. 3. Prop. IV. where the Fluent of It 
„„ | 
—— A4 ua by a like 
P+I XQ | 


from Cor. 4 and 5, Prop. IV. Theſe four Fo 
might have been differently expreſs'd from what Har 


Tu 


1a. J. of FLUXIONS. 
in the Table. For Example, Form the 11th may 
expreſſed thus; let e +1, I= +1+n 
1 then the Fluent of CAN * = 
, exe TN x Zu x Sc. tox Places 

1 50 4 d + nx d+2n x d+3n X Sc. tox Places 

= diz. 2. 2" 442. 82” 


kao etna ©» e+2n. * _ £-+ 31: . 
ntinued to I Places; where A, B, C, Sc. are 
firſt, ſecond, third, &c. Terms with their Signs, 


Fluent of a+ pan 2 , aT Te 

io. The 17th Form is derived from the 21th for 
enzandy are o, all the Terms vaniſh except the 
„in which taking o, 1, 2, 3, Sc. Terms (for 
h of the Terms in the Quantity e+fz" g c.) 
| multiplying each by its reſpective Coefficient, 


or 


"XP 


D— Or. 


s Form, 

11. The Fluxions in the 21ſt and following Forms 
 transform'd by Prop. IX. and their Truth will 

dear by the bare Subſtitution of the Quantities 
rein contained. | 

12. There ſtill remain the 7th and 8th Forms, 

loſe Calculus is ſomething more difficult: Theſe I 

eſtigate after the following manner. Let T, U, 


.. ſtand for the Quantities VI 2 x, 
1-2 + xx, W 1—2ux + xx, Sc. then the 


—X + x 
1 — 2% + xx 
plain from what is delivered in Art. 3. Again, 
 Fluxion of NP (as will appear by Art. 8.) is 


ax 
= + an? and ſo for the reſt NQ, "Lat 


d the Sum of all by 9, you will at laſt obtain 


xion of LX Log. T (or the hyperbolic Log. T) 
„and the like for U, W, &c. as 
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Laſtly, we muſt take for granted (for I ſhall ng 
to demonſtrate it here) that the Product of a 
Squares of T, U, W, Sc. if à is an even Nunk 
or the laſt drawn into the Squares of all the re 
a is an odd Number, is always equal to 14 

Theſe Things premiſed, let us inveſtigate any 


Caſe; as for Example, to find the Fluent of = 
| | 

8 
here ee and —— es 60: Here b, C, A, Sr. . 


and r = 8 and therefore V I—2⁰œ N = [4 
and all Arches above 180 are excluded; hem 


aſſume LA x Log. V1 —25x+xx + BNP +( 


Log. 1+ x = Fluent of This in Flui 
v. I ＋ x3 ] ( 

gives | | ö 
Ba—As+Ax, Cx & N 
1 — 2 , I = I+* Put N 5 

I+Ax C . 
then 8 = 32 * 
1 — 25 + xx I +x 1＋ * thi 
them to a common Denominator, then He 
+ I + Ax + Ax EP 
A + I | 
14•1••«üͤ 1 n 

+ 1 — 257 5 1 
the 


Here the Denominators being equal, we have! 
So, or 25=1 ; and equating the Coefficients of 
homologous Terms in the Numerator, I + Cz 
A+lI—2C or A+I—C=o, and A +C 
From whence will be found A = -, CS 


B == = (becauſe aa = 3,)' 2a, Whence 


Fluent is — 3 LX Log. V 1—25x+xx + 2 
3 L x Log. 1+x. 5 


et, I. of FLUXIONS. 


This done, I put * = £ and (by Prop. IX.) 


na 


into this other 


5 
Tansform the F luxion 7 


NT, 


A 


a + (32" 
In equating the Coefficients, if you had made 
+[]—C=1, and the other Equations = o, you 


ould have got the Fluent of . 


I + X3 

After the ſame Manner may the 8th Form be in- 
ſtigated, remembring what was ſaid of Sines and 
ogarithms, and obſerving that (if you put T, U, 
, Sc. for 1 — u, V 1—25x+x%, V 1—2/x+xx), 
e firſt T into the Squares of all the reſt, if > is 
odd Namber ; or the firſt and laſt into the Squares 
the reſt, if a is an even Number, is always equal 
I-: The Demonſtration of which belongs not 
this Place. ; 

Here note that in theſe two Forms, you may if 
u pleaſe put P, Q, Sc. for the Degrees of Arches 


a _ £2 
—— F — 
VI - 25X+xX 4 I—2tx+xs 
ir Fluxions being the ſame as the other. But then 
a 


the Arch whoſe Sine 1s - — be leſs 


I — 25X + xx 
in a Quadrant, the Arch whoſe Sine is 


„ whoſe Fluent therefore you have above. 


ole Sines are 


( — 

a a 
Vill be greater than a Quadrant. 
3 | I==25X + XX | 
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imperfect till it be corrected by the following 


—— 
—— 2 — — 


may afterwards be determin'd according to the Nati 
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PR OF 6 - 
To correct the Fluent of a given Fluxtonary Equ 


tion or Proportion. 


When the Fluent is obtained, by either of t 
foregoing Propoſitions, from any given fluxion; 
Equation or Proportion; it is only obtained in gen 
ral. But ſince the Deſign in any particular Probl 
is to find the contemporary Fluents ; ſuch gener 
Equation or Proportion therefore is for the moſt py 


NULE; 


1. Inſtead of each ſeveral variable Quantity 
Member) in the Fluent /a&/titute ſuch a determin 
Value thereof, as each of them is known to have 
any one certain and particular Point or Place: The 
ſubſtraf? each Side of the reſulting, Equation from 
correſponding Side of the Fluent ; and the remaini 
Equation will be the correct Fluent. And the {i 
Rule obtains when the Fluent is expreſſed by a gen 
ral Proportion. 5 

2. Or any particular Part of the Fluent may! | 
otherwiſe had thus without the foregoing Correctu 
Subſtitute the Values of the variable Quantitics| 
any particular Time, Place or Point ; do the fat 
for another given Time or Place; and the Differ 
of the reſulting Equations, gives the correlponaney _ 
Part of the lucnt. = 

3. Sometimes it may be ſufficient to add (or 
given Quantity on one Side of the Equation, wi 


and Circumſtances of the Queſtion, 


C 


Deo! 
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DEMONSTRATION. 
Hax 2 be the Fluent obtained in general, from 


given fluxionary Equation, X=Z. Now ſince X 
pay not be equal to Z (by Cor. 2. Prop. II.), take d 
given Quantity and let * Z +d be an Equation 
pr the contemporary Fluents. Now at a certain 
ime when X =6, let Z=c; then you will have 
he particular Equation S at that Time; this 
quation taken from the former will leave this general 
quation for the contemporary Fluents, X—b=Z +d 


4d, that is X—b=Z—c. Q. E. D. 


SCHOLIUM, 


Theſe Things are to be thus underſtood when the 
ariable Quantity in the Fluent continually increaſes 
pr decreaſes). But in Caſe it increaſes and decreaſes 
Turns, or paſſes through one or more Maximums 
r Minimums : Then the ſeveral Parts of the Fluent, 
tween any given Point and each Maximum or Mi- 
mum muſt be ſeparately found by diſtinct Opera- 
ons, and each correZed by this Propoſition, and then 
he ſeveral Parts co//efted into one Sum. | 


ESAMPLRE DL; 


Le. ax =2yy, and the Fluent is ax =yy, now when 
So, let xo, and then ax—0=y*—0, or a =)y, 
yhich therefore needs no Correction. 


3 


Hain let ax =2yy, and finding the Fluent ax = yy. 
vow when y=o, let &; and the Equation be- 
omes 4 S, this ſubſtracted from the other Equa- 
jon, leaves ax — a _ S the contemporary Fluent 
quired, 
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„ i 

; ; 5 - a 3 2 
Let bX A , the Fluent is * — ＋ == 
5 


but at a certain Point of Time & = 5, and alſo 95 


then the Equation becomes 5 — 4bb or 25 3 


therefore the correct Fluent is bx — 2 — 20 K. 


arr. That is by Reduction r — bb + 26x — i * 


8 
Ex. 4. 
1 315 ; 

Suppoſe 2byy = _— — — „ the Fluen WW :. 
mt 

byy = 2 but when y = r, the Quantity <4 0 : 
Wc 

ed 

T _— the correct Fluent 1s bx 9 — = | 1 ] 
7 qua 
i ; 1 K Ho AC 

8 XX uxi 

Lei ER _ To 2 . » ſuppoſing y un 3 

5 you 

Fluent 1s = = vx*+1Þ, bus when y = 4, 1 A 
andy = Vy*+x*, therefore the contempom No 

, Ja) C 
Fluent is = = = N ＋ . 825 Or 54A 4 
e — ons, 
XY = 2bV . " 
. e lik 
Let bj dem the gail. 

2 : orm the | 
4 RP oor ve; ad + XX 4 ? 10 


Fluent 18 by = 2.3025 Log. 133 XX 3 b 
when y a, x =o, then the Equation is ba 
2.3025 Log. a. Therefore the corrected Fluent 


3 = 2.3025 Log. * + Va Tax: — 
of 
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Pg. 43 that is by — ba = 2.302585 Log. 
+ waa + xXx 


a 


PROF. 
b inveſtigate a Problem by the Method of Fluxions. 


RuLEs. 


u. Let all the Quantities be denoted by proper 
mbols, as is explained in the Notation of Fluxions, 
d let ſome one of the variable Quantities (with 
hich the others may always be compared) be ſup- 
led to increaſe uniformly : And this may be called 
e Principal variable Quantity. Then the given 14 
quations, or ſuch Equations as are deduced from #3 3 
e Conditions of the Problem, muſt be turn'd into HY 
uxions, ſecond Fluxions, &c. by Prop. III. in | 
der to get as many Equations among theſe Fluxions, 
you have Occaſion for. | 

2, But becauſe ſometimes ſome Doubt may ariſe 
out the Signs of the Fluxions : Obſerve that any 
Ixionary Equations, deduced from the Equations 
Curves, or from any given Equations in the Pro- 
em, will contain the Fluxions with their proper 
ens. But in any Proportions made between Fluxions 
Moments, as in ſimilar fluxionary Triangles and 
© like; then the Fluxions or Moments of Quanti- 
5 that decreaſe muſt be actually made acgative; 
d thoſe that increaſe muſt be written affirmative : 
„ Which is the ſame Thing, (ſince one Part of any 
ole increaſes whilſt the other Part of it decreaſes, 
relore) inſtead of the negative Fluxion, you may 
e the proper Fluxion of the increaſing Part of 
3004 Quantity, 

Lo 2. Since 


ent 
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uniformly deſcribed thereby; ſo may the Flunn 


generated or, which amounts to the ſame Thin 


fluxionary Equations, by ſubſtiruting the Fluxia 


nilum, that their firſt Ratio may be always obtained, 


The DocTRINE 
3. Since Velocity is always meaſured by the Sn 


be meaſured by the Moments uniformly generated h 
the Fluxions. Therefore the Moments Cunifornh 


conſidered as ariſing or vaniſhing) may be put f 
the Fluxions, and the Reſult will always be the y 
ſame in ail Operations. And ſince in many Caf 
eſpecially in g-ome rical Problems, the reaſoning aj 
calculating wth: the Moments will be more eaſy: 
evident than with the Flaxions; the Equations thy 
are gained thereby mult at laſt be changed int 


inſtead of the Moments, which muſt always be fy 
poſed to be taken in the firſt Inſtant of their Genen 
tiom: Or, at leaſt when the Operation is over, the 
Moments muſt be ſuppoſed to be diminiſb'd adj 


4. In the Reſolution of any Problem, the Nair 
and Conditions of it are to be cloſely examin'd at 
ſtrictly purſued according to all the known Methat 
of Algebraic Keaſoning, by attentively conſidering t 


Relations of the Quaatities, and their mutual /r E 
Portions and Dependance on one another; and form | 
your Procels according to theſe their Properties, 

duly comparing together the Quantities, their HC. 


ments or Iucrements, their Fluxions or ſecond Fluxin 
&c. as the Caſe requires; till you get a compettl 
Number of Equations or general Proportions. Al 
then you mult proceed ro expunge ſuch Quantit 
as are ſuperfluous, till at laſt you get a fluxion 
Equation or Proportion with the Quantities requit 
Then if there be Occaſion, 

5. Find the Fluent of the ſaid Equation or g 
neral Proportion by Prop. X. or XI. and cord 
it by Prop. XII. And then you have a cons 
Equation or general Proportion containing the Qua 
ties ſought. 

b. J 
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4. But to obtain an Equation of the indetermin'd 
\uantities, by having the correct general Proportion 
fore found, or by having only the fluxionary Pro- 
tion 3 you muſt aſſign to each indetermined Quan- 
yin the ſaid Proportion, (or in the Fluxion thereof) 
ch a determined Value as it is known to have in 
y particular Caſe ; and from thence you muſt draw 
Analogy from the Fluxion alone (of the general 
roportion), Or from the correct Fluent alone, (or 
metimes from both together.) From whence there 
ill be had an Equation between the Quantities re- 
ired; or at leaſt between their Fluxions, whoſe 
vent muſt then be found and corrected. And note, 
eſe determin'd Values (of the Quantities) may be 
ther expreſs'd in Numbers or Symbols, as any one 
jall think proper. „„ 

Sometimes it may be ſufficient to aſſume a given 
antity, by which multiplying one Side of the 
roportion it will be turned into an Eguation; and 
is given Quantity may afterwards be determined 
cording to the Nature of the Queſtion, 

Theſe are the general Rules, but after all, many 
hings muſt be left to the Sagacity and Invention of 
e Artiſt, 


Coror, Hence every Problem belongs to Fluxions, 
which the [ncrements, or the Proportions of the In- 
ements or Moments of the ſeveral variable Quan- 
es contained therein, can in a// Caſes be computed 
d expreſſed by Equations. 


quite EXAMPLE I. 

or And the Velocity wherewith the Ordinate BM of aF 1 G. 
cortd Circle increaſes in every Point, whilſt it moves uni- 1. 
ame Fern along the Diameter AD. 

Juan 


Let MD ar, AB x, BM=y; and by the Na- 
„ Moeof the Circle 27x—xx=3y; this Equation put 
| into 
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1. into Fluxions gives 27X—2Xx = 2, or 
general Equation for the Increaſe of y in all Pog 


: * . . F—x | 
Therefore in A where y is o, and x is o, TY 


x 


becomes 55 =y, therefore y is infinite. If CB=}] 


or 7—x=y, then x=y, and x and y increaſe equi 
But in C where — go, then o, therefore y 


not increaſe at all. In þ where CY m, then j== 


therefore y decreaſes as faſt as x increaſes. Laſt 
| : * 

D where y=o, and x r, y= ——— = = Inf 

and there the Ordinate decreaſes infinitely : And 

all the intermediate Points it has all the interme 


Degrees of Increaſe or Decreale. 
f Ex. 2. 


To find the Space a deſcending Body will deſcribe in 
Time by the uniform Force of Gravity, 


n 


Let z= Space, x= Time, v= Velocity, acquit 


NE ee IE EE EN AOIOEN 


in that Time. By the Principles of Mechanics : 


— — — r ——— "I 


Vx & x, and therefore 3 & vx & xx; that is 
1 Fluxion of the Space is every where as the Velo 
into the Fluxion of the Time; that is, (becauſe ! 
Velocity is as the Time) as the Time into the Fluxi 

of the Time. ; | 
Now if only the Ratio of the Space and Time! 
required, it will be ſufficient to take the Fluent; a 
x * 
then 2 , 
the Square of the Time. 
But if the abſolute Quantity of the Space is ſoug 
we mult reduce the general Proportion or its Fluu 


to an Analogy from ſome particular known 4 


* — — — — r 


or zœ x*, that is, the Space is alwaſs 


\ 


4 1 of FLUXIONS. WE 


Thus it is known by Experiment that in the Time zF I G. 
7 1 Second, a Body would acquire ſuch a Velocity x. 
to move through 5 or 325 Feet uniformly in that 

ime, or to have deſcended through x 5s or 10 Feet 


that Time. Whence 
1 616:: & —= Fluxion of the Space z when x=t ; 
therefore from the general Analogy (S xx) we have 
. ; f . . 
*:: 3 : x, and $ , and finding the 
lt vent, Z == 7 » which needs no Correction (be- 


zuſe when 2 , =). 


; N 
Or thus from the Fluxion and Fluent, 2 tx::2: 
= 30x 
e 


Or laſtly thus, ſince 26 = z, when x, therefore 
om the general Analogy (z œ xx) it will bez : 1 


„ whence 2 


E 
2: xx; whence 2 5 and thus the ſame Equa- 


on is obtained any of theſe Ways. 


EX: 3. 


a Body is projected upwards with a grven Velocity a, 
to find how far it will aſcend in any Time x. 


Let 2 = Space, v = its Velocity; then by Me- 


anics & & v4. Now fince the firſt Velocity is 

7 therefore the Space 5s, which would be uni- 
W'mly deſcribed in the Time 7, of its whole Aſcent, 

| / 

ug lll be given; wherefore 7:5: : 4: —,-= Moment 
' ; Re 

tie Space 2 at the firſt Inſtant, that is when a=v. 


Ther E- 


— — — 
2 J 7 = — 


PS 


P rr 


— 


— 2 
* * „ 


2 — 
e — L — 


2 — = A _— * — 
== —_  —— — — CN 
——— „ < 2 - . \ 
* — EE —— — 5 
= — — — — 
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F I G. Therefore from the general Proportion (z o v,) 
| X 
: :: : :: 2: oo, whence S ="; 
3 
the Velocity the Body loſes is as the Time, ther 
0 | £ 
fore : 4a : x: ＋ = Velocity loſt, when 
| ax 3 5X SXX 
= 4 — — refore 8 = — — ; 
5% 9 4 
the Fluent 2 = 3 which needs no Cy 


rection. | 
Hence if be greater than 27, the Body will hl; 
deſcended again below the Point it was projet 
from. 
Otherwiſe thus. 


S Space, v = Velocity, s = Velocity 
nerated by Gravity in the Time 2; then by Mechan 


æ & vx. Now fince the firſt Velocity is given; the 
fore the Space d, which would thereby be uniton 


ly deſcribed in a given Time 2, will be given; when 3 


1 8 tt 
fore f: d: : x: = = Moment of the Space 
at the firſt Inſtant, that is when 8=0%. T hereto < 
from the general Proportion (z & vx) 25 alt 
: r: S: vx, whence 2 = _ but the Vt F 
locity the Body loſes is as the Time; thereid S5, 
d ix 


rr — = Vel. loſt ; whence v = a; 


= ©» 1 
therefore & = 5 and the Fluent 2 


| 
6 


7 all 
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HL” a 
— 3 u he 33 . „ - 
3 but 7 d x 1: 4 7 3 there-F ] G. 
xx 


Hence if 2ta be greater than 5x, the Body will 
ave deſcended again below the Point it was pro- 
ed from. 


Ex. 4. 


o fund the Time wherein a given Cylinder full of Water 
will empty itſelf by a Hole at. the Bottom. 


Let AC Bl, CE=x, AE=b—x, £ = Tims of 2. 
unning out with the firſt Velocity, z = Time ſought. 


ow the Moment of the Quantity running out OE z 
velocity; but the Velocity is as Vc, and the 
oment of the — is as the Moment of AE, 


bl 


, whence — * G 2s, n 2 O 7. 
thet 
: 1 — 1 ; 
„ ut bit :: —x : —— = Moment of the Time 
hen | 


the firſt Inſtant. Therefore (from the general 


Pact "= 


o 
2 , and the Fluent is 


— 
vhs 


: — * 7 — 1 —4 
roportio Z & 
reto V * 


—— , whence & = 
Vx | 


N 2 
e N but in the Point A, 2 So, and 
eres b, therefore the Fluent corrected (by Prop. XII. ) 


21x* 
2 =24— IT and when x = o, then the whole 


me 2 = 27, 


T2 x Ex, 
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. 


G. To find the T7. ine wherein a given Fruſtun of 4 0 
full of Water will empty itſelf by a Hole in jþ 
Bottom. Un 


Let the Cone be compleated, and put YG=p 
Altitude; TG=+ the Height of the Fruſtum, f 
—=x, Circle CD=d, YT=6b, .= Time of rungiy 
out (of a Cylinder whoſe Baſe is d and Height 
with the firſt or greateſt Velocity, z=Time ſougt 
Proceeding here as in the laſt Example, you'll fi 


Vr & Moment of the Quantity & — * N Cireh 


* — ds : 2 h i —4 
EF & — K. Therefore z cc L 
: 5 N PP 4 . ; 2k yi 1 
„%K 
8 Fins 1 NN 
5 3 af e rt 
1 22 Hh W 2 + , fron 
n ＋* , from the general Ani 10 


— tx 
DV bx 
Fluent iS os e 52 3 233 + 4þby* +2 


oy; therefore & = * S „ Ae 8 


- 


and when corrected, the whole Time z =! 
2bb + 2 + 3hb 


* 


And if the Fruſtum were inverted, the Tin 
would be found to be 7 x: 2 — —— Wh 
g=Circle AB, \'x=GS. 

SCHOLIUM. 


It EF or y be the double Ordinate in any Cui 
C4; the Time of running out might have been fou 
the ſame Way, only by ſubſtituting the Value of 


LE F FLUXIONS. 


— 2 


nuation ee 
4 bx 


ere A= Square of the Diameter of any Cylinder, 
{ þ= Height, /= Time of the Cylinders running 
Ir wich that firſt Velocity. 


E x. 6. 


t ACE be (the Section of) a Wall ſupporting a Fluid 
bebind it, and joining to the perpendicular Side A ; 

nd the Curve ADE terminating the other Side of 
the Wall, ſo that its Strength may be _ where as 


the Preſſure it ſuſtains. 


Let AC=h, AB x, BD=y. The Effect which 
Number of Particles of the Fluid preſſing at B 
a to break the Wall at C, is as CB x Number of 


rticles x their Force, that is & bx xx X x, (be- 


uſe the Number is as x, and the Preſſure or F orce 
x), And the Sum of all the Forces acting on A 


break it at C is as the Sum of all the þ—x y my 
at is as the Fluent of þxx—x*x, and therefore as 
** 3 

8 and when x —=h, the whole Preſſure on A 
break it at C will be %; therefore the Effects of 
e Preſſure at B and C will be as AB; and AC3. But 
Strength of the Wall in B and C is ſuppoſed to 
as 1 Forces, and by Mechanics 'tis known to 
as BD* and CE; Therefore AB3 : AG:: BD: 
, that is y* x #3 3 And the Curve ADE is a Semi- 
dical Parabola whole Vertex is A, and therefore 
nyex towards AC, 


Ex, 


) had from the Nature of the Curve, into the F 1 GC 
= and then finding the Fluent, 
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[ Ex. 9. 
A F I G. Suppoſe a Wind to blow againſt the perpendicular 
. 4. AC of the Wall ACE; to find the Curve {| 
Gi | bounding the other Side, ſo as the Strength of i 
| every where as the Force it ſuſtains. 


Let AB=s, BD, AC=b. The Force df 
Particles at B to break the Wall at C is as CB X Ny 


ber of Particles & V x x or x b—» Xx * 
therefore the whole Force of all the Particles on 
to break the Wall at C is & the Fluent of bi- 


** . 
e b — 2; therefore the Force to break it at ( 


all the Particles on AC is 2 or as Hb, and this m 
be as the Strength of the Wall or as CE: ; ca 
- 50g * cx y* and x œ y, therefore ADE is any 
ine. 


1 — * * — —— —— — — — — — — nmr — 
—— = = — — — 
_—_—— _— — : N ————̃ V‚ — — 


F ERTIES. LOR: > — — 5 
— 


Ex. 8. 


5. Let ABC be a heavy Body, BC a Spring fixt i 
Block D: Let AB be cloſe thruſt up to C, ibu 
Spring may be cloſe bent, and fixt thus to the Stit 
' by a Pin. To find with what Velocity the Body 
be projected by the Force of the ring when tht | 
is ſuddenly plucł'd out. 


Let BC=5 the Length of the Spring in its nat 
Poſition, CM x, v= Velocity of the Point B 
it arrives at N, w= Weight of the Body A5, 
Time of deſcribing CN. By Mechanics or the Li 


a 2 * 2 — = 25 

- 4 — 

— — — — . ——V—. . —— 2 — 
—— of EEE ͤ EN a” „ * 


orte X t * 
of Motion v & - 2 2 (by . Nature 0 7 
us 
Spring) — — 1. Likewiſe 19 che Laws of Mol 
= x D* -M. 


"= RI e Of — 
7 1 S * —or v I 


find 


f FLUXIONS. 108 


2ÞX—xx 


2 


ding the Fluent, v* & 


„and when x=, F 1 G. 


& 21 that is the Square of the Velocity is re- 


rocally as the Weight of the Body: Conſequently, 

he Body is projected horizontally, the Square of the 

ſtance it is projected to will alſo be reciprocally as 
Body. | 

| rerfully, ſince 6— x repreſents the Force 
the Spring at VN; and 5 the Force of it at C; 

inſtead of 5, we put F = abſolute Force of the 


2 a 
ing at C, then will 2 be as the Square of the 


locity for all Springs. 


* 


BC be the Quadrant of & Circle, A the Center, Re 6. 
parallel to BA. To find the Nature of the Curve D 
bat conſtantly biſſet7s the Angle made by RF and the 


e FC. 

wi 

100 eſcribe the Circle e infinitely near FC, and draw 
0 1 and uo parallel to CA; then ſince the Angle 
the! 


1=nÞFp, and Side Fu common, and the 
les o, p right, therefore o u p. | 
AS, 8 F, AB. or ip=0, 4. 


„ Soy : - 
ſince on = 2p, that is x = v, therefore x =v, 
the Fluent g, and corrected x =v—4, or 


wa 7 


wes © 


Sv. But by Prop. 47. Eu. I. b+x (=0*) 
Y + xx, that is 2% + 26x = yy; whence the Curve 
9 is a Parabola, whoſe Latus rectum is 24, and 
us the Point 4. 
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FIG. fud the Time of the Vibration of a Pendulum i 


7. 


De DocrRINE 


Ex. 10. 


extreamly ſmall Arch of a Circle; or in am d 
Arch. | 


Let the Length of the Pendulum CB r, (| 
AB re, BF=x, Arch BE=v, Ee=v, Ff=x, 


D = 2 E 
- 
Vox — <=. Alſo let = Time of a e 


arr 
deſcending or aſcending thro' the Cord 4B, : 
Time of deſcending or aſcending thro' the At 
BE, then 2b = Time of deſcribing AB with 
Velocity in B; by the Nature of the Circle? 


_ — - . The Times of deſcribing 
3 
24/COX — 575 
Spaces uniformly are as the Spaces directly and! 
Velocities reciprocally; but ſince the Pendulum f 
iroz# and is ſuppoſed to deſcribe the Arch 4% 


deſcending, or BA in aſcending, therefore the V: 
cities in B and E are as /DB and V, 0 


| 


1 — 


0 


Vz ͤ and H; therefore 2 : — 15 2: 7 "7 


- UV 7 ty 
T0: —=== . ——_ nol 
Vi=s ee 
— trx i : : 2 12 
mY — = (rejecting cx * 
1 e x + cxx * 
— CC a: 
> 2, 
as extreamly ſmall) *_: And the FAE 


Af — * 
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Form 1068) ls #-= 7 * Arch of this Circle F 1 G. 
Fc 


hoſe Sine 1s 72 555 and when x=c, then 2 = 


| / | 
x Quadrant BH = oy x 3.1416: And 22 or 


e Time of an entire Vibration is = r X 3.1416; 
* 2 


x Time 


deſcending through twice the Lan of the 
endulum. Or putting s = 16: Feet, r = Feet in 


r, which is the ſame Thing, 22 = 


Bak 
1416 

„e Pendulum, then 22 = : - X FE _ Se- 
4 nds. 
And to find the Time of Vibration i in any Arch 
0 I; we have 8 nn x ns 

24/ AUT — qr COX + cæx 
177 / 1 ——= 4 ** | 
Al 7 085 | 
wy / x 1 | . 
1 5 RX 1 — 3 4 — j 5 
0 Wee © ar 1 


* 


X: I ＋Adx +- 2 dn x* 2 . &c. 


2 2.4.0 
hoſe Fluent, by Form 7th, is 9 \X: 1 + x + 
E- cd. 2 


1 
5 520 


— — 


e x Where's: = #: — 
4.4/7 6˙ arr — — 
4 —# 
3.1416. | 
3 the Time in a very ſmall Arch. 
IJ There- 


8 CC 
Gd: &c. — PX Ex 
2 r ; 


— 


Flu 
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F I G. Therefore the Time of Vibration in a very ſny 


7. 


of the Arch a; then the Seconds loſt in 24 How 


The DocTRINE 


Arch, is to the Time in the Arch, the Chord | 


CC 3500 
whoſe Half is c, as 1 to 1 ＋＋ aq i r . 
e 2 ce : 
T Gar 4K 82.4 TD + Sc. 


Cor. Hence 5 1 Pendulum r meaſures Jie 
vibrating in a very ſmall Arch; and if c be theCh 


38540 
vibrating in the Arch 2a, will be nearly 15 


540OC a 3 


rr 
Or if Time be mealured by vibrating in the + 
24, then the Seconds loſt by vibrating in the Arch! 


(C Veing the Chord of 4) will be 5 _ X CC 


5 and the Minutes lo 


Or 


nearly. 7 
. le 
185 Jt 
To find the Meridional Parts for any Latitudl. E 
; . 8 . 0 
Let Radius CA = 7, the given Arch of Latin | 
AB , Sine DB=y, Meridional Parts of 45= 
By Conſtruſtion of Mercator's Chart, as Coſin Wi V 
the Latitude (rr — ) : Radius (): (9 " an 
7 A 
G : 5 = , but by the Nature of r. 
| es 7 o/ 
75 a ry Þ 
Circle 5 = „ - whence 2 = WW: 
Vir —}y 77 Lo 
2. 302587 
whence, by Form the 6th, 2 = —.— XL 
2 — 2.302387 x Log. 1 „ ut in et 
3 — j by 


Trias 


F FLUXIONVS. 


ect. I. 


IXIL 


riangle EBF, as EB (v1r—y) : Rad. (?),: EFR T6 


+1) : Tangent of the Angle B = 


Ver 


the | calls AB, whence 2 = 2. 30257 Xx Log. 
otangent of half the Complement of the Latitude. 


C0. Lat. — 2. 3023871 X Log. Rad. and this is the 
ch of the Nautical Meridian. But ſince the 
cridional Parts in the Tables are expreſſed in 
2.202585 X 180 X 60 


inutes, therefore 2 = 


3· 2 
Lig. Cel. 1 Co. Lat. — Log. Rad. = 7015;905 X 
Cot. 2 Co. Lat. Radius 


— 0 


11 =79151705xLog "Fan. Co. Lat. 


Cor, 1, Hence the Meridional Parts for the 
ference of Latitude of two Places is = 7913, 1 X 
erence of the Log. Tangents of half their Comple- 
ts of Latitude. yy g 

Cor. 2. Since cg, Radius : Meridional Difference 


at Latitude :: fo Tangent of the Courſe -: to 

4 Rad. = 

ſine Ie Difference of Longitude ; and ——- _ 
FI QF 


0126231, therefore 


As „000 126331: 

To Tangent of the Courſe : : 

S0 /e Diff. of the Log. Tangents of 4 the Comp. 
the Lat: :- 

lo he Difference of Longitude. 


* Otherwiſe thus. 


Let = Tang. of the Latitude AB, DC x; 


aby the Nature of the Circle WY = TT xx and 


Tian 3 


— —— — — ne 


Was. — * SC of half the Complement 


nd by Correction Z = 2.302585 X Log. Cot. of half , 


n 


8 „ 9 „ = . wor 5 
da? * 8 2 : « - 2 * — Pres. 
— * 7 * — es D 
* e : 
C WIS — 
* 2 — E : 4 
+ — nr 
z — * — P 
SIS 2 3 — 
— Sri 
— 5 x \ = 
- - 


2 8 3 
. —— — — "RR 


— 


a 9 _ En, and y = _ But by T rigonometh 
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5 (= : Rad. (1) : = 2, and 


= tx. 1 5 „„ = 9 And! 
the Nature yo — Projection, x 1 * 


(Z) Eo > = = = ==. But Fo = 0 


| . | 
nx, Whence x = "==, and F 
7 ot 8 7 
rt | 2 on 
2 and x = — — and xy 
V1 ＋ 7! I + it * E 
1 1 = — Tx Ht 4 I+t 
: erefore E = = - — x — 
I +7? | : rt . 
T 1 +77 = © 


: 2 
— —— . Therefore, by Form the qth, 
4/1 +7@4 

2.30258r x Log. Vt: But if 7 is theT 
gent, Vllt is the Secant ; and by the Elema 
of Trigonometry, Secant + Tangent = Cotan,( 
half the Complement of AB. Therefore : 
2.302587 x Log. Cotangent of half the cry 


of the Latitude AP. 
To find the Meridional Parts fer the oblate Spheriid 


23 
Let the Semitranſverſe CA = r, Semiconjug 
CG S c, Arch AB=v, Ordinate DB=y, CD= 
Meridional Parts of 4B, put = Z; and =I. 
of the Lat. at B, as before. 
Then by the Nature of the Figure cer — rm t 


y, and —coxx ri. But by Trigonomel 
. BELLY Fr 
j:=s (2): "Rad; (1): <4 


CCX CON 


a1 YoFFLUXIONS. 


ety Mercator's Projection, x: r 2: 1 — Ry, 


\ 


: Eo, 
nd ſince ccxt =7ry, we ſhall have x = — =, 
| Vrr credit 
. N 
— 7 * 


nd 
cet i 8 

ö „ 

Vrr-+ccut V rr + cc 


recti 


2 
2 


=; but = N . = 
＋ccit] | 
Pckphs ＋ rc may 1H 


— — 


roar - rrrecttVNrr cet 


; there- 


—_ 


rr + ct Vrr + cctt x rr 

t/1+1t 5 reet X 1+Zf rt 
5 — Ee of „„ 
ect rr Tc Vl ＋ 41 W 1 +4 


rect - Pt 
r c MINHIt 


ec. Latitude, then Z = — —— — 
V1+Hit Tritt 1+it 
| 5 

cc rr. [VIA 


; ( 7 ) Pct 1 +itXVrr + cet. 
6 — — — 
x 


T2 


Fut r ÜN 


rt rfit 


1 —1 8 
2 , N 7 
| 23d) 3 riff X (Cr +7rvV X - _ 
ug! | - 
10 x =——— 3 whoſe Fluent, by 
17 — 4c — ro 
1 CS rt L | 
Mm the 6th, is Z = 2 — — ” 5 ER x Log: 
net! 27 Vrr - ce „ 
rv 


| FIG 
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7 
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[ll 
111 
*3 43 
> 3 
3s 
2 
4 1 
A} 
t 

[1 
on 
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1131 ' 
11 
i ; 
1 
11 
ii. 
111 
5 
I 
1 1 
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1 50 


F I G. 
8. 


** or 


* DocTRINE 


* 
14} 


if 


— — 


— 3 
— cc | i 


1/0 LV i e Log: 


=2=—2 'fL X Log. - == , becauſe by Trigonom 
/ I. I = bh 


=, It Minutes Z =; 


7 2 * 
7915-7 — x Log. V/ Or putting =; 
| 3 7 

r 


FL — CC 


: = d, nee 2 29:5 x 
o+d 

o=4" | 
tude to the Radius 1, and 2 = the Meridional Pn 


Where « = natural Coſecant of the Ly 


for the Sphere. lt 
Or thus. 2. 

1 +4 a 0 
1 0 1 4 
Since ＋ =) therefore OE: ay there F 


2 = 2Z—7915.7d x Log. === =, But by Tig 
10 
Coſine is dy. Therefore, let y = nat. S. Ly 
Arch whoſe nat. Coſine is 4), to the Rad. 1; 
B = Log. Cotan. 2 A—10, as had in the 1 
„ 

In the e Figure of the Earth, we 1 
have 4 =.093, or thereabouts, according to 9 


J. Newton; or d =.148, according to Mauperiuii 5 ; 
= Ut 
E 


nometry, = Cotan. * Arch whoſe nat 


Go 


kk FLUX. 


= |] —] 


EE. 13 


find the Nature of the Curve which a heavy flexible FIG 
Line will form itſelf into by its Gravity, C . 


211 


Let the Line be ſuſpended on the two fixt Points 
p, and diſpoſe itſelf into the Curve DAP; A its 
tex, AQ its Axis, and BC an Ordinate. 


1, The Part of the Curve ABD is kept in its Po- 
on by a certain Force at A acting in Direction AZ 
rallel to the Horizon ; For if the Line be cut thro? 
Ait will reduce itſelf to a perpendicular Poſition. 
d this Force acting at A is always the ſame what- 
er Length the Curve be of; For if the Line be 
t thro! at B, and then the Point B faſtned to the 
ane; it is evident the Force at A is neither greater 
r leſs; for the Reſiſtance of the point B does the 
e as the Tenſion of the Line in B did before; 
| the Force in A or the Tenſion of the Line in 4 
ſt remain the ſame. 


2, Let a = the given Part of the Line whoſe 
eight is equal to the Tenſion of the Line in A, 
d Arx, BC=y, AB=2, draw the Tangent BS, 
d BR=BA, perpendicular to the Horizon, and 
parallel to it. The Line BA is ſuſtained by three 
drces, for its Gravity acts in Direction BR, it is 
awn at A in Direction AZ by the Force a, and it 
ſuſtained in B by the Tenſion of the Line in Di- 
non SB; and theſe three Forces being as BR, RS, 
Id BS, and BR=z by Conſtruction, therefore the 
ice a=RS: Vihence by ſimilar Triangles BK (2): 
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de) :: 5% (): Bo (5):: x : /, and ax =2y, which 

one Properry of the Curve. 

3. Take Br =Bb6 the Increment of the Curve, 

In parallel and B perpendicular to BS, then 

Sho, and run. Since BR is the perpen- 
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F I G. dicular Force or Weight of the Line at B, Bi. 


10. 


Heights fallen from; therefore a : a+x : : (Squat 


the Velocity! in the Axis at P: to Square of 1 


The DocTRINE 


2 is the Increment thereof, and therefore & is; 
Increment of the Tenſion of the Line in B, and; 
the Fluxion of the Tenſion, and therefore the Fu 
* = Tenſion or Force acting in Direction ar; 
in A where x=o, this Tenſion Sa, therefore 970 
rection, the whole Tenſion drawing in Direction 
the Curve is a+x; and this is the | Hal BS, 281 
ſhewn betore : Therefore — by ſimilar Tria 


a (BS) : 2 (BR): : z : * : S X, whence 4 
xx = 22, and the Fluent 2ax + wx = 22, which 
another Property of the Curve. 


4. If the Point B be ſo taken that the Angle 8 
or SBC be half a right Angle, then will 4B or: 


| EE ax 
; for then & . and & = E =} a, 
J | 
ax. ax az 


7 24 — — wo, 24 +22 


=, therefore by Form gth, y = 2.302 584 x ll 


1 . ARE Log. A | - 

whence the Curve may be eaſily conflruRed.” I 

Ex. 13. 2 

To find the Nature of the Curve BM in which a pi. 
moving (after its Hall thro* AB), it ſhall deſcend i 

SPaces in equal Times. the 

Let AB=s, BP=x, PM=y, now ſince the * 
locities of Bodies are as the Spaces deſcribed in e 

Times, and the Squares of the Velocities are a z. 
; t 


a1 of FLUXIONS. 


* +y*, and by Diviſion G:X::;X*:95*; rhere- 


a*y, Or a : Therefore the Curve is a 
mi- © bitat Parabola convex towards BP, 


Ex. 14. 


q Body be be projected from any Point A parallel to the 
birizontal Plane BC, and be urged towards that 
Plane with a Force which is as any Power of its 
Height above the Plone; to find the Nature of the 
Curve it will deſcribe. 


tet AB=r, Mx, DP=y, gy = Velocicy ac- 
red in falling through AD, Lime of falling, 
Force i in D or P, which ſuppoſe to be as BD”, 


- r- XK 
and F r -&, therefore v Mn and 


3 | 0 ; 
— X ; n. : 
2 or VU &X 7—vx x; and finding the Flu- 


c , but in A, x =o, therefore 


2 „„ 

Fluent corrected is vv oc — e 
| 14-1 

the Fluxion of the Axis is as the Velocity of a 

tending Body, and the Fluxion of the Ordinate 


sche Fluxion of the Time, or as a given Quan- 


—ä— .; ᷣ— — — — 


b therefore K: :: (v=) for) —— 
the : : FR 


re v ye, or * ga, and Ruda the Fluent 


* n the Laws of Motion V & ft, but toc 


153 


cryin the Curve at AM: Ppt: Min . be 16. 


10. 


11. 


© 400.46 Vids, oc Ber i nu 1 I er Es or ae — 


T Te WoCTuHINE 


| * 
% whence 7 5 0 
: 8 : — 
i 23-1 
— , and the Fluent will g 
+: co 
the Nature of the Curve. 7 
775 

12. r. Lett. then y= - 5 deſc 

Ef rear . he 


the Quadrant ALF; then by the Nature of the 
cle, Arch AE = Fluent of — - - , there 


27/X — XX 


or DP = - x Arch A E, and P will k C 

tne Curve required. Le 
CasE 2. Let u=0, then y = = and y =26y # 

or 49x =yy 3 therefore the Curve will bea Parabo A 

as is weil known. | "* 

I 2. CASE 2. Suppoſe 1=—1, Here we muſt li" 
 Recourle to the original Proceſs itſelf, and ther! 5 
ſhall have v5 o —— deſcribe the Hyperbol: om: 

to the Aſſy ptotes AB, BC; then the Area ADER * 5 


Fluent of, "3 therefore v & V ADEH, and) 


F: ; 8477 


bx ay 

= — for the Nature of the Curve e 
Arca ADE | 5 Ke th 

r ( 14 

14. Cask 4. Let = - 2, then y = bi —; Ore 


Let AE be a Cycloid, AG = v, DE = 1, 4 rave 
being the generating Circle; then 4 = v0 +4y/7® 


LL FLUXTONYG © 1555 
Cook! 8 5 : 
471 =v +—= & =. (becuſe ? a 
24/TX xx | — 
— — * , BUS br* X , 
Vr * 
hence y = HNr. ain take D X 
, and P Will be in the Curve. 


t 4 — — 


r x rx — Xx 
CASE 5. Let =—3 ; then y = a 


v2: 27X — XX 
hence y = ang 27x —xx, and the Curve is an 
lipfis whole Semi-axis is AB. : 


„ 


tow whether a given Curve Line be concave or 15, 
er towards its Axis, in any given Point thereof. 


Let 4B be the Axis, BC any Ordinate, take DB 
B, and draw the Ordinates De, Fo infinitely near 
; draw en and g parallel to AS; and produce 
to e. Now by the Nature of Curvature, if the 
ury: be concave towards the Axis, in the Point C, 
d ihe wes ces increaſe, then the Point 9 of the 
lrve will fall DELWEEN © w_ g, and therefore the In- 
ewent g 1s leſs than C, whence O g6 -K 
Kis g- C, will! be negative; but ok is the ſecond 
omzar ef the nt nate, and that is as the ſecond 
21 waen ? and De approach to, and coincide 
It 5 : nes ES re if the Curve be concave towards 
e Aus the tecond Fluxion of the Ordinate will be 
gave. And the contrary x 11] happen if the Curve 16. 
convex towacds the Axis. Wheietore | 'F 
Let the Axis AB =x, Ordinate 5 =y, then com- 
th the V hos of y by tit N tüte 6 THE Curve, 


t 
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111. 4 8 > if 
UWurute Numbers tor ell the Quantities it there 1 
Be caſion, then if its Value comes out negattve it is x 


Al ave in chat r Oint, if ali native it 15 convex tus | 1 
5 + 
2 cy the AXIS, | | i 


; | A 3 Ex. 1 


3 lata 
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l = _ 
Ä Ir, I > RI 


— 


, 
2H 
i; 
1 
j 
i 1 
1 
'L 
# 
27 
7 
N 1 
7 : 
1 
q 
13 
$ z 
7 
=_ 

* i 
wo 
ay : 
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F I G. A Line being inflated into the Form of a Curve, 
17. 


the Poſition ABC; compleat the Parallelogy 


acting perpendicularly on any Particle of the Cum 


that 1s, directly as the Curvature. 


* 


The Doc TRINE 


Ex. 16. 


2 
kept in that Form by a Force or Preſſure acting u 
pendicularly upon every Point of the Curve ; to fin 


Proportion between the Tenſion of the Curve, and LE 
Force acting perpendicularly upon it. | : 
Let AB, BC be two equal Particles of the Cur"! 


and let the Force acting on the Particle B reduceit 


ABCE, and draw AD, CD, perpendicular to { 

CB; and then the four Points, A, B, C, D, willl R 
in a Circle. Let AB or BC E, AD or CD= 

Now by Mechanics the Point B is acted upon by til . 
Forces BA, BC, BE; BA or BC is the Tenſion oft 
Curve, and BZ is the Force acting perpendiculM 4 
againſt the Curve, therefore theſe are to one andih 7 
as BA to BE, or (by ſimilar Triangles) as = , 


z. Let now the Points A, C, approach to B and u 
incide with it, and : BD becomes 27, the Radius 


Curvature; and 2 is the Particle of the Cum 
whereon the Preſſure acts: And therefore the Fon n 
to the Tenſion of the Curve, as that Particle oft 
Curve is to the Radius of Curvature in that Point, 


Cor. Therefore if the Particle of the Curve! 
its Tenſion be given, the Force acting againſt ti 
Particle is reciprocally as the Radius of Curvatut 


ki of FLUXIONS. 


Ex. 17 


Nature of the Curve. 


Let the Axis of the Figure CA=6b, CD=x, DB=y, 

d—z, let 2 be given: By reaſon of the E luidity of 
Water, the Tenſion of the Curve is equal in all 
nts, and therefore by the forgoing Example, the 
ſſureat B is reciprocally as the Radius of Curvature 
B. But by the Laws of Hydroſtatics the Preſſure at 
as the Height DB or y, and (by Prob. V. Sect II.) 


Radius of Curvature is E therefore —«Z, 
x 


E 1 
re 29 
| afuming the given Quantity — — then—= ns, 
5 


aax 3 OO. : f 
, and the Fluent aax = YZ; but in 


= and y=b; therefore the Fluent corrected is 
aa = yy — bb X $, or aax = aa + 1y — bb X 


©+5*, which reduced gives x = 


2aabb j-2bb , 
v PI 2 


the Equation of the Curve ſought. 

Cor. Draw EX perpendicular, and I parallel to 
, and aWo the Tangent EI; than if EK=p, EI 
b 5 = Area EAC, which is as its Weight, then 


qs 


| Mechanics) P:qiis: 2 Tenſion of the Curve, 


A, it will be 2 3 . 8 A and thence = 
Pp X 2 


ds s 
Ys = . *, and therefore > = ads 


Ex. 


e- 5 


ence (by the foregoing Example) fince yz Preſſure 


is @ Curve Line ſupporting Fluid; to find the F IG. 


18. 
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x 8 -, Put 
F I G. To find an infinite Series, or ſeveral ſuch, wheſ: Here 
may be had, 
* 8 . o 2 
x x x 
Aſſume v = —-— or or -— , 
I— Ix: In. in 
Example, let v = RS + x + x* + on 
. * ? 
Xx: x, therefore v=x + IN + 143 + 2x4 &, 
| * . D I Or 
oY Suppoſe the Fl: vx"x% = ——— +9; then 
1 putting this into Fluxions, we ſhall find g 
| 3 : TT . 
3 r 1 * 3 un +1 xz: 
1 = X : xx + w—ix + N + 34, on © 
| . * 5 | I | Pies um 
1 to — or —v; therefore q = x: —_ 
Wil x7 to. te 
14 — + Sec. + x —v. Whence Fl: Fo 
| | ö 7¹ 1 
f | 1 Y 1 R ·1 | ** . Rx 11 2 _ 
- i FFT 5 — —, Cc. 
| n I u -I uA * a 8 11 | 
4 . : oe 6 
1 = 3 ; x* WM; 
But Fl: vz"x is alſo F.: ** * +— +7 ; 
0 
FE ** +2 x"+3 xu ! e F 
+ N Se. ee 3 _ yo 6 
3 #+2 ers, v+4 ik: 
ad infinitum. 
: . K* 2 ** ＋3 S &ð 4-7 — 
Therefore —— + e. = ——=WM* 
” 2 Xu 3 GT 1 ; 
I x"+71 * * e 5 
＋ N „ —- 5 Se. tO x. 35 
2 ＋＋1 AI 2 p 


— — — — ——— — 


H. of FLUXIONS. 


ant FI—0 
put oe — So, and then 
1 a+ | 
ercfore the foregoing Series will become 
I I I 
— — = AIG + „ Se. 
F 21 0 X74 4Xu+5 
— AD. 8 
infiaitum = $47 Xa + Dr + 
11 e. to 1. 
Te, „ | , 
16 Or, which is the ſame Thing, „ ＋ 2 
1 
5 1 +3; Sc. to * Sum of the infinite Series 
7 5 
| 1 — 7 x ==— 
_— 2xz+3 3 Xn-+4 4 X#+5 
„fum. | 


Now if 2 be put ſucceſſively equal to any Integer 
umbers, there will be had ſo many infinite Series, 
ch of which will be equal to the Sum of a given 
ite Series. b 

For Example, ſuppoſe 1, then: X 1, or 


| - fi o 8 = . + I 4 I 
= to the infinite Series — 3 

1.3 2.4 3.5 > 
J | | 


65 Se. 


Moreover, whatever be the Value of x, if v or 


Th 


F > 


<.-> 


je F: — be known, we ſhall always have the fi- 


; I | 
te Series THT X 3 * v TAN N 34 


E I : x" +2 "+43 
„ to ——wT:= to the Series = + — 
1 a+ | | IX1+2 2Xn+3 
4 ** ＋5 | : 5 
— „Sc. ad infinitum. 


The 


159 
FIG, 
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FI G. The like may be done by aſſuming any 0 


t 


1— 


Quantity for v; as for Example, let = F.: 


„5 E 
3 
or 6 S = & * + + 9%, Gr an 
= x Ta þ+ 147 + re, Cc. a 
; MS, an 
Suppoſe, as before, F: vr = + 4;t þ 
„ oF? x 
avs e cos 3 
7 a+ x31 +1 „ , 
. I 9 
— d, and q = - X: — + 2 
* . 1—1 - 
dae ＋ * Tx > : V x 
1—57 © 6 #® — * X * — * = Af 
x7 x10 4x 1—1 
+ — + = + : * 
7 10 —1 i 
Again, F: vr = F: x X: x + 4 A 
** 2 1＋5 K* 8 
= —— + 2 + „Sc. thereforetFT 
„% 
25 OS 2 
finite Series —— X : v t — o x + — 
„„ 4 
47 1—1 Px el 
— 4 5 = the Sum of the Series — 
* ls K 8 þ4 


— „Sc. ad infinitum ; where 1 
4Xn+5 7xX1u+8 

any Number in this Series 2, > 5) 8, 11, Sc. and! 
general, 


If v = —2. then muſt be ſuch that 14 


1— 

may be diviſible by . And if you make v 
So, and x = 1, as before, you may get as mil 
particular Series as you pleaſe. 
Fx 


al of FLUXIONS. 761 
Ex. 1 19. 


Expreſs the Fluent of a fimple Expreſſion ax'x, by Fl G. 
an infinite Series ; and from thence to ſum up that 18. 


Series. 


Put ax*%x = F and expreſs the Index by two Parts 
He 


a 
+e = +1 
- , then aſſume F = 5 +58, 


n F or a NN — c+ e 2 55518 whence s 


I A 
—— x41 + = BNA 
Mkt; whence f = d—1 x Bx*x. 

Aſſume 7 = EE att x5 + = 


— 


rev; then © = e—1 x CW. 


Aſume vo = Cx x +" þ ww, &c. 


= b+f 

- Per 1 4 1 
bt ence or Fl: c = *: NA * 
-2 —1 f—1 ax +1 


b+e + 5 IAD . =P. 
ere 4, B, C, &c. are the preceding Terms. 
nd 1 eefore taking c, d, e, &c. any Quantities at 
alure, the Series will be known, and the Sum of 
piven, 


I, Suppoſe a=1, B, c, d, e, &c. = 2. Then Fl: 
3 

17 N X 4 +24 + 2B + 2G, &c. * Thera- 

mae; + 24 + 2B, &c. . 


Os — 


Y 2. Sup- 


162 * The Doc TRINE 
F I G. 2. Suppoſe 3, 6, d, e, &c. = m. Then Fl: a5 


H——I M—TI 1 r 

„// — 8+ 

2M 2M 2 2M 

a ax 1 x IN 1.— . 7 

„ mÞ+1 2m 2m | 

MP —] _. 

———B, &c. 
1 


3: Let a=1, un, r 4531 © Se 


I 
F: R—Iy — wi 5 
Then * X & IF. +1 T 7 6; 1: 


B + : Ga tee. —_ Ll Whence alſo _— 
*: 3 / -* | * 


n+ * 1 
| I I I 
—_— 3 FF 
n+2 z > n+ 4 * 1 
„ 
Ex. 20. : 


213. To find the Curve which a flexible Line QAR is} 
into by the Mind, or any Fluid moving againſt i. 


Let A be the Axis, and BE, Cf Ordinates | 
finitely near, BA * to AE. Call AE, x; EI, 


AB, 2; Bd, x; we ”; BC, 2; and let 2 be gin 
The Force of the F luid 1 perpendicularly 284 


the Particle of the Curve 2, is as the Quantiij 
the Fluid ting on Re and the Sine of Incident 


that is as y *. . that i is as WL, And (i 
2 2 
Ex. 16. before) that Force will be as the Cl 
vature in B, or reciprocally as the . 5 Cur 


ture, that is (by Prob. wh Sect. II.) as 7 ; th 
p 
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CO or ———— 


bed (0's 27 or TIM WE 27 therefore £ — F. I G. 
2 S V8 x 2 213. 


| of and the Fluent is — =; but in 4, * 
2 and # = ©, therefore the corrected F luent is 


a a 
„ xy = a — ay, therefore 


9 | 
4 . a4 *» e 2 . . * : 
x XJ = ad, and a 233 X - an, Or 
a+ XXX, 
TS 


d the Fluent z = V/2ax + xx, an Equation to 
e Catenary. 


A 


Ix + xx X 2% = 2E X *¹5 and $ = 


E x. 21. 


o find the Curve of Traction to a tight Line. That 228. 
is, if a heavy Body be placed at A, and a Cord AB 
of a given Length faſtened to it, and the End B 
drawn along the right Line BD; to find the Curve 
deſcribed by the Body A. 


Let AB be perpendicular to BD, and let AE be 
he Curve deſcribed by 4. Draw the Ordinates EC, 
c infinitely near each other, and + to BD, and 
raw the Tangents ED, ed; and Do L to ed. 
hen put AB, ED or ed =b, AE=s, BC=s, 
CY, CD=s ; then ss +y, and 255 = — 2%. 
Ind by ſimilar Triangles, y : 6 : : — : 2, and 


— ——— — — 


V -:: wy 1: 27 


A ©: 
And by Form 2d and 4th, z = a 


is 
| it 


bL — | 
og: u -s. But in 4, y=6, or 5=o, 


herefore the correct Fluent is 2 — 2.302 586 X Log: 
$2, 2.302586 25 ol So | 
— - — X Or a 252 — BY 


The DocTRINE 


| 2 | . * 6 in 
of 1 + bby—* vV bb—yy ER Som 1 Fon 
the gth 1 zd, - Fluent is fi 


| b 
Log: —+v/—1 + =: —vVPF—. 


Bet - on bbs 
Alb - "ES = — s + 3 The by Fon 


6th, the Fluent is — s + Log 7 „ There 


2 N 


= -N ＋ 2.302586 x Log: 


_ 2:30258þ be 
1 . : 


Ex. 22. 


To find the Curve of Traction to a Circle; or the Cunt 
EN deſcribed by a Body N, drawn along by a (it ch 
DN of a given Length, while the End D put 
through the Periphery of the Circle BAD. 


Through N, u, two Points in the Curve infinite) 
near, draw CA, Ca, and the two Tangents N. 
ad; draw DF + to CA, and Do T to ni; 
and. draw CD, and alſo CEB. 

Then let CB=r, EB or MD =, BA=x, (MR 
. Mr, Wr. Iden i 
Triangle CDN, rr = bb + yy + 2Py, whence P 


3 bh 3 = Vbb — s. Then ſince ND=# 


2 
Nu or 2 1 alſo © = ad — AD=Dd— 41s 
Dd — x, and Dd=x+9, and by the Nature of ti 


15 


Circle v = = By ſimilar Sectors, i 
| Vr 21 


* 


d. I. 


: m = 25 And the Triangles DEN. mV FI i; 
4 bys 229. 
ing filr, 6 1 : Ft Z 8 —p by 


icogometry 5 5 ( 8. DCN 3 * =S. CDN 


ah and : #+v (Da) : 5 5 ' (Gor) e 


A 3 | 4 . 
— = 3 „and r = dn and 55x 


| i , FD 
% = bbx; therefore x = —— = 
| . bb—ss 


nos — ys b 


— 


Vr WIT —5SS 


SIT —5s 


Form 10th, the Fluent of — 2 


Vn — 4 


oſe Radius is 7 and Sine s, and is therefore 


ch AD; and - _ = 
d-, IT -s 


= (by Form the 2 3d) 


18 1 


rbb 35 
a; r 5 
U rbb v=o 


* A 
— rr — bby © 2 X = z 
bbr 
2 
2 1 rr —bb +by/ſo _ 
r rr —bb—by/v 


X 


7 


ole Fluent (by Form the 6h}: 256 


brL 


rr Yn 
— — 
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4” 15s 


„ 


AI 2 * 
3 
. _ - = "-& 
. — a k 


„ rr * 
— * — 


* — — — — — — — 9 — 
— - — — — — — — 
* a 2 
F — EY 1 2, rp L 2 —— Ca — — = Mt — I I 
_ —_— y ——— — — — — re mens - - -— 2” ET NE ESE CES 
F $i AID WD — — "pes; 8 = — — * — I ns rob eyes = wwe e 
_ =_ \ \ 3 — = aaa * or TIN I — wm : RR, 
_— : >— 
1 


: IG ITT. eg” 


The Docrnine =_ 
22427 © Ve —— 9 


„ 
55 oy 7 WT — bb * 1 


— — 


_ ee 2 4D. 


— by Tr — 5s 


TR 


and z=2. 302 580 * — Log: rr 5 — : 1d . 
5 — 2bb YN 
rected 2=2. 302.50 x Log: — = 


SenoLivm. 


— bb — 
Since y = — . therefore wha f 
5 5 
Maximum, y or — — 4. 2 S o, and 


bb — yy = o; whence y = Vir; then Bs 
and b. Therefore the Curve can approathl 
Circle no nearet than Vr; therefore 
Circle be deſcribed from the Center C, wi 


Radius Vir bb, this Circle w1ll be an Alu 
to the Curve. 


And let theſe few Examples here ſaffce toll 
the Application of the Rules, to the Calculatioh 
particular Problems. We will now proceed 8 
Reſolution of more general Problems in Mathes 
and N OY Philoſophy. | 

SEQ 


N 


— * © CRY =| 
N IX 1 
0 * 192 
I 0 1 2 


— —— 


Laue, FLuxions 


—— — 


u. FFLUXIONS. 


Inveſtigation and Solution of ſome. 
the moſt general and wſeful Pro- 
lems in the Mathematics. 


— 


p R O B. I. 


determine the Maxima and Minima of 
ee, 


HEN a Quantity is required to be the 
greateſt or lealt poſſible, under certain Con-. 
s, it is called a Maximum or Minimum; and 
it Moment it neither increaſes nor decreaſes, and 
fore its Fluxion is nothing. Now, ſince any 
tit) is a Maximum or N when its 
on is nothing, upon the Suppoſition of only one, 
dle Quantity therein, and the ſame is true when 
ther Quantity alone is ſuppoſed variable: Con- 
ntly when there are ſeveral variable Quantities, 
Maximum or Minimum, then each of theſe. 
ions mult be ſeparately equal to nothing. There- 


Put the conſtant Quantity m for the Maximum or 
num required ; and get an Equation involving in, 
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F I G. Y Help of which and other given Equations, exter 
as many of the variable Quantities as you ol 
there be ſeveral: Then put the remaining Equatiang; 
 Fluxions, aud for each Equation exterminate one Hui 
till you have but one Equation ; in which (brought 
to one Side) make the hs of all the Terms multi 
each particular Fluxion, ſeparately So, and pu! 
get as many Equaticns, which, together with thoſe at 
given, will determine all the unknown Quanlities. 
Sometimes we muſt make the Logarithm of the % 
tity a Maximum or Minimum, or the Log: of th 
garithm of it, &c. and put its Fluxion = o. 
Proceſs is ſometimes neceſſary in exponential Quant 
For if the Quantity itſelf be a Max. or Min. its l 
will be ſo too. 
2. But when the Fluxion of any fingle Quant 
found So, then that Quantity itſelf is either a Ma 
mum or Minimum, or a ſtanding Quantity. Or if 
impalſible Equation come out, the Quantity will hav 
Maximum or Minimum but what is infinite. Often 
the Equation will have ſeveral Roots, all which mi 
ſeparately tried, to ſee which of them will anſwer 
Conditions of the Queſtion, and give the Maximum 
Minimum required; and this is done by putting the ji 
variable Quantity in the Maximum or Minimum en 
to ſeveral ſucceſſive Values expreſſed in Numbers. 


230. When the Nature of a Curve, as ECD, is requin 
which ſhall contain ſome Maximum or Minimu 
then ſuppoſe two Points of the Curve F and G to 
given; then we muſt find an intermediate Point 

- ſo that the Part between Fand G, or FH and 6 
may be a Maximum or Mininum. For if the Poin 
be not ſo ſituated, that the Part between FH al 
GI be a Maximum or Minimum, tis plain the wit 
cannot be ſo. Therefore, 


3. Draw two Ordinates F H, C infinitely near, 


tercepting an infinitely ſmall given Part of the M 
m 


F PLUXIONS. 


d. II. 


ud in the Problem, to find an intermediate Point C, 
wy the Ordinate P C, an arithmetic Mean between the 
r two FH, G1. This orainate divides theſe infi- 
ply ſmall Quantities into two Parts; then the Fluxiou 
the Sum of each muſt be put = o, which gives two 
ations, from whence the Nature of the Curve will 
bad. Es 


In Caſes more compounded, where the Problem 
ſolves ſeveral Conditions, and the Nature of the 
ne is required. Let EFD be the Curve, and 
er Point in the Curve, infinitely near F. Draw 
Ordinates FH, CP; and Fm 
sA4B. To find the Situation of the Point F, 
that Ax (-h x Fm may be = a Maximum or 
num; ſuppoſing A, B, conſtant Quantities. Let 
. t, Cm n, a given Quantity. Then 
| „ 7, oo. 
Vn ss BS m, in Fluxions ——=— — B 
ant ss 
rf; = 28 \ 11+SS ee t, for the Nature of 
Curve EFD. Now ſince HF (or y) is given in 
pect of the Point F; therefore A, B may be made 
of y and any given Quantities. And the ſame 
Ing holds good of any other Point of the Curve. 
erefore when It B = m, the Equation of the 
eu As = Bt, 
„ therefore the Sum of all the Az — Bs = Max, 
ln. that is F: Ag F: Bx m, where F C or 
2, Fm ors = K. And if either F: AZ or F: 


n — 0, 


un, 
Whence the following Rule, 
Le. AH x, HF = E F x, and let y.be 


r; ond ſuppoſe F: A 2 F: B * r m. Where A 
7 2 | | and 


any Point F be given therein, and let C be any 


arallel to the 


Bur ſince At — BS = Max. or 


| be given, the other is either a Maximum or Mi- 


169 


mn or Minimum, and alſo of the given Quantiiy men. F I G. 


230. 


EP « a 
* . — * . Tha <a ** 8 vo 45 mk FR AL 


170 


230. 


N . ————— nate ng 


F I G. and B̃ are given Quantities, or made up of y and given qu 


1 F: = = @ Max. or Min. 


2% So, and therefore z - o, or Z=x; i 


5 Ihe DocrRINE 


lities, or ſuch as denote a Maximum or Minimum. 
all the Conditions of the Queſtion being properly erpri 
collect all the Quantities affefled with &, for the Valy 
A; and all the Quanlities affetted with x, for thell 
of B; then theſe Values being ſubfrituted in the By 
tion A% = B Z, inſtead of A and B, gives the In 
tion of the ( Curve. ed the ſame bolds good if youn 


B | 
1. 


Concerning curvilineal Spaces, it is in Effet þ 
ſame Thing to ſeek the greateſt Area contained u 
a given Perimeter, as to ſeek a given Area unde 
leaſt Perimeter. The ſame will hold in Reſp 
Solids and their Surfaces. 


EXAMPLE I. FX 
To find x2 +yy a Minimum, ſo that x +y+2= 
Put xz+yy =mn, and expunging 2, 3 
=, In Fluxions 5X —2xX—yx— xy 2) o, 
taking the homologous Terms, þx—2xx—x 
and 2y/—xy So, whence 2x +y=6, and x=2);1 
rey, x=25, 7520. 


Or thus; 


Since x2z+yy=m, in Fluxions * + 2X +2) 
alſo from the Equation x+y-+2=5, we have; 
+3=0; and expunging 2, we get —xxX—x + 


2 1 


cec 


2—90 =0, or x=2y, whence x, y, are found 
ſame as before. ven 
Nore, In this Example if » be given there wil 

a Minimum, but the mom! is infinite; 4 
it Y be given there will be only a Maximul 
Therefore in general there is no Maximum 
Minimum but what is infinite. x 


. II. of FLUXIONS. 


EA. 2. 


fs * 


For x write n. and the Equation is mi—am* Tam 
MO; In Fluxions amy—3y*y-=0o, whence 3y* =am, 
| which and the former Equation, mM rand are de- 
mined. 


Rx. 3% 


in a Cylinder of a given Solidity b, with * leaſt 
whole Surface. 


Let b x = Diameter of the Baſe, c= 


cx 4 c 
1416, then . = b, and 9 Sum of the 
4 3 
ales, TER Surface = LE therefore LG 


# In 8 OX Xn 468% = ,; which re- 


x ** 
ced gives * N 2 and thence y = * - = x. 
En 

the Semicircle A BC, to find the Rabl A D B 


a Maximum. 


Et AC Za, AD=x, DE then 


— 


-u mn, Or ax - =: In Fluxions Zax 
b = o, Wwhence x = 24. | | 


Ex. 5. 


12 Baſe AB and Perpendicular CD, in a 
wil 7 24 ACB, to find the Angle A CB, the greateſt 
e; SE 


BiſeQ 4B in E, and let D p, AE=9, ED=y; 


nd by Trigonometry (CB) V pp + 77% "" + Ws 
Z 2 (Radius) 


fads the greatitin this Equation * ar +axy—y'=0. F108 


172 


F I G. (Radius) R: 


20. 


21. 


De DocrRIN E. 
pR 


TOES 44-249) +3y 


n 


| R F 
and (AC) VE +1+5 EI LE 5 
* v ?P + 79I | by 
2 
oh 27: 24 = §. < M 


ſO TO ſ OLE,” 
i VPP+9 +3) XVPPt+G—). 
= m, and “ + 2PP49 + 4. + 27% — 277% +þ 
2544. — In Fluxions 47) — 4979 + 495 8 


at * = bp X, and one of the Roots is) a 
the other Quantity y* =9q—7p is an impolid 
Equation when p is bigger than 25 wherelore t 
Point D falls in E. 


. 


The Point P being given in the 2 1 of the Lig 
ADR; to find PB the neareſt Diſtance 40 the Curn, 


Let AC t, CD=c, AP=p, PR=9, P9 =1 
5 „% — — 
then B. = X Pq 4 pr —Xx, and PB: 


7 X Pa +qx P A ＋ a m: In Flur 


CC * — CC RA 2COXX 
. 7.— a o; reduced 3 


ec & p— 3 cc 
VV * CF. 


2 X tt—cc 


Note, If CP be greater than 38 


greater than PR, which the Nature of the 
will not admit; 


, then x will 


Le 


d. II. of -FLUXIONS. 


Ex. 7. 


berween the Sides AB, AD produced, may be a 
Minimum. ES, | [37 *3 | 


Let I Da, AB=b, EB=x,  £4=b+ x, then 
* Es and EF = We + fe. 


ce 222 
478 + 02 = M* 2 


3 a aab d 
is in F luxions ! is 264 +-2Xx= = a 


o; reduced is x4 +bx>—aabx—aabb=0, divided 4 by 
o, one of the Roots, and then #3 — aab = o, 


|; = y/aab, or from the other Equation x== 5. 
co Or thus: 
| b 
y ſimilar Triangles & 4: : 4: — = DF, then 


b or 25 Ler- Lan. < 


ee + ee =. =m: In Flux- 

WE: — — — 2 = — reduced 
Vaa + K * Y 

Saab. wy 


ET. 


nd a 2 one of the preateſs a under 4 AP 
Convex Surface and Baſe b 


Let the Diameter of the Baſe = x, Side = - 0, 


cxv 
3.1416, then the Surface DM - b, and 


| F Solidity 


\ draw the Line EF to touch the Angle C of theF I G. 
Rellangle AB C D, ſo that the Part, contain'd 22. 


174 
F I G. Solidity == VU — XX m; and eXPunging | 


| 22. 


given Solidity, under the leaſt Surface was required 


De * CTRINE 


exx j abb. 
12 J ccxx 


KP 2 =>, of Alban: — 2c. S4 


In Fluxions, 84bx# — 8bcx3X =0 ; reduced x: 8 
4 


hence x = VS, V 2 1 and Height = | 


and the Height, Baſe, and Side will be as WR | 
12. And the ſame would be true if a Cone 


E. X. 9. rf 
To find y and x ſuch, that 3 + x4 70 b fi 
nimum. | 7 


This Equations in Fluxions is gay*y — 2 21 
TA O: And comparing the homologous Tem 
gay'y — 2*ͥ =0, and 4x3% — 23*x3; = o; When 
gay* =2x*y, and 2 =», and therefore 3ay=y,u 
thence'y=o, or y = Za; hence x go, or x*= 94 

Note, if y be given, the Quantity ay3 —y 12 
has a Minimum, but the Maximum is infinite; a 
if x be given, it has a Minimum, but the Maxim 
is alſo infinite: Therefore if neither be given, it 
a Minimum, but no Maximum. 


EX. 10. 
To find xy a Maximum fo that x +y u = 


Here xy*;32+ in, and expunging x, yu? 
n 


r FE —e—z = pw 
2my zm 


In Fluxions, 2 : BL. Kos "A 


of FLUXTONS. 


. II. 
2 

125 
| a - amd 4 


n FEET vu, ? * 8 
| - * u 2 
ence - S — — =b—y—tu—2z 
A 2 4 4 | 


erefore u =+y, 2 = 44 = 2y, and therefore : y = 
„ 2=35 6. 

Ex. 17. 
find a Trapezoid ABCD of a given Area b, whoſe 


poſſible. 


Tz. Then y+x-+u=m, and zW'yy — 22 + 
u—zz + 22x=26, or (dividing by 2) Wyy—2z 


25 LS 
Vu ＋ 28 = —. Put theſe Equations into 
az un —2Z 
z WV UU—ZE 


lurions, and 9 + # , and 


„ . 7 — 25 
br = ; and expunging x, = 
2 5 99 
1— 28 2252 6 * 
— 27 — 22 = ; whence 
E 222 
V2" So, and 42* = 3y*. Allo - — 2% 
n | | V ul — 2 
3240 and thence 42* 3uu. Therefore 3y* = 3u², 
1 — 2S SS — 2552 
1. 1 Laſtly — — — — 8 
2 * 2 ul — ZZ 22 * 


that 


2Yz of } PP}; NONE ee eee — 


Let Mau, BA=y, CD=n, perpendicular BE 


175 


and collecting ſeparately the homologous F IG. 


23 5 


two Sides and Baſe AB+BC+CD ma be the leaſt _ 


WM DocrTrINE: 1. 


23 


176 ded 


— 2 23; Sud 
F 1 G. e Worm an Xpun 


23. 
. 23 33 
z and a, — — = i 


3 42 b 


2 2 N gk 72 


N 2 . and 2 T e K Hen 


a= 4 1E _ 2FD, and AB = BC = on: And 
| Figure 1s inſcribed: in a Semicircle, whole Diana 
| ST XD. 2 — 

3 12. 


24. Given the V. elocity of a Projectile, and it a 4 
above the Horizon: To find the Angle of þ 
LAG, to throw it to the age Bilan 7 0d: 
on the horizontal Plane BC. f ere 


Let g= AD the Space deſcribed in a given Tin 
d=DE the Space deſcribed by a falling Body i int 
ſame Time; = AB; and let AG be the Line( 
Projection, AL parallel to BC, GL=x, Then! 


| 5 
the Laws of — Bodies, d: bx 2: 3 S 


b 


— 088. Therefore er 2 2 —xx= 


=, or bs +555 — xx = 2, Bin E - ER Six 


2dxx =o, whence x = _ . Therefore 40 


a Tan, 1 — 30d i AC=b4; * 


=CG; whence the Angle FAC is biſſected hy tt 
Line of. Elevation or Direction 46; and y/ 4+ +Whax; 
3 (AL: GL: :) Rad.: Tangent of d 4 


Angle of Ele vation LAC. 5 


el FEALUXEIONS. 177 
5 8 


F the Weight 0 be given, and the Radii of the Wheel F I G. 
and Axel BA, AC ; to find the weight y, to be raiſed 231. 
by the Deſcent of w, ſo that y may receive the greateſt 

Motion poſſible in a given Time, 


Let AC=a, AB , and put p+q=w, ſo that the : 
art p may juſt balance y upon the Wheel, and there- 

re þp=ay. Let 2þ=Velocity gain'd by Gravity in 

fie Second, and v Velocity gain'd by y in its Aſcent, | 


2 : 
the (ame Time; and then 7 = Velocity of w ; 


d the Motion which would be generated in q by its 
ravity will be = 254. But ſince the Motion of the 
odies w, y, is generated by the ſame Gravity of 4, 
erefore that Motion will be equal to the former; 
r when the Force is given, the Motion generated, 


2.0 
agiven Time, will be given. But vy + —vw 


Motion generated in w and y, therefore vy + 


ow = 255. But q=w—p=w—_s . 
a 
Loads: RW 
| ence TRE — — 
8 „„ 5 
167 — 2aby X bw —7 
— Z; and 2) = ele — = =", 
434A X bw + ay b x bw s 2 ay 
"2 bevy —ay bm 
the Queſtion, Or 585 = — = "aa . In 


Iuxions, bevy — Z X bw + ay — aj A —ayy 
0, and bbww — 2abwy — aayy = ©; which re- 
A a duced 


— ———— 6 2 — 
— ͤ K 
— — 5 Iman 8 


F I G. duced is y = E 


232. 


The Arch AD being given, to divide it into three Pal 


The Doctrine 
|... 2 412. 
1 a "—_ A u. 
hence is found v = = —— * A 2—1 * 
And it 5 = a, then y = 414. 


100 01 


Seno fun. 


If the Brachium à was ſought, all the WY bein 
given, we ſhould come to the fame Conclufion, th 
TL 
Is, 4 2 — 0 
7 


. 14. 


AB, BC, CD; ſo that the Product o pm Þ 
of the Sines BE” X CPF DO, may be the gre dl 
poſſible. 0 
Let Radius RA=1, Arches AB = 4, N 


CDC, and AD gg; Sines BE=x, CITY, D0i 
Colines. KE=X, KI=7T, OS; Bad s Br 
and ler 1 by Gimilar Triangles X (RE) 


1 (RB) : x (Bp): 4 (37) = * * J likewiſe ! 


2. and S A. And ſince A+B+C=2, the 
T7 $ Qua 
fre 4+ +6 20, or + + 2 + 52 
And ſince xy" = Max. therefore — 

＋ m,n mx uy 75 * 
er + 7s —15x V o, or —— + EP 7 2 
From theſe two Equations we get — = 3F>, 
X y 5 mx 175 
2 5 d — TC ATA ems” 3 
X *. 7 an ws X : - + p 4 
fore 22 EA 6 Hence 5 4 


d. II. of FLUXIONS. 


ding to Art. 1 of the * we ſhall have * os 


ns Sy an 1 ms 
2 and 4 = - 3 therefore — I 
8 4 


— 2 7 Hence Fa . 7 3 and 
. 


1 | * | 
! : 11 ac "7 © > ig 

f * | s | 
t by Trigonometry, * 2 and FJ are the 
angents of the Arches A, B, C; therefore the 
angents of the Arches A, B, C, are reſpectively 
the Indices of the Powers m, u, r. And the fins 
as true for any Number of Arches whatever. 


Ces. 1, If there be only two Arches A, B; chen 
+1; m—1 : : Tan. AST. 8: F. -T. 83: 

1 Trigonomerry) S. ITB: S. 2 B; that is 
+1: m— : S. Sum of the Arches * 
of the 7 whence the Arches will be 
"Wn. 


Or thys, Let Tangent of A=mv, of B=mp, of 


+}Þ=?. Then by Trigonometry — — — =?, 


quadratic Equation for v. 1 — MV. 
Cor. 2. If there be three Arches A, B, c ; let 
ir Tangents be mv, xv, rv, and Tan. Sum t; 


A +1 XV 
I—MHVU 


? 


an, 4+B = Z. Then by Trigonometry 


YZ + F'V mur. o- unrl 
2, and T =— #5 ns — 
I] 2 ο Inn ur tur. ο 


5 a cubic Equation 1 v. 
And if there be 4 Arches, you'll have a 4th Power ; 
5 Arches, a 5th Power of v, &c. 

Aa2 KY. 


| 
| 
| 
| 
| 


——ů—r—n—ů — ory Op — pe Ree. * — 


. 


—_ Xx = o. But Fo — = - (fe the next . Pro 


Ne Doctrine 


. £ * - # 
TEE. no \ 
E x. 15. 


* 


To ls of 4 Maximum, n 5 


Let X = Hyp. Log. 5 . Then ſince xj 
Maximum, its Log. Toy" Art. 1) is a Marine 


yr 2 


X 
that i is, 5X or MA Maximum : and the Log, der 
- is alſo a Maximum; chat is, Log. X— Log; 


or Log. T —xX i is a a Max, and its Fluxion, 3 LE 
1 yer} 


— 


re I — * | whence Nu 


. 


v: wv 
Let x II; then RK = + 


c. (by Example 3, of the next e ); ter 


—2 


- 


. &c. 118 6 Ke. 

3 2 3 | 
+9 ! = 1. That is, v + 39* — 293 &c. =! 
Whence, by Reverſion, v=.56, and x=1.56. 


But becauſe this does not converge faſt, put # 
1.56, and n+v=x; I Hyp. Log. 1 e 3025 


x vulgar Log. 2 then will X=1+ — — 7 


"af : | os e © 0 _ 
+ &c. whence' we mall 225 D = 2 


II. T FLUXIONS. 


ay: 


271 


1 
t FT 1 So Fs 


u Numbers. 10. x rh pre S. 
e 531802204+1-24659.0% Ser. 
Ir 2.031V +vVU = —.001758 £ 


hence v =—,0008661 ; a _ or x. 5597355. 


- Otherwiſe thus.” NV ins 


Let dg n = Number of the FED 

poarithm I, as before. Then (or the Number of 
; Hyp. Logarithm /+s or of A is) nx 1+ 
1pp + 4þ3 Se. (by Schol. 2. of the next Prob.) 
hence the Equation XX + X TAX = „ becomes 


7 +l+p X into + + upp Sen 
That 1 is, 


dpf, 1 bo ð* 1. 


In e | 


002192 + 3.949611p + 5.008515pp &c. = 1. 

Or 788589 + pp = — N 

Whence p =— ,0005549, and /+Pp =.4441 309 

yp. Log. x ; or 7+ X,4342945 = vulgar Log. 
x (See Cor. to Ex. 8th of the next Prob. ) = 

1928836; 1 82 * 1.59134. 


Note #* or 7755 has no Minimum. 


Here 


| 
ö 
© 3 
| 
1 
ö 
N 
| 


182 
9 


230. 


Rule Art. 3.) and draw the Ordinates FH, G1, x 


De DocrRINE 


Here follow ſome Examples of finding the V. | 
of Curves, that require ſome ad or Minim 


Ex. 16. 


To nes the Nature of the Curve EFD, ſo that 
Length of the Arch AD being an, ive Area 4 


Hall beg Maximum. 


Let HFGT be an infigi gitely final! 3 Fes Part of 
Area, and C an Wa Point {according tot 


CP; and Fm, Cn parallel to 4B; and upp 
Cu=Grn _ 
Put the given Quantities Hp, CP=9, ( 
Cn u; and the variable ones Fm =v, Cn ,. 
Then by the Nature of the Problem, 9 


2 A = wo Pn vo nn + pk a 
— == 0. Ag 

Voo + mm © Vs , 

the Area pv-+9s is a Max. = m, therefore pv + 


= oz or pb = — 46, whence — | en; 
| 3 VP TY) un diat 
n 5 92 | | =s, 
— = — —— that s (mal 
s + un n un 3 | 
the Ordinates alike affected) r the 
| 75 5＋ un a 
8 5 1 ; Em | Cn ; ca Flack 
avs + mm n N e th 
En 
quently (any one as) 5 Tix FO is an invataßg u 
Quantity. Therefore * AH=x, HF=y, EF: * 
then 28 "== . —, or a R, ſor the Nature of ü 
IS a ce 


Curve, which will be a Circle. 


the Length of the Arch be given, and the Solid to F I G. 
Maximum; then wilt pv + 9 = m; whence 230. 


175 which gives — - 2 
EDV wo n 7 2 
ven Quantity, or aax = WS. 


F the Surface AD be given, to have the Solid a 


ximum. Then you'll have p//ToFm + 9/rfm 
a given Sn. and Y * 993 = mn; Which 


3 


U 0 


— 


No ＋ un 
1 S , as in the firſt. The ſame Equation 
be found, tbe Salid be given, and the Surface 


2 Minimum. 


| * 
— of 77 a given Quantity, that 


Ex, 17. 


id the Nature of the Curve ERD, which generates 
he Solid of leaſt Refiſtance , whoſe N and greateſt 
Diameter are given. 


Let CP, an infinitely ſmall Part of the Axis, be 
en; draw the Ordinates CR, PT; and the inter- 
diate one OF; and let PT =p, 9F 47 2 WISH; 
. Fug Rus. 

hen by Mechanics, the Force of the F luid 
ünſt the Part TF of the Surface, will be as the Cube 
the Sine of ce dil and magnitude of the 


233+: 


Mace, that is as g 15 * PX F, or 7 There- 
e the Force of the Fluid upon the two Parts T, 


z will be 25 + — m, a Minimum. 


7 + v* an +58 
2 — 2 PUV 22395 
f ( un un - 


&5 + v a given Quantity, therefore © = — 5, 
_ whence 


* 


1 84 


FIG. 7 EE. DP INNS. BY 


233. 


234. 


V, and at Mas V; and the Times being 


+ * + mn TM 2 m, alſo v +5 = a given Quant 


The © Doctzine 


un+ vw "VP uns 


Quantity ; ; that i IS, putting 2=; FS W's = 
or = a. * 

. When the Area of the generating Plane ABED, 
the greateſt Diameter BE are given; then pg 
a given Quantity, and po EF; z Which 9 


AV ns yo 


2 7 0 35 , OL — = 4. 
An + 5 un + 5s 

Tf its Bulk AE, and greateſt Dany be gin 
then p*v-+49s = a given Quantity, or p*v =—þ 
wo ws. #0. ao 
xXTF* = qx FR * 


which gives 


| » "ns 4 


To find the Nature of the Curve ADK, wherein al 
will deſcend from A to K in the ſhorteſt Tine; 
Points A, K being given. 


Suppoſe BE an infinitely ſmall given Part of 
Axis, and draw the Ordinates BD, EH, and 
middle one CM; and let the invariable Lines 


BD=p, CM=9q, oM=n=gH,; and the variable on 
BC=v, CE=s; then the Velocity at D will be 


the Spaces directly and Velocities reciprocally, tht 


D 
fore = will be as the Time of deſcribing V 
and 
MH | 
and Van” as the Time in MH; therefore 2. 8 5 


6 whe J 


＋ 


al e U,. 


Ve + un. DT, A _ 

AJ $5201 therefore hs 9 VET” 
AB BD 

Ea * is (putting , =) 


=0, nad F I G. 
8 234. 


5 ö = Jus a given Quantity ;/ whence Ver 

A or a = hi 4 ),, and e =p, 
hich denotes a Cycloid. 

If the Velocity at D be as any Power or Sums of 
vers of BD, which call R; it will appear the ſame _ 
i! ha * — 

ay, that r = 2 given Quantity. 

If the Area ARK be given; then N is given, 


v 6 
r py 3 — 455 whence 22 — — or 


but . * 
; and if the Velocity at D be as 


then £ are . 
tg 8 an- -1 ; 


EX. 19. 
wen CA, CT and the Length of the Curve AD; 


to find the Nature of its lo that the Area ACT may 
be a Maximum. 


Let the infinitely ſmall Parts of ah Area BCE, 
and of the Curve BE be given; and draw the mean 
Urdinate C D, and put Dag) „ CE=qz Bo==v, 


Dr=s, Do or Eg=n. Then Hum + Van 
2 
Ke 


Se given Quantity, and =, a Maximum. 
| B b There- 


88 — 
e — — 
” — l 
by 


186 


F I G. Therefore —==== 


235. 


Equation to the Circle. 


> = L BCD. = = L DCE, and — + =3 
32 N 5 


1 = 1 
given Quantity, and - = —— ; therefore 


FLOG TIS % + m pf 


The | 'DocTRINE 


— 
18 and 
e v an un + = SS I 71 un ; p 
— 2 * whence — vy — — 2 | 
| e un av SS tt 
5 75 — Put CB = y, Bo=x, Dog 
then L.A i antit r ; 
3 a: given Qu No i=, * 


Ex. 20. 


7 0 . the Noa of the Curve ADT in which a Bl 

will move from T to A in the leaſt Time poſſible ; th 
, Velocity at any Point E being as CEP , the mib Pm 
of the Diſtance. 


Take ECB an infinitely ſmall given Angle, a 
draw the mean Ordinate CD; and put CB =p, CD 
Bo=v, Dg=s, Do or Eg=n. Then the Timex 
ing as the Space directly and Velocity reciprocal) 


we ſhall have Wav +7 3 vs +m Mi: 
7. 9 7 10 
Whence =0O, 4 


= * 2 + mn 
ſince the Angle ECB is given, if Rad. = 6 tte 
8 


77 


3 


= — — SV 


—, A given Quantity. 
r= 


If MO, AD is a right Line, where a is the Per- 


ndicular from C. „ 


53 ; 
If m=1, then ＋ Is 2 conſtant Quantity, and 


de Curve is a Log. Spiral. 


I m=2, then ax =y2, the Equation of a Circle. 
If R = any Sums of the Powers of y, repreſenting 


te Velocity; then will _ = a conſtant Quantity 


b before. 


Here follow ſome Examples of Curves, where 
ore Conditions are concerned in the Queſtion. . 


Ex. 21. 


ar the Nature of the Curve E FD, ſo that 
the Points E, D being given, as alſo the Length of 
the Arch ED; the Area ABD ſhall be a Maximum. 


Let A, HH, EF =, then ſince the Points 


D, are given, the Length of the Axis AB is given, 
erefore the Axis AB=F: ax ; allo the Curve ED 
F: IS; and the Area of the Figure = F:.cyx. 
herefore collecting the Quantities that are affected 
th 8, and alſo thoſe that are affected with x; we 


all have F: Ag — F: Bx = F: 52 — F: aq x; 


ſence 4 = b, Ba +cy, therefore by the Rule 
It. 4. Ax B becomes bx =aZ+cy2, for the Na- 


re of the Curve, which denotes the Arch of a 


cle, SI ER | | 
-Bb2- If 


230. 
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F 1 G. Maximum; then the Solid = F: dyx; and 4= 
230. 


233. 


8 2 + by. Tharciare I Lf * =42 


be Doctrine. 
If the Solid generated about AB, is required to þ 


B=a+dyy, and * Sa Nd is the Nature of t 
Curve. 

If the Surface generated * EO 1 given, 10 bote! 
Solid a Maximum; then the Surface =. F: tr 
whence A=b+gy,; 'B=dyy ; and gy* = a + ij 
for the Nature of en Curve. Here the Coefficiaff 
a, b, c, d, gate conſtant Quantities, affirmativet 
negative, to be determined by the Circumſtance 
the Queſtion, 


Ei 22. 


7 o find the Nitro of the Curve ERD, obich gentrah 
the Solid of leaſt Refitance moving in a Fluid; uli 
Length, greateſt Diameter, and ſolid Content is gina, 


LR AP=x; PT=4,\DT=z; chen Axis Al 
F: ax, and Solidity = F: Ah, then by the Reit 
ing in Ex. 16. the Force of the Fluid upon the 4 


nulus PT F is — X 2, which is a Minimun 


and the whole Refitunce. =: = F: if, XS. Andi 


letting the Quantities affected with &, and alſo th 
aftected with x, and we have F: A — F.: Bx 


F: * 


j 


* 2 — F.: ax TN; ee 


byyz, for the Nature of the Curve. 
If inſtead of the Solidity, the Surface 1s 25 the 


the Surface = 73 9. Therefore A = 2 


and B=a. - Then (Ar = BS) — . + cyx = 
tor the Nature of the Curve DT; E. 


«1 oF FLUXIONS. 


=. +9, B=a+hy, And (4ii=Bz) N 
N LD, for the Nature of the Curve. 
Ex. 23. 


l deſcend from A to K, in the ſhorteſt Time; the 
Prints 4, K being given, and the Length of the 
wWrFADKR THY | 8 : 


Ln AB=3, BD=y, AD=z. The Velocity at 


as the Space divided by the Velocity, or as — 


V 


I the Axis AR = F : bas, alſo the Curve ADK= 


— ad 


d. Then F: A2 — F: Bx F: + XxX 2 — 
V 


ix. Whence A = * B=b, and (Ax =BS) 
a 3 | 


FA —=+bz, for the Nature of the Curve of 


ckelt Deſcent. | | | 
If the Velocity at D be ſuppoſed to be as y", the 


3 ü „ ; 
uation of the Curve will come out cx + 5 4. 


Ex. 24. 


given ; to find the Nature of it, ſo that its Center of 
bravity deſcends lower than that of any other Line 
the ſame Length, when the Points A, G are fixt. 


Let AB=x, BD=y, AD z; then the Baſe AG 
F: ax, the Curve G F: bz, and the as” 
| 0 


is as Hh, and the Time of deſcribing DM or 2, _ 


{ the whole Time of deſcribing ADK = F 3 | 
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jf both the Surface and Solidity be given; then FIG. 


find the Nature of the Curve ADK, wherein a Body 234. 


Length of the Curve ADG, and the Baſe AG being 236. 


The Doc TRINE 
of che Center of Gravity from-AG is = F: 9 
Prob. XVII. following. Hence F: A2 — F. 3; 
F: Aq 2 F. as, and AA, Ba; 
(Ax B) Iq x a, for the Equation of 4 
Curve. In C, where x = E, let y = d, and 
bþ+d=a. Let CE=v, y=d—v, and Ted 
or a—w Xx = az, and if =-, then z 
5. an Equation to the Catenary, by Ex, 


Prop. XIII. 


PNOS 
To find the Logarithms of Numbers 


Logarithms are a certain Set of Numbers, fo 
trived to anſwer to a Set of Numbers in their nat 
Order, that the Sum of the Logarithms of anyt 
Numbers ſhall be the Logarithm of the Produd 
theſe Numbers. i | 

Hence therefore, ſince IX II, the Log. of 
Log. 1 = Log. 1, that is the Log. 1 =o. 

Alſo let AC, then Log. A Log. B=Log\ 


and thence Log. A or Log. 5 = Log. C- Log! 


Again, Log. 4*= Log. A+ Log. A= 2 Log 
And Log. A = Log. A Log. A+Log. A=3L09g- 
And for the ſame Reaſon Log. A. =: x Log. 4 

Laſtly, let AB=1, then Log. 4 + Log. 
Log. 1 So; therefore if the Log. B (or the 11 
of a Number greater than 1) be affirmative, 
Log. of 4 (a Number leſs than 1) is negative. 

From what has been ſaid it follows, that if tht 


ve a Set of Numbers in geometrical Frege 
ceedl 
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ding from 1 both Ways ad inſinitum; and another F 1 Ge 

correſponding thereto, in arithmetic Progreſſion. 

eeding both Ways from o; then theſe latter will 

reſent the Logarithms of the former, and both 

| be expreſs'd in the following Form, | 

mers, — =; Tl 1, u, m, , +, Cc. 
1 a 


rithms, — 30, — 24, — . O, 4, 27 30, 40, Ge. 


o let the Number of geometrical Proportionals 
increated and their Differences decreaſed ad infi- 
u, that the Series may contain all poſſible Num- 
s; and let the arithmetic Proportionals be in like 
nner increaſed; and then the arithmetic Series will 
contain the Logrithms of all Numbers. 


Therefore let A be any Number, and p! its Log. 
the Increment of that Number will be  *—n* g 


4 Increment ir by the Number —_— gives 
I P a 
| 1 


grthm 3 is I X IO! that is J. Now nude 
and / are the ſame for any Number and its 
garithm, therefore the Increment of the Logarithm 
| always be in a given Ratio to the Increment of 
Number divided by the Number ; therefore if we 
= Number, and 2 = its Logarithm, and aſ- 


oo, the given Quantity M, we mall have 2 = MN 
2 | . 
and ſince the Flaxioas are as the Evaneſcent 
„ | | : | 

| , * 
* rements, therefore 8 = M x _ and the Fluent 
E. ; a = 


Mx Fluent of 72 . Therefore, . 
To 


192 
F 1 6. E divide the Hu 


- Fluxion of the Logarithm is equal to the Fluxig 
of the Number is equal to the Number caulk 


The - DoeTRINE 


| of the Number propoſed, by the Number itſelf, 
Jud the Fluent, which multiply. by the conſtant Ni 
tity NM, and it will give the Logarithm there 


Note, When M= 1, the Logatithms are ci 
the Hyperbolic Logarithms; in which Caſe, | 


To 


Al 


the Number divided by the Number.” And the Fly 
by the Fluxion of its Logarithm. 


eS 
ExAM PLR I. 4 
To find the Log. of bx. Here the Fluxion of 
Log. is M 5 = M — z but the Fluent of VM + 
= Log. x, therefore he Log. &x = Log. x. | 
when x= 1, then Log. Log. 6, and Log. x: 
therefore the Fluent corrected is Log. bx 17 
= Log. x; that is Log. bx = Log. 5 + Log. x. p 
This finds the Logarithm of a Product having WL 
Logarithms of the two Factors given. ul 
| Ex. 2: IX. 
To find the Logarithm of W. Here the Fluri bc 
its Logarithm = M x I = AX , i 
taking the Fluent, 1 ** = Fluent of M x 
a Xx Log. x, which needs no Correction (bea * 
when * , * = 1, and Log. x o). N 


This gives a Rule for finding the Logarithi 
any Power- or Root of a Quantity, when the Log 
the Quantity is known, 


) 


ct. II. oF FLUXIONS. 


: DE. TY * * 
N 3. . 


To find the Le. ZE . The Fluxion of the Log, 


5 | xx EX. wa 
e a forge 2 1 77 


4 G0 therefore the Log. = 3 0s ; ; 


1 * RA n 1,122 
* 1 ap ge 17 „ e bn 


e Signs of all the odd Powers muſt be changed. 


After the ſame Manner we Log. 5 = M * : 


3 * I. - + — . 
7＋ 27 zm 43 


Otherwiſe thus. 


fo fnd the Log. of u+x. Let a ] then the 


wion of the Log; WIE an | And 05 


ue 8, Prop. X.) the Fluent oC Log. nx: 


2 * 
b — + * and cor- 


2 
29 3” 
nected, the Log. 1+x — Log. 2 Mx: 75 + 


2 


"thy Je Sc. And Log. 4 +x: = Log. n + 


? | K * & 5 
e * 
Ao Log: *® - a 
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er. 
. 


_ CL 
Con. The Log of 1 = Log. 4 +2 
ue 36. 4 


8 
1 


bx- = bb 5 Mx: — 2 


6 TI 
+ —— Sc. 
+ * 


Scholl. Theſe Series will find the Log, of F: 
tion, or the Log. of a Product having the Log. d 
And it finds the Log. of any large Number 1+ 
Rs the Log. of 6, and making En. 


re of = Its Fluxion is = 2 


| — Rae, 5 +=4 
un — x 2 115 | 
+ Cc. Wind, the Fluent or Log. = U 
= Os. 
2M X: — + Mz * + „ 
32 5 717 
* 
N 2 M x = } 
the Log. EXE — 2 + 2 


© DO. where e = =, A, B, C, 8 - 


7 
are the Numerators of the preceding Terms, wi 


their Signs. 
2M 
I 


| Cor. The Log. of 2 X "3 =Log.b + 
A eB E 


d. l. of FLUXIONS. 

Scx0i,. The Series in this Example very ly 
ds the Log. of a Fraction when x is very ſmall, or 
ery great. 


ring the Log. 5 one of the Factors given. Like- 
i it finds the Log. of a large Number x, 
jing the Log. of _ and WI Se *, and 
or ITY | ! Ty, 


a + > 
1 ul the Lx of u, having the Logarithms of n K 
7 of 7 and 1 +x given. | 


The F luxion uh the Log. of - — 


= N vr 


— I S . | — — 2 


n 
. whence the Log, = — =Mx: 
Vu „ 2 


| - + = 8 2 Se. but 9 — Log. # 


Vn — XX 


Log. — — Log 1 — — 


Log. a+x Log. x 


Log. u+x + Log. n—x a6. 


x4 . 
FT or N en 


ne 


8 + Log, #—=x = 4 A Me 4 2 „ 


XX 


eC 
%S + Cc. where e „ A, B, C, Gt. the 


umerators of the preceding Terms. 


"H0 ee Schon. 


The Series in this ( Cor. * the Log. of eden 


07, 1 — — — Therefore 


2 3 2 3 
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The Doctrind: 
Sendo. This Series is very proper for. finding 0 
Log. of a large prime Number n, having the La 


10 


of the adjoining Numbers — eech, given 7, 
* a 8 i e en 
Er 6. 75 Pu 


To _ he Lords u, having the Logithibbing F if 
adjoining | umbers n—1 and n+þ given. 


. 
Tt au then will = r 
W . J=1 


© ＋ * = 4 
* > * FAY * Ak wy 13 * 8 f ” ; 2 


Ft — N „kbe Fluxion of the s of 12 


AY 


FE a 7 Þ — . N W's Ge. X Nl 


x „ 1 
: I 1 — 
therefore the Log. Ws pond = 12 + * i 


x 


+ * 5 N bt when yis infinite, Log N 
fore gill the 13 52 — or 5 = 
WER 
Mx: : — + 2 + des e. When 
9 = = ” 737 . 
| | — ; 
Log. »= Log. n+ . —1 + At _ & 
| 1 eg th 


_ + S 
FT 27. FL 
Scnot. . This Series is for the ſame Purpoſe, | 


converges faſter than that in Example the sth. Sin 


j 


2: hh „eee 
1 | E x. 1 | 


the Logarithms of n—x and nx given. 
inn nx = Log, — — 


7¹ 


hen the Log. 2 — Log. a = Log. = 


u+X | 72 | 1. 5 * 
R 


3 


Nc e L SG 
| x: 1 =—_— 
Ex, 3 and 4) 4X — > = 72 = 5 


+ Se. there- 


1 ＋ 7 + 125 


21 1247 + — 


4 
ſe Log. n Log. n—x + 7 * 1 + — + 


A + et Or thus, | fince 2 = 
LET ES 2—, therefore Log. n = 
2 x + Log. »—* + £ * 2 
2 2 21 1243 
2 5 + &c, 


180 
Scuol. This Series converges far faſter than either 
the former Examples. 


. * 
To find the Hyperbolic en F 10. 
Since 5 * 270 = Ki 1024 5 


r 77> 
10 9 — 
1 OEM * 1000? 10 Log. 


7 the Logarithm of a 1 ue 8 1, * 


103 therefore 


——————— — 


—— 4 — — . — te OO 


1 
| 
| 
| 


De eer vive 
10 Log: ster 1000 oe = 98 OS By I 


Log. 22 2 + IX - +; =X 5 Sc. there 


D 
10 Log. 2— 9 e + & 


(putting e= 270 Likewiſe 3 Lg. 56 1000 55 


| 35 — 1 = + = Se. (putting e . TM 
Here M= 1, A firſt Term of each Series, and] 
C, D, &c. the Numerators of each preceding Tem 


The particular Terms of each Series being four 
will be as follows. 


114 = 2222222222222222222222227 
3) fe = _91449474165523548239598 
x} Be = 677403512337211468441 
7) Ge = 597 3575945536256335 
9) De = 573594308 15848826 
21} Ze = 579388280968 170 
1 2 6052489164910 
15) Ge = 64759143328 
17) He = 705437291 
19) E = 7792354 
=r} fe = 87040 
OE OE — 981 
as) Me = ; 11 
10 Log. 4 2, 2314355 13142097 5576629507 
A 5071146245059 2885 375 494071 
3) fe = 33345113214995643214 
5 2813098335561819 
55 282525950815 
9], De = 30896931 
11) Ee = 3554 
3 Log. 3235 „,) 114957985 1948 1263550404 


M0 1 —————— 85 
N CoR0 


FOO 


d. II. of FLUXI ON 9. 


CoxoL, Hence therefore the Number M, mention- 


be known for the common Logarithms. For 
ce the common Logarithm of 10 is 1, therefore 


q : : Meere ; p 1 e | = | 
02585 &c. * MSI. Whence M= WOT, 5 
43429448 1903251827651 1289 Se. = 


garithms be found, ſince we know the Number M. 
jr let the former Series or 10 Log. 1 2 P; the 
N | 


ter Series or Log. 205 — 9; then the Log. 2 = 


han or Ez, whence are had theLogarith ms 


30 
jd 8; likewiſe the Log. 5 ö And 


us, 


4M 
The Log. of 7 = Log. 8 x 4 = Log. 8 — . i 
el Fs C0 gs 3%D 8. by E 


3 288 5 
ple the 4th. And likewiſe TE 
£&M. 3 1788. 


Log. 3 = Log. 2 x i= Log. 2 + 7 : 


= Sc. from whence is had the Log. 


1.8 


6 and 9. | 
10. 
2855 ＋ 


Or the Log. g= Log. 10 * 2 I 
EI | 


= Fr + 2 Sc. and Log. 11 = Log. 10 
bo, TE: of oY 
EE ee n= ay 4 Ty 


th theſe by Example the 3d. And fo for others. 
ot : 


5  SCHOLIUM 


before, and made Uſe of in the foregoing Examples, 


After the ſame Manner may Brig's or the CLE, 


199 


- ———— 
— » - 


— — —— 
© 
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SCHOLIUM I. 


The Rules in Example the gd and 4th are theq 
two Methods by which the Logarithm of a Nun 
can be found without the Help of other given Ly 
rithms. And therefore to find the Log. of a gy 
Number thereby, we muſt take two or more ſy 
fractional Numbers, that the Product of ſome Pon 
of theſe Numbers may make the Number yh 
Logarithm is ſought : And then there will beh 
two or more Series, which will give the requn 

arithm ; in the ſame Manner as is ſhewn 1 in EL 
for the Log. of the Number 10. 


Senor fun 2. 
To find the Number from the given Logarith 
Let n= any Number, 
S Log. of it, | 
u & = any other Number, 
[+2 = us Log. = L. 


, | 
1 = 57 = 2-302585 ke. for the commonly 


= .; ES.» 
Then we ſhall have 2 = * or Mx = uz + 
that is & r nn + md. 
To find the Fluent, by Sir I. Newton's ! 
| (Prop. X. Rule 2.) 


* 
PE: To i i map WM art 
” RES. 22 m uE. minzis ang 

128 -MXY — minzæ + — 24 
' = OR ——— Wt: 
2 14 * 

X uns 3 mihEI + : + „ p . 
mn mn mined ” 
PEAS, eee, 
2 2.2 2.3-4 


hich is correct; becauſe when * 28 ED 0, FIG. 


f 


IP "UE EE: SP BEMIS A WEL , — 
0% berefore 2+x=2 XK: 1 + mz + — + + 
Im | r | 3 | 


n e. . 6 | | 
| c. that is = NK: 1+ mz 
l ae AO 


1 mx m 1 

— 4 + W 8 He * =D &e. = Num- 

ch | as” NY I 

e bee Log. is 1+2, where 2 = L,—1, | 
Con. F 2=1, Zhen =o, and z L. Therefore | 


1 L. . 
4 2.3 - 2,36 2.3.45 
ſunber whoſe Hyperbolic Logarithm is I. 


Fl 
FR OE MC 
Jo draw Tangents 70 Curves. 
1, In all geometrical Curves, where there is given 25. 
e Relation of the Abſciſſa and Ordinate. Let A 


„ PM=y, and draw mp parallel and infinitely 
ar to MP, and M parallel to , and draw the 


agent MT, and let Pp or MR =x, Rm =. Then 
le ſimilar Triangles TPM and MRm, y 1 


i 


3 
= PT the Subtangent, that is 2 = PT. 
of |þ ne, J 


D d | Therefore 


202 


25. 


26. 


2%, 


28, 


i ig) G. Therefore, by Help of the Equation of the Curve, 


The DocTRINE g. 


| ; : 55 | x nle 
terminate x or y out of the Quantity 5 and ou 


get the Value of the Subtangent. | 
2. In mechanical or tranſcendent Curves referred 


Avis, the $ ubtangent may be clear'd of the Flu 
by the Equation of the Curve, by the Help of thij 


the known Curve it is related to. 2 
3. And in any Curve QM referred to a fixt Prin ¶ ere 
draw AT perpendicular to AM, and let AM=y =/ 
Rn=y, RMX; and by femilar 7. riangles a To 
— AT the Subtangent, out of which the Fluxiom MP 
be exterminated as before. 
There are ſeveral other Methods of drawing TW . 
gents, but this is the moſt general and eaſy. 2 
EXAMPLE I. eref 
To draw a Tangent to the Circle. Let AP: 
PM=y, Radius AC=r; then will 27x — xx = 
3 2 . 
whence 27x — 2xX 2, and x e T 1 
fore PT 2 _ 2 3 Z 
y F—x 1—* 
gati 
2 PI 
To draw a Tangent to the Ellipſis, Let Tranſit 
AB Da, Latus rectum , AP =x, PM=y. Il " 
£ dhe 
Lo. 4 ¹¹¹¹ 
in Fluxions g Ya, — z, OF y = A 4 


(1 


d. II. of FLUXIONS. 
* e 2 
rr = == 


E x. z. 
T1 draw Tangents to all ſorts of Parabolas. Let 
=x, PM=y, and x=y” , putting the 3 
1, Then & =my*—"y, therefore PT'= = ar =. 


nx. And. therefore in the common. Parabola, 
here m Sa, PF 


8 


Jo draw a Tangent to an Hyperbola. | Let AP=x, 
=), Tranſverſe = 24, Latus Rectum = 65. Then 


1e Property of the Figure is, — = = 24%-xX in 
J 4ayy : . 5 Fs » ax Þ+xx { 
9 — : — * 
Iuxions —_—= = 24x + 2xx or y = — b; 
| | c 24x +Xxx 
rrefore PT = 185 => _ 3 — : 
y ba +0x . a+ 


Ex. 3; 
Li MB be on Hyperbola between the Aſſympiotes , 


* us: > Whence PT = * =—x, and the 


oative Sign ſhews that T lies on the contrary Side 
PM with A. 
aſe 


EX. 0. 


To draw a 7. angent to the Ciſſoid AM. Let AP 
„ PM=y, AB Sa, BC the Aſſymptote. Then 
the Nature of the Curve ay* — xy* ; whence 
24y—2Xy . 


Dix, 
D d 2 whence 


fy = 2x35 — x =p"; 0 4 = 


Px, PM=y, and aa x; then xy +yX=0, 


25 


25. 


29. 


30 


204 The DocTRINE 1 | 


| IX 2ayy— 2%yy WM. - 
1 FIG. whence 4 PT r == 9 or expungi - 
iN 38 22 — | 20 
VP PT denne — 0 — 
ny 3a — 2 q 

Ex. 7. 


br, To draw'a T angent to the Conchoid. Let CA e 
5 ea, n., £ Ny. By the Nature off b 


Curve, T N —xx = xy, whence #W as) 


* HT ; 5 | * t fre 
— — GOT = Xy + JXx 3 whence PT = — 
a GA—XxX | J 
EE WoW Ad — Xx 5 3 = * c dar . 5 
4 - 2 - -V - — bag —s 


and being negative, it lies on the contrary Side of f 


Otherwiſe thus; 


Let Ap gu, AM=y, PM=a, AH=b, MR 
Then by the Nature of the Curve v + a =y, 


32. 


* ”; and by ſimilar Triangles Pp = . at 
| J 


= = Pay 24 b 
: = - = \ ny pov — K — 
= -- - _ - 45 — 
5 8 — | = l — — — — 
* — — rent r 5 — = —_—_ — 
2 — - - — teas > * 2 - TR : a — — = . 
28 — . ASr*OIEx To 1 —.— —— — — — = — — — — —— — * 1 
N . A Ace; 99 EI - "Pl * a * * 
A 


; 4 i 
E 3 
1 8 and thence 4 +» 
. therefore AT = . = . 2 
VU 9 VV 


. 


25, Let AM be the Catenary, AP=x, PM=y, AM=1 
'q by the Nature of the Curve z2z=2ax +xx, whence 
= * and 2 — 


* ; but 7 25 —& 


2 Ex aÞx 2 
K- 2 — x = (expungig 2 


VS : | 22S 22 


of F L U X 1 0 NS. 205 | 
| ; and 7 = 07 z cherefore * = 1 
e < 05. - | 
Ex. 9: | 
i ) draw @ T, angent to the Cycloid, Let AP = x, 33. | | 
3 U=y, A = 2a, Phu, Arch AB=z. By the 
ue of the Fi igure y=z-+4, and thence y = + i, | 
0 from the Circle 2 & and 4 = = 7 "*; whence | 
"+ . © 
11 
1 Ex. 10. 
Fr draw @ Tangent to the Quadratix AMB. Let 34. 


=b, CB=r, Mx, PM=y, DN=z, NI=s, 
=v, Mt, RM=4. Now by the Nature of the 
ne bz=ry, therefore =, and by the Property 


| : a „ F rs 
the Circle 5 = ZZ; whence 2 = 2 = 1 and 


EA - By ſimilar Triangles 7y = 5x, and thence 


+11 =u5 +4 , that is (becauſe 2 2 -x or 


, and rr — 58 t or 72 3 — } 1, 
2 tuy 
J= (uf —5 =) 7 5X 3 — 
LL. Therefore pr 2 — 0p 
S y bs 
Z al 2 | 
I —— = (becauſe <E) IE —_—— 2 
2 


= 
t 10 
ii : 
l : 
3 
_— 
4 | 
14 
| 
} * 
. 
] is 
'18 
i f 
1 £ 
1 
. 
1 
= 
: 
"3 
! N 
5 
. « 
1 
[ 
1 
48 
* 
of 
* 
l | 
5 
1 £ 
Mi k 
1 — 
4 
:; | 
4 
0 
9 
1 
Ws þ 
1 
' 


ct. 
ch 
1 9 5 8 Ex 11. | 
FI G. Let AS be any given Curve, and AM ate 7 nt 
35. ſuch that AP = Arch AS, and Ordinate PM 
AY, to draw the Tangent I'M. 


Let AP=x, PM=y, A9=v, Tangent SR 
St, AS=z. By the Nature of the Figure x=z, ; 
V=y, therefore & =2 and V=y; and by ſimi 


206 The Do 0 TRINE 
ell 


T riangles v= x 2 = 85 therefore PT = 0 


IX i 


e © 


V 


Ex. 1 2. 


36. Let BM be an exponential Curve, Mpx, PM 
and a* = y. Let A, I be the hyperbolic Logarith 


of a, y; then xA=Y, and A 7 whe 


. Ix I - an invariable Quantity: Theres 
BM is the Logarithmic Curve. 


* 


36. Let the Nature of an exponential Curve be expri 
1 this Equation x* ; Let A, Y be the hyperbd 
ogarithms of x, LE then = Z and xx +Ax=! 


but x = = and 77 73 „(by Prob. II.) there 


x +Ax = 24 5 or v AN J. whenee PT = 


{nx 14. 


37 To 1 27 angent to Archimedes's Spiral. Let ng 
A r, Arch = 2, AM=y, c a given A 


— P ˙ w . — . > abi ALIAS BEA 


all F FLUXIONS. 207 
the Nature of the Figure 7z = cy, and thence F 1 G. 
A, and by ſimilar Tri = _- 
S —» wa ler riangles x = iS 2 


n 5 | , 
ence AT = — . 
| I. 


Ex. 1 13. 
7 draw a Tangent to the reciprocal Spiral. Let 3 g. 
adius BA = a, Arch BC =6b, BP = 2, AM =y, 
24. The Equation of the Curve is ah =2; and 
eefore „D o; and by ſimilar Triangles . — 


as, oro — 44, whence ZY — a S o, or x = 
f Therelave A = = —_ = — = 3 given 
| | 9 T5 
lantity. = 
Ex. 16. 

Lt AMD be a Spiral of ſuch a kind, that putting 39. 

„AC y, Arch MC=v, AD=a, a given Line, 
ab =33. Let Arch BE=2, and by the ſimilar 
tors AMC, AEB, av=yz, whence expunging v, 


ͤ—ũ—P——— —r— - - 4 —— —œU U 


| 2 8 |; 2 15 = 
= 0, alſo JM or x =, or x: 5 And 


2 =ay; Whence x = * Y, and therefore 
"> WW 242 | 


— — — . * 


= — — 
2 CIT TT ee Cee ee eo 


di RR 
PROB. 


FIG. The Point of Inflexion or contrary Flexure ig 


40. 


„ 


8 


De Doc TRIXE 


RO B. IV. 7 
To find the Point of Tufexion or contrary Fly F 
of a given Curve. 7 


Peint whieh- ſeparates the convex from the cong 
Part of the Curve. 

In the Curve AM any way related to the Axt 
let AP = x, Ordinate PM y; draw the Ord 
Pm parallel and infinitely near PM, and Mr par 

t M. Now the Ratio of Mr to ru is the ine { 
or leaſt Poſſible. in the Point of contrary Flexy 


? 


My x 
that 1 is — or — is a Maximum or Minin 
mr * 


» 
60 


whence (by Prob. I.) its Fluxion 22 * de o, d 


— o; hence if & ,. then J ro, or 1j 
then 5 

In a Curve BM referred to the fixed Point P,t 
Mm infinitely ſmall, and draw Pm, and Mr | 
pendicular to it, draw the T angent MT and ! 
En to 5 and let PM=), Curve BM: 


Mr =, wr 5. Then, by ſimilar Triarg 


P 7 = = 2 — —— But in the Point of Inflt 


2 


FE Perpendicular PT is a Maximum or Miniml 2 
therefore its Fluxion or the Fluxion of Si: O 
© LON = 
32 + XS — Vx; E os „ ov 0.3.2 
85 o, or Y = )X2 +) % 
0 


a II, of FLUXIONS. „ 
t of which any of the Fluxions may be extermi- F I G. 
ed by Help of the Equation S =x"' +5* and its 

uxion, making any of the Fluxions invariable, or 

ſecond Fluxion = Oo. Hence therefore to find 

Point of Inflexion, oe Rule 1s 


1. I Curves referred to an Avis, let AP =», PM=», ao: 
be Equation of the Curve into Fluxions, and again 

the reſulting Equation into Tn making both * 

j Hen Ruantities. 


. In Curves related to a Pole or given Point P; let 41. 
[=y, BM =2, and Mm, mr, Mr will be as 

„ Put the Equation of the Curve into Fluxions, 

| the reſulting Equation into Fluxions again, writing 

i ſome firſt Fluxion each Operation: Then you will : 

trmine the other Fluxion which muſt be ſubſtituted into | 
of the following Equations that contains that other 

ion. And then you will get the Value of y. 


| 8 — 1 
E 12 881. then y = = = Bo uf . 
3 2 | 
„t 3 3 2˙² — x ZN | 
—_— 5+ 3 . | 
F a_—— | 
- VER? * L=F 3 : MF 


EXAMPLE x. 


Lt the Equation of the Curve be ar xi + aay. 

ls in Fluxions is 2axX =23xX +x*7 +aay 3 which 
again into Fluxions, 2 =2,)X* + 2XXY + 2XXy 
Us: + 4x5, and expunging y, 4X*=yxX" +2XX X 
My 2) * 
» D x ; that is by Reduction aa LANA; 3 


ence * SN. 


E 


ect. 


hence 


The DocrRINE 


2 


FIG. Let BM be Nichomedes's Concoid. AB a, 4. 2 
42. then its Nature is yy =b+x Vase. In Flu 


n — kh, 0 — — 
— — * 


— 
— IS — — — — _ __ 
———u— — 2 ——  rern 


* —— „. . 2 . 2 g EEE IE — 
= 15 el * * 2 


Wl bxx + * 

x Ixbxy= * V — xx — — —U—ͤ. and expy 
Il Vaaà — Xxx 2 

tn — - aab 5 VVV 
ing y, — * =, and this again in Fluri ; 
xx Vd — XX Ng 
% 244% — @&*x3 — aabxx . : __ 

14 —X* o, and reduced 
= Gax3 — x5 Vaa — Xx 83 
4 Zbxx =2aab, » 


. 


4 Let AFK be a Cycloid of ſuch a Kind, that Arch { 
DM:: ADB : BK. Let AB gar, ADB ga, BI 


b 
, Wu; then 7 — 2 + _— and y=: 
Px 


Var 


RE: the Property of the Circle 3 = 


Xx . ar- axe 
and u = - =5 whence j = ————— 
rx xx V1! 
brx — arr — brr 
in Fluxions —— rom o, reduced 


2rx—Xx * 


46 
14. 

4 Let BM be the belicoid Parabola, Radius PB 
PE=r, Arch BER, PM=y. Then by the) 3 
ture of the Curve av =7 —y , whence av = ; 
| „ 2 Le 
r —y, but by ſimilar Sectors v = , or v= , ppc 
| ury 


When 


all of FLUXIONS. 


ar 


hence ra = 2 Kr -=] and jy = - 
| 29 X y—r 
= : Ke h 3 — 7 290 — 5 
"Wutting * = 1), and 5 = 2 -, whence 


E149 — 02 A T aarr and ex- 


— 2 0 — — — . 5 


y — 2ary * 2y—r 
aging 7, 40. Xy—r + aarr = 2ary x 2y—r X 


Xi 


| 3 
„ that is XY + aarrxy —r + aarr 


2279 
F = 0. Which reduced gives 0 — W 


err *a'y — 2r'a" = O. 


Al Ex. g. 

(I $7p0/e BM to be à ſort of Spiral, PT or PF 

chRT =v, and let a =vyy expreſs its Nature; then 

59% =o, but by ſimilar Triangles 6 = =, 

, — 

; hence 2 no, and x 8 putting 

: — 2a 3 

«=: ; and expunging v, x = 7 and 1 = 
0 x +x3 22. 

1 1 therefore y = — = + ps „ or y# 

44%, whence y = 44/2. 
. FPFRNWGNN 


Is find the Radius of Curvature in Curves. 
Let Amꝗ be a Curve referred to the Axis AE, and 


uvature in any Point m, and deſcribe the equicurve 
E e 2 Circle 


poſe C to be the Center, and Cm the Radius of 


45. 


0 —— — tare 


— 
—— 
— 


i 
* 
or 
U U 
3 
t 
94 
'1 84 
14 
ay 2 
x 45 
174 
T4 
i 
11 L 
31% | 
# I 
(ay 8 
'8 1 
i'4 4 
i} 
1278 
| 


Or I ROE - - 
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F I G, Circle Dm coinciding with the Curve in mn. 


46. 


AF or BH, "_ mr, x; 1, y; and m n, 25 tl 


by ſimilar Triangles r—b—x=— = =, an 


minate either of the other indetermin'd Fluxions 


different Forms for the Radius of Curvature, 't0 


. The DocTRINE.. 


DC, mr parallel, and AF perpendicular to 45, 
produce m5 to H, and draw u G parallel andiinſi 
ly near n; and call the Abſciſſa AB, x; 

dicular Ordinate Bm, y; Am, 2; 1 C. 173 8 


CH =r—b—x. 

By the Nature of the Circle DHx2DC<D 
Hm, that is 27x + 2rb—bb—2bx—xx = cc4+204 
which put into Fluxions rX—bX—xX =cy +» v 
put into Fluxions again, r —bX——xX—x* = +} 


lor 7 —b—Xx X Y = A .=. 


i 


» + 


1 2 
1 A 
1 3 3 
== E = whence the former Equation bet 


2. "= y =2* ; which reduced gives FI = 


2 
for the Radius of Curvature of the Circle B56 
the Curve Am in the Point 2. 
Now ſince we are at Liberty to take any one o 
Fluxions &, y, , as invariable ; we can, by the 
of this Equation 2*=x*+y* and its F luxion, es 


of the Value of 7, and by that Means find fe 


different Caſes. And the fame Way will fe 
Values of H, CH, be determin'd. Thus wel 
find when x is given, the Radius = 5 = — 

— 
when y is given, the Radius = mn =— 


and if 2 be given, the Radius === 5 == 
Ap 


=. FFLUXIONS. . 

Again in Spirals or Curves referr'd to a fixt Point B, 
My. Let C be the Center, and CM the Radius 
Curvature in any Point M; and deſcribe the Circle 
My coinciding with the Curve in the infinitely ſmall 
Mn. Draw Bu infinitely near BM, and CD, 
perpendicular to BM; and call BM, y; Curve 


1 23 Radius CM, 7; DE, v; Er, b; Mr, *; 
bk 2; 70, 5. By the ſimilar Triangles MEC and 


1 | 


mx r = 
Wn ME = — = —: „ and EC = =. 
as 2 1 2 
2 2 


refore V= — — and thence v= —— 
þd by the ſimilar Triangles BEe, Blur, it is BE : 


Iſt: Ze: My, that 15 5 : (* 2 5 


* , which multiply'd and re- 
— — —, for the Radius of 
x. ＋ - νπ | 
Mature of the Circle DM, or of the Curve A M 
M. Hence alſo ME = — 2 ——, 
| 8 S M = 
42 
e e, 
Nom ſince we can make any one of the Fluxions 
Y, 2, invariable; we can expunge either of the 
tand its Fluxion by the Help of this Equation 
=#*+5* and its Fluxion, and thence obtain Variety 


ted gives 1 = - 


and 


as before. | 
Otherwiſe chus, when we have the Perpendicular 
Mm the Tangent drawn to any Point M of the Curve, 


Gn find the Radius of Curvature CM very ee 
thus; 


Werent Forms for each of the Quantities CM, ME, 
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F I G. thus; let BP, Bp be perpendicular to the Tull 


48, 
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MP, np, and let BP gu, p A, the reſt as bat 
Then by the ſimilar Triangles pMq, MCn; u 


Mrn, MPB , ru = pM x My = Y or Tu = 


whence r = 2 Hence therefore to find the Rad 
u | 


of Curvature the Rules are, 


1. In Curves whoſe Ordinates are perpendiali 
the Abſciſſa, for the Curve, Abſciſſa, and Ordinutt, i 
2, , y: Put the Equation of the Curve (reduced ul 
and ſimple as poſſible) into Fluxions, writing 1 far 
one of the firſt Fluxions contained in it; then pu. 


reſulting Equation into Fluxions again, writing 1 WW"! 
the ſame firſt Fluxion. From the firſk Equatim | 
_ ether Fluxion will be determin'd, and by the ſecout) 


will get the ſecond Fluxion ; which being had, juljil 
them into one of the following Forms that contains ing 


Arſt and 2 8 Fluxion. Ill 


FO RMS. liel 


1 * 2 2— 


Radius m C -= = —= 


4 5 
Fx= 0 * 

| — JX1 * 2X2 Y 
3, 12 
5 | INN. Wk J 

Radius W 
. | De: 

Hy = T3 * H = EEE = F 
— _v/* M4 


* 2 


d. II. f FLUXIONS. | 
in * FIG. 


u Nut nC= "= r = 46. 
Is = 1K W — 
2 | 5 1 . 
5 CH = — Ee . 
5 * 3 


But in the Vertices of 8 where they 4 Fe 


riſa at right Angles, . take == for the Radius of 


ature; and in the 18 857 5 Print, where they cut the 
nate at Right Angles, m N is the Radius. 
2. In Curves related to a fixed Point, les the Curve 47 


=z, Ordinate BM=y, and Mr=x. Put the 
mation of the Curve into Fluxions, and make ſome of 
yt Fluxions invariable, for which write 1; and 
e Equation being turned into Fluxious again, write 1 
r the invariable Fluxion, as before : Thus you will de- 
mine the other Fluxion and ſecond Fluxion, whoſe 
ulues being ſubſtituted into one of the Forms below 
lich contains that firſl and ſecond Hluxion, * * 
ne the Radius of Curvature, 


FORM S. 


x=1, Radius MC= IX1 —— = r 
1495 oY V2 1-2 


5887, Radius MC = 3X 1+x7 MW VA 
— | K TA S- 
:=1, Radius MC= ALS Fi 2 =. 


XV 1—x* +7Yx I — —— 


: MC | 
TW 4 = LEE, and E = 


216 


FIG. But when you know the Perpendicular upon the? 


48. 


49. 


50. b 


25 = 2a (where x =1),and this again in Fluxions- 


a2 2, and again -= 2 +235 ; whence 


An is the Arch of a Circle whoſe Radius is 7 
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gent drawn to any Point of the Curve, put thi; . 
pendicular = 1 ; ond find the Value of >, from; 


Equation of the Curve: And this is the Radiy 
Curvature. RS 

: EXAMPLE I. | 
' Let the Equation of the Curve be ax—ay=s'4 


where AB=x, BM=y, a= a given Line. Le =! 


then putting the Equation into Fluxions 4—y 


SE. 14 1 N 4 Y —2X© : 
at+2y | CP - d 2X2) = 
_ =(becauſeax—ay=x*45*) — Whence the Ni ic 
a 27 3 
Ef l 1 
of Curvature = 17% = a—2x + a+! 


I | | | 

2 'z a 5 : * N 
2214 — a determinate Quantity: Therek 
4a v 2 | | 


Og | Ex. 2. 


Let Am be an Ellipfes, a = Tranſverſe, þ =! 
Parameter, and abx—bxx=ayy. In Fluxions 40 


1 : ab. 2bx ; 
=2ay* +2477; hence y = = 2ay and —) 
N * © N 


All 


3 N 5 Iu £6 7 2 3 
RRS 
ay 44 


— 


Theſe Ig — £0 14h 
= © a hore. 


04 


a l. of FLUXTIONS. 
LA -A — 

209 SEE” 
1 46 eee 
usmC = — 7 2b PE 


And if Am were an Hyperbola, \ it would be found i in 


e fame Manner that mH: =zp+ 2 5 Y, and ac 


＋ 

E +22 E. 

2bbas 

a Or thus in particular Numbers. 


Let 22 3, b=r, and aſſume x=1, i, then 


2 I "So Lf xXx = V, and by the foregoing ope- 


0D ab—2bx 1 4 9 S r 
ul non y = — 2ay — — 6 CF 2.40 —J= ay 
N . Whence m C = 2 — 
i 8/2 —y | 54 * 
: Otherwiſe thus : 


Let Tranſverſe Sar, Conjugate Sac, B the Fo- 
u, BM=y, BT =« the Perpendicular on the Tan- 


nt at M. By the Conic Sections à = 


Vang: 9 F 
-d = — ak = = = 207 the 
a 27009 n r 


adius of Curvature in M. 


E x. 2. 
In the Parabola ax yy, then 42. 2h, and ax = 2 


putting ) = * ; whence Radius mC = ITK 


3 * 
8. 1 cab * | 2 
2 . SD. 
2 — — ——— 
ws 24a ag 
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F £6. 
58. 


51. 


Aſſymptote ; "Io ſince the Poſition of . Onda 
mR is given, there is given the Ratio of R and Il 


| 52. 


1 | Doc T RI NE. 


Guberwwiſe ibu: 


Let No — LA rectum, B the Focus, BQ 
BT Su, the Perpendicula: on the Tangent at M, 5 


* jr * 


5 


OY — 2. 


the Nature of the me un — 42, and 1 = 
q * 7 
rs 2 . 20 2. 


4 ay en 


EY 


a 1 NEE — A 


EE. 4. 


VE. AF 


ad: 


to mB perpendicular to AB: Let RB D, mk= 
AR N -. By the Nature of the Figure ARI 
= aa = txy — , which turned into Fluxions u 
zyx —215y=Z0, and again 21% TH -a O hend 


£2 2Sy © , and = LE = - 
| | 4 * 
2 
rr 25) — N the Radius 
. . AD, a L 


Curvature in . 


Andin a Ng" angled Hyperbola {= and tix 


VET, 
Radius becomes 2 y + xx)" 22 = . 7 
Ex. 5 6 
Let An m be the Ciſcid, whoſe Equation is ar-. 15 
2 22 4 


ss, then 4-9 = —inF union _z- 


XX 5 
reduced kane”; 3 in Fluxions 355 'x —bjx+ T 
| 3%Y* +5, 01 thi 

* —Op* 2 75 = — z a0 
* x —<by x: 27 hence x 7 Wee be 


— 
— 


al ef FLUXTONS. = 


bey+33%—39 © | e Then FIG. 


* 
* 2 


N 23201 MY vp 2 40 6 1 2 5 > 9 62. 
I ay 4+gx%y* +6493 +2517 

& = mw 2Y3X: 30% + 6xiy* + 3x5 
56) 4 =. eee XX 
REES baay 


ie Radius = 


(expunging y3 


_ nk 
| 440+ ay +) +x* "XX 
—_— 
. * y PMI OS 
9 eee eee Therefore in the Vertex A the 
adius of Curvature is 0. : 
Or thus definitively in Numbers. 
Let a 10, y=1, and aſſume y=2, then x=, and x 


=": ( expunging ** 


2y3 YE Te- And * — 77 . 
1 „ N 
0X 165 whence +72 = 1 9. 
6 Ex. 6. 


Lit x=y" be an Equation for all Parabolas, then 
SI) Xx = 1", & = m—1X3"*, Therefore 
75700 I — ; | 
x | | = 3 - 
Hence it will "eaſily appear that every Parabola, 
kept the Appolonian, has the Radius of Curvature 
the Vertex either infinite or nothing at all. 
Cox. If ax=yy, Dr, cu, dry, Cc. be 
Series of Parabolas, then the Angle of Contact 
made with the Tangent and Curve) at the Vertex of 
one is infinitely greater than the Angle of Contact 
the next following one, The Angle of Contact of 
e firſt ax n, is of the ſame kind with that of Circles. 
| Ff 2 Now | 


| 
| 
; 
Z 
| 
| 
jp 
| 
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F I G. Now it appears that the Angles of Conta® if on 


.. Inithe Curve are, the Radius = d 
2093 


54. 


Contact which any Curve makes with the Abſciſl 
the Vertex is infiaitely greater than the next prec 


* 
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kind infinitely exceed thoſe of another kind, finceth 
Radius of Curvature, of one kind is infinitely great 
than that of another; and the Curvature or Angle 


Contact is reciprocally as that Radius. Thus in H * 


Cc 


I 2 


Curve x94, the Radius = = Infinity, u 


= Inf 


ty, becauſe yo; and the latter Radius is infui 
c | 1088" 
greathr than zhe former, for „ 
2005 129 20 


and therefore the Angle of Contact of the firſt inf 
nitely exceeds the Angle of Contact of the laſt. Then 
fore a Curve of one kind, how great ſoever it u 
be, cannot be interpoſed at the Point of Contact h 
tween the Curve of another kind and its Tanger 
however ſmall that Curve may be: Or an Ange 
Contact of one kind cannot . neceſſarily contain 
Angle of Contact of another kind, as a whole 
tains a part. 

Likewiſe in this Series of Parabolic Curve ax 


15 Sr, c =, de=y*, Se. the Angle 


ing. The Angle of Contact of the firſt 2 
of the ſame kind with Circles. And though 8 
gles of Contact of the ſucceeding Curves do infinite 
exceed the preceding ones, yet they can never arrive 
the Magnitude of right lined Angles. Morton 
between the Angles of. Contact of any two of tit 
may other Angles of Contact be found, ad infniu 


that will infinitely exceed each other. N 
Let Dm be the Logarithmic Curve, whoſe Laufe R 


75 h Say, putting AB , Bm=y, 4 = Subtang" 


The 


g. II. # FLUXIONS. 


eien i =) 5 . 2nd 5 25 3 El 
Tate ee 


kerefore — = ES the Radius of 
rvature 3 where the negative Sign only ſhews its 


ſition. 
Ex. 8 8. 


Let Am be the Catenary, AB= =x, Bm: Dy, Am z; 
nir £quation is 22=24x ha, then (putting Z=1) 
Fluxion is Z g Tx, and again N A 


o | 2 ] — K 
20% hence x = ——, and & = — — 
if a+x | a + x 
hen — 45 Si 
n — — 85 Therefore 2 
1 FS a+x * 
el 3 AO 2 | 20 2 2 
ge a —22 __ @-+-x . = a + x a 
n 4 1 „„ e 
A ＋ X aa 
(01 25 | 
==, 
at 4 
le Ex. 9. 


Lit Am be the Cycloid, AB=x, Bm=y, Arch AD 
v AR= a, then BD = ax—xx, and vo = 


= „by the Nature of the Circle (putting 
ax — xx | 


=). By the Property of the Cycloid, y = v + 


POV 97 Ax, h + - 2 —2* 2 — x 
e 188 Wnence — _—_ „ _ 
the 7 2er kr V ax—xx 
—3 dy I" — ; whence 
* 2* 2 - 


ie Radius 2 who — 2 2V aa—ax = 2DR. 


Ex. 10. 


- — 


— 


py 


3 FIG; 


54> 


52. 


55s 


222 | * Doc TTY 


| r 40 + * r 


5 F 1 G. Let Dm be the Conchoid, RAS), 4D . FS 
53. Bm=y its Equation is &+y Vcc = = »9. 


| | cc  abce 


(. ſquared and divided _ . 5 ＋ 1 + «| 


| FI — . los 7 W 
| Ho bb 0 —3 = - XX In . xions, 2 


X 
TOR 4 


| . 1 5 11 6 * 5 43" : . Ghee | 
| NY rien 29 = 2XX 5/ and again * Fl 
abce <4 * 
— — 2 24 FU 23% 3 whence x ="—"W 5 
bee % ‚ re. e het". 1 
r e 408-8 $5777 i Tg = a 
SSL * 7+ —_ 
12 5 


_ Now to find the Radius of Curvature i in a 


| given Point ; let „ g, c=10, if you take yz 
| then x = 1425 and æ = —2 35, and i= 4 499. 3 When 


4 FEY 
X 
Point n. 

The Radius-- of Curvature may alſo be exprelk 
indefinitely in the ſame Manner as in the foregoin 


= = 326 the Radius of Curvature in 


N * a ** *— 
tho' more prolixly. Let x =Z7 - 
. 
— 


=D; then TF - Whe 


N / : 
l 5 = ax +20 2 ; therefore either * 0 
* Fr - 


being given, ho other will be known, and the 

the Quantities P, 9. Far Example, in the Vert 

: 5 

where * So, the Radius becomes =) F 


v.20 : 7 


g. II. oF FLUXIONS. 
bee 


5 £22 5 


Ex. N +3136 {11} PUR I; | 


)as 7 to v, that is, — fru, likewiſe rv = 
and by the Property of the Figure 7 =y, and 
| j/=7; and by ſimilar Triangles wy = vs, in 
ions yu. + uy = XU + vx, and expunging 


xx Co" on 2 1), this in Fluxions ry* + rx 


2 + rx — 2x% , Therefore * = 


ow 


27x + SS F- 


—x 
the Radius of Curvature is required in the 
tex F, it will be found by expreſſing AE and CE 


bs Terms. Thus it will hereafter be ſhewn 


CE 


5 Prob, VIII.) that CF = CE + Ec. 


t „ = v. _—_ whence. by Reverſion of 
. Series 


Du be the Quadratrix, AB x, Bm= AP or 
dr, A u, CE=v, Arch CF =, RCF=gq, 
t, Am . By the Nature of the Circle, 


Fluxion of RC ( —7 * 186 to the Fluxion of AE 


i U, we get —y*y + rx —#*'y = 1X =—y + 


— t rx — Xx 


1742p ” 
7x SS Rs — 29 — 2x% _ 255X — 2557 
-——; and 7 — — 3 
' 2 my 
— 3 
3 N 
„ LD T 
«„%%„ 13193 XN 22% My 


Infinite Series in Terms of y, rejecting the ſuper- 
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bb 
nn, * 25 pts FG. 


56. 


w Docvniny 


"Ra 


* 
1 — 2. en, Uy = UN becomes ry. F 
29, | = | 27 
5 6 RE 
- "Ger? and x =r Foy * 2 3 


Bur the Radius of Carvaare in P is , 


you muſt write. r. „* we . — 2 for #, 


— — — 


„ If 


71 


Ex. 12. 


59 Ia AM be the Logarithmetie Spiral, TM4T 
gent; BT, BP perpendicular to BM TM. | 
BM=y, BP=u, the given Ratio of MT 


5 
BT as c to 7; then 1 and 4 = 


whence MC = A = - „ therefore C falls 


the Line TB produced. 
Ex. 1 3 


60. Let BM be Archimedes Spiral, AB Sa, 
AD =v, BM=y, and let Y S av, whence h 


av 3 but by ſimilar Sectors v = 7 or © =] 
therefore — Let j = 1, then x = -"» 


* == * whence the Radius a 


a, II. of FLU XIONS. 

Tx AN + 8 8 

Typ +26 © bo + the 
Ex 14 / 


gopoſe the Equation of the Spiral to be by" = = a", 
an 
en, 1 if . mbyn—y — a" —_ = or mby"y 


r; again, in F luxions, mbyn—y* + mby"} So; 


. LE 1 
mce 5 = — dj = . I . Whence 
e Radius = — X 1 +5 
NF 2 8 — 
mb 7 * + ——=\* 
7 
; 1 + 1m +1 X nb - 
1 Ex. 15. 


Let BM be the reciprocal or hyperbolic Spiral, Radius 
or BD = a, given Arch AES, Arch Mr, 
MS. By the Property of the Curve an = , 


all 
— VY —any 
lnce yu . vy = o, and x 8 : 
g 9 = as 9 
ut, by ſimilar Triangles, v = _ therefore * = 


5, let x=1, then 7 = Dh andj = = 
| e ee, 
. Therefore 3 ES 4% 3 
* 1 + y* — 13 
YXT M3 
2 becauſe the Subtangent 1 — = 


per GM 


= ——, ſuppoſing BG perpendicular 
2 


3 
G 2 Ex. 16. 


225 


FI G. 


| 60. 


61. 
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E x. 16. 


Fi Le BM be a kind of Spiral, Radius BD —4. + 
62, , BM y, Arch MR v, and let 7 245 Netur 
| a'y=v3. By the ſimilar Sectors BR and BY 


ty. 
v=-—, whence 4 = 7'y*, in Fluxions 377 
i 


24% To, * ſimilar fluxionary Triangles 124 


and expunging „ 34X +21) So, let Y I, thens 


— 27 | „ — 

34 34 3) Mt 
; AZ . 601 
7_; Therefore SIE: = 2XYV7788 

W e e 
5 pol 2 49+ 2 | | 7 
= ge. 6v+ + 844 of 


Or thus, in particular Numbers. 


ü 3 
Let y = Ii, v=4, =, then x = —— 


44 
6 — „ and x = me Whe 0 
T 22 2 the Radius of C 


F 33 
vature, where the negative Sign relates only tot 
Poſition of it. 


SCHOLIUM. 


t there be any geometrical Curve defined by! 
general Equation n +hbx'y'=0; make 4 

=x, BM y, the Perpend.cylar to the Curve ME 
Then the Radius of Curvature may be exprelie 


algebraic Terms affected with 7, thus; compu 


l. FFLUXIONS. 227 
ue of J in the foregoing general Equation (put- F I G. 
g x invariable), which ſubſtitute in the Quantity 63. 

; | | | 


90 


and put — for 320 and the Radius of Cur- 
ure will be = | 268 5 


_ 3 
ngy ＋ SB „1 1 


— — 
— 5 — 3 2 
ir. I. N K abr = 


by i x mf E N ed c. 


Ee 
EXAMPLE. 


Let bx* — ay* + ab = 0, repreſent an Hyperbola, 
Tranſverſe, O = Parameter, Comparing this with 
general Form, we ſhall find eo, f=b, m=2,%: g 
%, 1=2, Hab, r=1, So, whence the Radius 

: 3 


oY ; 
, Curvature = — 8 A. — 2 
ab = —2ax2bx+ablx * a 
— . 3 ; 4 5 a 
— 
expunging x) — . ad 


jill be the ſame for the Ellipſis. 


PR. G 


baetermine the (Quality or Degree of) Variation 
of Curvature in any Point of a Curve. 
The Variation of Curvature depends on the Mo- 


ent of the Radius of Curvature z and the Moment 
| | G 2 2 of 


228 
F I G. of the Curve; and it is as the Moment of the Radix 


52. 


by the Fluxion of the Curve: Therefore, 


given Curve, or perhaps by expreſſing their Rai 


— — Jy wa Ra. 225 — „ and it © will give the Variatin, 


— Oka 2a) — , % _ 3 
— 5 4” a and = — am * . . > 


The) DoeoTRINE,. 


Curvature if the Moment of the Curve i is given; ene 
reciprocally as the Moment of the Curve if the M. 
ment of the Radius is given. Therefore this Variate 
is as the Fluxion of the Radius of Curvature divid 


1. Find the Radius of Curvatare by the laſt Proll 
which. divide by the I'luxton of the Curve; and i| 
Fluxions may be exterminated by the Equation if || 


Help of the Tangent, Ordinate, or Subnormal, 
2. InCurves 5 to an Axis, finding theFluxi 


of the Quantity I which divide by S, putti 


* , and exterminating 2, 2, you will get the 
lowing Rule. Put x for the Abſciſſa, y far the Ord 


nate, x: Then ſubſtitute the Values of Y, j, j( 
from" the Equation of the Curve) into the 4 


3 


95 . EXAMPLE I. 
Let the Curve . a Parabola, then ax g, and y 


= Xx. j= — . Now if a=! 

2 2 . 554 : 4 
x=2, y=1, then y=1, j=—1, J = 3, when 
—W HJXITS" =; Likewiſe if x 2, 


then the Variation = 6, 


In general, 


: CY 43 
Since ax S9, therefore I = and y =— 


Whenc 


f. II. of FLUXIONS. 
— 3yy* +J x1 +5" 3. 30 


ence — x REDURR 
b n 329 | bx 
3% 5 5 * by 5 ee 

E x. 2. 


Is the Ellipfs let i— Emmy, Suppoſe #= 


=2, to find the Variagina of Curvature when 
:, and =. By the Proceſs of Example 2. of 


 ab—26bx 
ft Froblem. — — "I - = — 1, 5 
2 ——8, and it will be found that 5 = 


5 — 2255 
90% xj= 5 


5 the Variation required. 


Or in general thus: 


DS „ and its Fluxion divided by 
2bba3 


5 M aabl I 4aayy — Jabyy. But from 


. 
2 = AP 


; Whence the Variation of 


—_ 


Naas 


5 auation of the Curve 


ab — 2bx 


ee — aabjy © 


2—5 - 
N 2a—x X 12yz and is 
baa 


mature becomes 


tlore every where as the Rectangle mBO, ſup- 
0g O the Center. 


—48. Whence — W I 2 | 


by the laſt Problem the Radius of Curvature is 


Ex. 3: 
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FIG. 


52. 


50. 


'Þ I G. Let x = NET" denote a cubic Ee bole; then I 
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Ex. 3. 


52. 1 „ 8 10 
and j = = — = ——3 J 
W 5 * 
=. 150 
7 ; whence — 3 +2 X tf = = 
the Variation required, 
4 4. 
55. Gs the Cycloid Am the Radius of Curvature 
DO SEP,  —&ax 
24/aa—ax, and its Fluxion = =; but 
AV aa — ax 
+ a0 
the Property of the Figure 2 = - — - fn 
n — ax | "__ N 
= , Whence = —-— 
8 2V aa—ax aa — 0; AC 
Sy | 
KS = = . The negative Sign ly il Fl 
that the Curvature increaſes. 
| E x, Y | . 
59. In the Loparithaic Spiral, oy Ex. 12, Prob. 0 
Cl 
the Radius of Curvature is 2 - (putting c: 1: 
10er 
TM: TB: Wee and its Fluxion 1 18 2. and Mat 
| B 1 
9, therefore 2. = —t for the Variation of . 
vature, which therefore is uniform. Lo 
E x. 6. 5 
| i 
61. Let BA be the hyperbolic Spiral, (Ex. 15. Prob.. 7 
& u 3 th " in 


the Radius of Curvature i 18 


73 


Flux 


of FLUXIONS. 
n + 4y 
1 


&, II. 


nn 5 Vr +, but the Subtangent 


=1, therefore & = 5 „ a 


| | ; f 
e the other Quantity, then wh SE = Vari- 

aof Curvature in M. 

re 

7 P ROB. VII. 


find the Nature of the Curve, by whoſe Evolu- 


tion @ given Curve is deſcribed. 


poſed to be apply'd to the convex Side of the 
Nhe VEC, and the End of it A is made to move 
hacircular Motion, and to deſcribe the Curve 
M; whilſt the Part DE or MC that continually 


eCurve YVEC is called the Evolute of ADM. 

Hence it appears that the Line CM which is a 
gent at C to the Curve YEC, is the Radius of 
yature in Mof the Curve ADM, and is equal in 
oth to the Curve CE + the right Line ED the 
gent of E, or to the Length of the Curve 
/ + the Line VA. Now the Evolute VEC being 
Locus of the Center of Curvature of all the 
nts of the Curve ADM, the Nature of the Curve 
Lis to be found. Therefore | 

. In Curves related to an Axis, put the Abſciſſa 
Dr, perpendicular Ordinate BM=y, and let CM 


W 


Flux AB, 


\ Curve ADM is ſaid to be deſcribed by the Evo- 
on of another Curve VEC, when a right Line is 


ed the Curve VEC is extended into a right Line. 


le Radius of Curvature, and draw CH paraliel to 


* 
F I G. 
61. 


45 
FI G. AB, and CL to BM, and produce MB to H, 


fered to the Axis AL : Then find MH, HC ty Pr 


dius of Curvature MC will give the Length of 


The DoctRINE 4, 
p17, 
1al 
erei 
den 
alue 
001M 


v, « for the Abſtiſa and Ordinate of the Curve N 


and expunging x and y, the Nature of the Curve 
be 4 covered. 

. And in Spirale find the Radius of Curvalurt 
by Preh, V. which will give all the Points C in 
Evolute. 


Thus we ſhall have EC = 


„ 
and therefore BE = J— —— — and then B( 


Moy MC 


M E= Let 


2 


/ 


2 


7 a {4x a 
| Conor. 1. Hence it will be eaſy to find any Ni 
ber of Curves whoſe Lengths may be expreſs 


finite Equations; by aſſuming any Curve 4 
Pleaſure and finding its Evolute EC: For the 


Evolute; or MADE Length of the Part H 
the Curve. 
Cox. 2. Hence alſo if the Curve VEC be given 
Curve AM deſcribed by its Evolution may be foun 
For let AY b, YEC=s, then ACC 


+5, and by ſimilar Triangles s :  : : ++s : MAL 
2 : 7 17— 

——, therefore MB or y = 22 u—tt; A = 
ob. 


v:: bbs: 5 v HC or 825 therefore AB 


2 
=b ＋ Y where s = WET If the 


volution 1 in 7, þ=o0. Now if the Val 
d or be got from the Equation of the Curve, and 
fitted in theſe Equations, you'll have the Neture if 


Curve AM, without any ag Quanlities. 


— 


a1. of FEUXIONS. 


an 
ation between x and y. But as s is always found 
lein, 'tis a Sign that the Nature of the Curve AM 
ends on the Rectification of the Curve VE; whole 


due, when it can be had, may be ſubſtituted in its 


ESAMPLE-Tq. 


ML, 4M be 2 Parabola, ax Sy, and, putting 2 
n nd (by Prob. V.) CH 44 
90 | = | 

and MH = x x _ - = CHMNX=y + 2 
a 


3 | 
1+ * and when x and y is o, A= la. 


no=/VL, u LC, and we have v = (AB—AV + 
4 M- N +2x=)3x, and u = ( MEH—MB=) 
; P _ Ya , Whence x3 = i IT us . or 
a 6 a | 27 16 
"I 


» FA * | * 
en erfore is a ſemicubical Parabola whoſe Latus rec- 
OU M 18 it 2. „ 
M | 3 ; 


FX. 4. 


Y, Subtangent RB =a, then a D, and (by 
ob. V.) MH = — and HC 2 


aa 2 aa 


HM. = 


7 


| „ 

. ADR „ , #=DC=2y +=, IR 
the | | . 
4 Ex * ef : and 4 e 2 5 — 
alil 5 ay 1 
1 | Ii aa | | 2s ayd — 5 
4 J; therefore 7 = or aU 


by | e e 
=*. for the Property of the Curve VC, which 


Lt GM be the Logerithmic Curve, AG=1, AB =x, 
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punging v, u when it can be dune, you'll bave the FI G. ; 
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PI G Di, the Equation of the Curve wherein the Cer 


exceeds aa. Likewiſe 4 will increaſe when 2y + 


 +ES=)TS+ES: Therefore TC is the Cycloid. 


ö 


The ' DocTRrINE ” 


ter C is always found. 


aa—2yy 
Now ſince © = = 


= 2 


9, therefore v will incre 


when aa is greater then 2yy, and decreafe when : 


ceeds aa, that is when v decreates 3 and it will d 
creaſe when v increaſes. : 


. E x. 3. 5 
Le. AM be the Cycloid AB = #, BM=y, Ar 
e, Axis TR=c, Mga, then y = NVA 


; N45 — 4 
13812 — Y whence MH 


Þ 2a. 
3&7, = 2ax—xx, CH =y * MH = 24-1 


7 . then” =@-—X, and x 
$—2V ax—xx = 5—V/ ax—xx, that is (expunging 
UZzS—Vav—vv : And when x =o, RP=2. He 
the Curve TCP is alſo a Cycloid equal to the Cych 
AMT. For compleating the Parellelogram RIU 
and deſcribing the Semicircle TS2, NP = (a— 


AB, ES= (Va- vv = ) BD, Arch AD = 4M. 
and EC = (c—u=c=s Van = EN 


EX. 44 
Suppoſe AM to be the Catenary, AB x, BM= 


- 2 1 
AM=z, and z V 2ax+xx, and & = 7 x 


aa 3 AI 
(putting z=1) whence NH . — 
a +x * 

5 — -; and CH =a-þx, and when xz „ane 
| X 


[ 


d. II. of FLUXIONS. 


2 N 


Vi ar 


22%, and #= — — 9 


2a 
4, whence u = 2 — = ans goughs 


Logarithm of ebe 8 2 


gude ine that Low. 
Ex. A 


Suppoſe VM to be a Curve whoſe Ti angent MT $5.05 

"We: 71en Line a, AB x, BM=y, VM=z, y r, then 

the Nature of the Curve 5 = = IE Roar oem. ; 
15 Va 2 


* 
[=—/2a—yy, the negative Signs ſhow they muſt 


e Vertex Y, MH and HC are nothing > therefore the 
volution begins in J. 


Let VL, LC u, then v = wr 9 


/ 49 


— a, andy = — 


——: Alſo v=x+v aa—yy, and 
} are 
FF 5 


— „e 
2X2 —— = 2 0 5 
V aa—yy * V aa—yy 


= —=(expunging y and j ode an 
p 1 aa—yy F * Va u g 
quation to the Catenary, therefore YC is the Cate- 


ay Cur urve. 
EE, 0. 
Lt AM be the Ciſſoid whoſe Equation is ax*%—yx*= 


and ſuppoſe a=10. To find the Point C ot the 
Hh2: Evolute 


. avi. a 3 84 | 
CE 8 = ——, 8 = : Then MH = =, 
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or AY = a. Let Lv, N 7 wwe hade F 2 G. 


66. 


taken upward (and to the Right Hand): But in 


7%, 


236 
F , A Evolute when y=2, x =1. By a former Calcul 


70. 


We DocrRINE 


x3 
(Ex. 5. Prob. V.) x = . = hl 


z whence (by! 


55 8 — X # ia = 8; 
2y3 | 16 16 
3 = ——— =.53 BL, and MH = 


BE 422, and IC= =22 
We "of the Curve. 


And ſo for any other g 


MT 
Tel BM be the Log. Spiral, T'BC perpendis 
BM; and let c: 7: 5: : TM: 7B: BM. Then 


Ex. 12. Prob. Wo . unc The 


fore Gnce the Angle BCM is equal BMT, the C 
BC is alſo a Log. Spiral the ſame with BM. 


Ex. g. 


Suppoſe BM be an Hyperbolic Spiral, BE perpendi 
lar to BM, MC perpendicular to the Tangent in 
let Radius BA, Arch AO n, BM, then 
Ex. 15. Prob. V.) Radius of Curvature in M 
EM 


z therefore draw EG perpendicular to EM. 


EA 
and GC perpendicular to GM, EE the Point C 
the Evolute required, 


B. Vun. 
To determine the Length of Curve Lines. 


Draw the Ordinate BM perpendicular to the / 
AB, and uV parallel and * near to MB. A 


all of FLUXIONS. 


| perpendicular to nB or nb. 1 the Abſciſſa 
=x, Ordinate BM=y, Curve A, 


11 2 25 122 — = K. In the right angled Triangle 


Ar, 2 Me ** 155 5 therefore * 2 = NN X* +y* where 
re 


e Equation $=vV/ A; and the Fluent will give x 
Length of the Curve. | 


'EzamePLE 1. 


3 
Let the Nature of the Curve be = x 4@a+XX" =y. 


hen its Fluxion is y= er en Fer, Then 2 = 


=. 224 
* ＋ 


1 +y* N +50 = : And 


Correction. 
Ex. 2; 


In the common Parabola ax =yy, Here x = 


ence & = Vx*+9* = © 59: And * 


25 


. 


drm the gth and 13th, the corrected Fluent z = 2 


—— . 302 584 2 
0 yy + 2.3 10 og. 2 
E $0 : 
In the ſemicubical Parabola ax* , or x = 4 o 
; : a" 


By the Nature of the Curve exterminate x or y out of 


| 2x3 : | 
y Form ſt.) the Fluent z=x+ an? which needs 
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Spirals draw Bu infinitely near BM and let Mrp I G. 
72. 


74. 
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74. 


Fl 8. and & = EW And therefore 5 V >; 


0 20 
N 


aft +=, whoſe Fluent, 5 Form the 3d, is 2= 
7 
x 14 2 Dt Inde in ine Vertex, y and ⁊ o; | then. 
4 


fore (Prob. 12. Sect, I. ) the Fluent corrected is 2. 


E x. 4 


3 


2 


Now the Fluent of y ” => p45 * will be had 


by Form the 15th in finite Terms, when m is 200 


Poſitive even Number. 


r 


And likewiſe the Fluent of 7 dots + by" i 
found by Form me rith, when w is any odd Num- 


ber; finding firſt the F tent of * 50 1 + by" 


by Form goth and 13th, 


. l. of FLUXTDONS. * 
Joke . „ 5 : 
To find the Length of the Arch * the Circle AM. FI G. 
et Radius AC =r, Sine BM=y, AB=x, by the 755. 
Nature of the Circle zx -x =, and * = . 

FE 

we A 


2— and, by Form the x6rh, * ττ ＋ 
W 


4 + 3:3, + 350, &c. where 4, 
1.3.17 4.5 r 6.7. rr | 


B, C, &c. are the whole foregoing Terms. 


, therefore & = AI- + F = ci 


11 


. Otherwiſe thus, 


Let AC=r, Tangent MT tg Ti= 5 AMES 76. 
In = 2, then Cr Vr + u. By the ſimilar | 


Trangles CAT and 2 * 3 z and by 
rr +H 


5 


1 ns 
te ſimilar Triangles, CMu, CTr, z = I, - 
f 5 a Ss - 47 767 2 
12 45 * 1 oe — : „ 
rr tt 2 74 * 
1 — G the Fluent æ = # — 


Z7 #9 


_ — T3. 794 
3 7s = 7s + 9 b Se. | 
Now if r=1, and Arch 1 30®, then 1 
an i — EE Ss 
| a + 2 
+ = — Sc. = += the Circumference : And half 
te Circumferehdr 2 2 — 44 — 2 — 


17777 5 = 
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16. — © &c. where 4, B, C. Gt. are the precedy 
9 
Numerators with their Signs. 


* 


Or thus, by collecting every two Terms into one 

we ſhall have halt the Circumference = *\/; x intg 
FETTE 

1.3 5.7.9 9.11.95 13.15.93 ? "IF 

is putting Vs =, * BC, 3C wm & 


then half the Circumference = — = 754 + = 34 


3 4 5 6 
9.110 + ag” * ge + 27237 + 


which Series will be as follows. 


3,079201 435678 004077 38 

58651 455917 676268 14 

; - | 3455 893867 203147 IT 
| 259 930478 900749 53 


21 794990 295857 48 : 
I 943349 566200 68 
180259 667580 92 
17186 683703 87 — 
1672 167602 79 * 
165 238193 86 
16 530067 76 the 
1 670177 49 
I70147 80 ; 
17454 05 ing 
1801 06 
186 80 | 
19 46 whe 
2 04 34 
5 22 ee 
"i ++ 
3:141592 653589 793238 46 &c. 
= Half the Circumference. q 
OY To ng OE TI ITT et 


Ex. b, 


of FLUXIONS. 


&, II. 
Ex. 6. 


= c, Ah = x, BM =y, FM=2Z. Then by the 


Nature Fe the Curve y be” Va. an dy = 
42 - 


Ren ä w Ro a 
——; whence 2=v/ x*+9p*= — yr 


Mad aN aa—xx 


=(putting 4. 


as MV aa—Kkx aa. -A 
— —24 
=x + 200 XxX + 2 od X4x Se z whence 
14 3-24 —4d 5 34a -d 
Fra, * 404+ 95 1 
+ &c. for the Arch FM. 
But for the Quadrant #D, & = Wadde 
V aa—xx 
a Ne 
— * 2 — WL — . but 
Vaa— * _ 2. 4a 2. 4. Ca 


= Arch of the circumſcrib- 


ing Quadrant of the Circle divided by 4 * — , 


the Fluent of 


V ag——xx 


| d 
hence the - p68 FD or 2=2 E 


d 4 
4+ 5-6 B+ 5 * 8 C+ Sc, by Form 17th. 


Ex. 7. 


To find the Length of the Arch of the Fyperbala. 
Let a= half che Tranſverſe, c=AF half the conju- 
b, I 1 gate, 


o LS 
DE a dA 2 a*— dxxXaa- xx 
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Tut FMD be the Quadrant of an Ellinfss, AD a, F! 


77. 


58. 


1 
F I G. gate, AB =x, ee They = v/r + 5a 
78. | 


9 


5— — 


The DocTRINE 


| (xX 


and 5 * 2— — 
2 axe aa CAN ? 


aa + © 
put 4 = + 3X ans then ; 2 = = 1/7 


— — 3 FA 


* — — 
B G 1 


2aa 844+ _ 1645 


1111 ͤ  "adlindodd 
Se; therefore 2 = x — ">" ok. — 22 


—x7 He for the Arch FM. 


. 


Let AM be the Cycloid, AB=x, ED y, AR=a,| 
BD=v, Arch AD =s, then Y By the Natur 


112 


AaX—2XX 
of the Circle vo Sanur, and v = , and 

| 22 
* , ax : _ . 2 — K 1 | 
r= 1 therefore y = 5 + Y = —=x, whence 


r 


6 N / A 1 
* =vV/i FT rr = = Z/aa-a 
V 


VU 
Xa/ aa — ax IS 4 
5 Fa. A = * . Therefore 2 22 
"Ps AX -K | * 
— 2 . 
a 


ER. 5 

Let GM be the Log. Curve, AB x, BM=y, AG=6, 
Subtangent BR =a, then ay =yx, therefore 2 = 
Jy 4 


vary _ 
0 


NIN = V ＋ 5 = 


e = +l 


the! 


F FLUXIONS. 


dect. II. 
27. 


— 29. v our mage 

VII aay—* 

V W — 2:30258a x Log . +Y, 
I 


and corrected (by Prop. XII. ) ⁊ or GM= = Va 
: ay +yV aa + Bt aa + bb 
%. 302 8 ax L 
28 eee 55 
. Wan 
In the Ci Mid DM, let . r, BM=y, 


a > FF 5 4. 


— EAGER — XX » dikes 2 A + y* 
AN 4 I 2x ax. 
2X 3 


(by Form the gth, 13th and 12th) & 2. 302 473 
| 7 - 0 ann la 23 | 
x Log. Vg NV + 3*: 4 And 


* 


r 
x 


the Fluent corrected, Zr MD = av 


+ 2.3025 3859/4 Lig Se 8 
Vn 


2. 


= by 61 ; Ex, . 


[et AM Js the 3 yr 3 Bar = 8 Arch 
Mt, 905 KO D, AC=a. Then (by Ex. gth) 


25 * 4 > 507 
2 + — + 2 * 8 Sc. 2 by 
-W the Nature of the Quadratrix. Then by Reverſion 


i = 40424 71255 
3 "Ops + 7 
of Series 0 222 + Ba . 

G 120 5040 


ö | 1i 2 then 


"x — | | 
— V zy, and 


„ 
nn (by Form the 3d and gth) F I G. 


69. 


80. 


81. 


244 
F I G. then aa 4 —— 


Sr. 


82. 
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2. 

: 24 Up 244 72045 8 
C; and by ſimilar Triapgles (KG) v: C: 


2 * : 4 L 
(A8) y (BC) © = ESD = ANGRY. - 


| yt | 298 
Se. whence * = * x * 2 Sc. and 
1.26 38. 7 456 94.58% 
75 ; 
=> 2 = to-= 9 + £7: Sc. therefore 2 = 


oF 34 4545 g 194 
1494 - , bogys 


Vx" +9* = X: I + — 8 1 
2y3 I __ 604! 


Se. and 2 ＋ 27 *: anal 8930256 
Sc. 


Ex. 12. 


Let BM be Archimedes's Spiral, whoſe Equation i; | 


ru q, putting v Arch ED. Then rv = Cy, but 


: ES 5 
(by ſimilar Triangles) 4 = ——;, whence x =, : 
- rr 


Therefore 3 = VAN = EA XyY/r+ + ceyy; and 
| 55 Form oth and 13th) the Fluent (corrected) is 2 = 


2. 30258 577 Vr 
4 88 3 2 
277 „V 9 26 x Log rr | 


E. 


Let BM be the Log. Spiral, and let c, t, s exprels 
the Ratio of the Tangent 7A, Subtangent TB, and 


Ordinate BM. Then 3 =- 1 and the Fluent z= | 
| 8 4 


_ TM. Therefore the Length of the Spiral 


Muh making an n Number of Revolutions 3: 


equal to the T angent MT, 
Ex. 14. 


nl F,FLUXSONS. .. 
N Ie: gs | 


Let BM be the hyperbolic Spiral, AB ca, Arch A0 FIG. 
20, Arch AD=v, MB , then ab=vy, and thence 8g. 


rj + % , and yv -= — 


- and by 


| . f | by 
imilar T'riangles - yv = ax, and thence x = 5 3 


therefore 2 = Varg. _ Nn 5, : 


11 


3 + — And the Fluent (by 
VII e 125 
Form the 3d and gth) is & S b - x 
1.302585 Log. NN. : Whence taking 
'F : 
iy Ordinate BY = d, the Length of the Arch 
I = bb + dd — Vl + yy — 2.30258þ x Log. 
by + v4/bb + dd 


+ db Fwy 


ROB. N. 


17 transform Spirals into geometrical Curves, or 
geometrical Curves into Spirals of equal Length. 


Let. ADd be a geometrical] Curve related to the 
Axis AB; let the perpendicular Ordinates BD, bd, 
be inlinitely near together; and let the Points B, 5 
be ſuppoſed to approach one another, and to coincide 
in 5, whilſt the Particle of the Curve Dd remains 
the ſame; then the Parallelogram B Dab will be 
changed into the Triangle BDd. In like Manner . 

| | a 


246 


p I . all the Points in AB be ſuppoſed to be contracted into 


8 
: 7 | form'd into the Spiral Da, whole Center IS B, in 


the Spiral 52 D. 8 


BD, bd, two Arches of Circles infinitely near each 


The DocTRINE 
one Point B, and then the Figure ADd will be trans 


which the correſponding Ordinates are equal, and 
the Triangles Dar in both Figures ſimilar and equi], 
and the Area of the Figure ABD twice the Area g 


Again let ADd be a Spiral, ABD its Complement; 


other, whoſe Center is A; AH a geometrical Curye 
(to the Abſciſſa AB=AD) equal in Length to the 
Spiral: Let BH, b be drawn infinitely near each 
other, and H parallel to AB. Then the Triangle, 
D&dC and Hh are ſimilar and equal, therefore dC=K}, 
Now let AB or AD=y, BH=u, Arch BD=v, and 


by ſimilar Triangles y: V:: A: C:: Bb: bCy 


= — x Bb. Therefore or d= 0 
4 „ there 

+ 25 x BO: Therefore (becauſe the Moments are a 
EL os . 12 

the Fluxions) v = « + * | 
| | h 

1. Therefore in Curves referr'd to an Axis, let AB - 
BD=y, Radius BR or BIT, Arch RT =v, =, 2 

rd=y, TS=v. In the Curve AD, expunge x and x 
out of the Equation of the Curve, by Help of the Equul 
tion bx Sy; and the Fluent will give the Natures 7 
the Spiral. Likewiſe in the Spiral OD, expunge al bal 


Quantities except x and y and their Fluxions out of tht 
Equation bx Syd, by Help of the Equation of the Curve; Wl =- 
and the Fluent will ſhow the Nature of the geometrical 
Curve AD. 4 


2. In the Spiral AD, where there is given the Reis © - 


| tion of AD (Y) to the Arch BD (v): By help of the 
Equation of the Spiral, exterminate v and © out of lle 


Equation 


60. . of FLUXIONS. — & 24 
vj 


_ ond v =u + ES „and the Fluent Cn the Na- F I G. 
1H, expunge u and u out of . the ED v K + 


=, and the Fluent gives the Nature of the | Spiral. ; 


1 X AMPLE 1. : 
Lit ax =yy denote a Parabola Ma, ti we have 34, 


32 e and 255 = av; whence the 
a 

Fluent 25y=av 3 therefore the 925 Mi is that of 

Hebimedes. | 
3 1 

It AD be a Circle, 2a%—xx , Arch =>, 86. 

therefore & = If _ 2 3 25 , therefore 

4 2 Vaa—y b 

by A av 

9 J let Ya, then v = = = 
V aa — Jy V aa — yy 


therefore v = 2, that is RT = AD, and BD = BD 
=TF, draw GD, then ſince BG=BT, and BDT, 
and <DBG=<FT B, therefore </GFDB=<<BFT= 
aright Angle, and the Curve DOG is a Semicircle. 


x 
1 E x. 2 
! Lt aa xy be the Equation of an equilateral Eper 87. 
t lala between the Aſſymptotes, then xy +yx o, and x 

DD baay 
+ 1 = — = + — 2. Therefore — 2 
a y wo Bi I 

ö aa 

=v, and thence v = nog, or putting 2 = 24, 


Jy 
„Sry, for the Nature of the Spiral 2Dd. 


— RA TAIPEI et "IAG SOA" . — 4 — 
——— 
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88. 


84. 
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. 


Ex. 4. 

Fl G. Let ED be the Logarithmic Curve, whoſe Equatio 3 
I. on tf „ 
| is J# = ay, 3 9 | {0 5 and _ Wl 
therefore v = — =; Therefore any Portion of th - 
DB — EA | - Eq 
Arch RT or v ĩs ab x 5558 BD, EA bind” 
the correſponding ee \ 
r Z 
Let ay=bx denote a plain Triangle, then ay=bx=yi I 
therefore 2 S v, conſequently v = a x Log. y, 2 5 
Egquation to the Log. Spiral. i 
ca 

Let M be the Spiral of Archimeds, whoſe Equatio 

15 ay av; then — =, or dyy Sabæ, an 
th 

4 

the Fluent * = Ny = x, an N 
to a Parabola. * 

Or thus: Let AB — 5, BD = . then av =; 
whence e 2 =a+2 2. and 4 * 

_ Y, „therefore 2au=yy, an Equation to the common 
Parabola, as beiore. | 'F 
3 . 
Let QD be the Log. Spiral, whoſe Equation is 4 * 
= bx, therefore 2y = bx a plain Triangle. dr 


Ex. 8. 


we 10 FFLUXTONS. . 249 
Eu 8. | 
Let ** be the + {ho Spiral, then ab=wvy, and F I G, 
—Vy —aby „ WW—_ 
. e * - 


of; x, whence the Fluent — — — Log. 5, an 
a 


J | 
pain to the . Curve. 
| R 9. 
Suppoſe 33 avi to denote the Spiral Ad, then 835. 


25 05 „ =D 
”== 2095 u + u + . therefore 4 = 
Tj whence u = „or gau* =, a ſemicubi- 


7a 3.Va 
cal Parabola. 
Ex. 


7 72 2 be the Sie of the Spiral; 85. 


then v = - 20) + v — 17 e jth 
2V/ ca + cy £5 4 = 


_-. aj +Ww 8 | 
=4 =; Whence # = —- than” 
Vargo | 2V ca +9 


fore 4 = = vV ca + cy. 
5 


E x. 11 
Let BDdE be a Semicircle, BD=y, BE =a, by 89. 
Dxrd 
ſimilar Triangles Dr = , wy or x = _= 
* 5 Vaay 


whence » = — Va- ; when corrected xy = A 
Vaa—yy = BE ED, therefore ADL is the Qua- 


drant of a Circle, whoſe Radius is 4. 
| k 1 
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F I G. Let Od be a Faun B the Focus, @ Latus 


90. 


91. 


92. 


Area, and this is = BM * = the Perpen- 


dect. 
dicul: 
DR a 


The DocTRINE 
Ex. 12. 


1. 
BD = 
the E 


Rectum, BD=y, DP a Tangent: By the Nature 
of the Figure the Perpendicular BP = M, and by 


ſimilar T riangles Dr = Re or x = . 5 
| 3 | | 4/0 lui! ! 
therefore x = V/ ay — a = Ordinate DI. Hence / 
the Curve will be the ſame Parabola referr'd to th AUT 
Axis AB; making ARES, and AB Perpendiculy M 
to A. je, 
Ratit 
2. 
Perp, 
FR OK 2 2 
. Curd 
To find the Areas of Curves. 
In any Curve AD related to the Abſciſa 43M 
8 the Ordinate DB till BE be equal to a given Flue 
ine, and compleating the Parallelogram ABE A 
If the Arears ACEB and ADB be conceived to bf: 
generated by the right Lines BE, BD, moving along . 
the Abſciſſa AB; then the 8 of the Aren freq 
ACEB and ABD will be as the deſcribing Lines BE, 
BD drawn into their Velocities of moving, that is 
into the Fluxions of the Abſciſſas: Now ſince BE 7 
AB = Area ACEB, and therefore the Fluxion of the. ; 
Area ACEB = BE, x Fluxion of AB ; conſequently MI © 
the Fluxion of the Area ABD = DB x Fluxion aH 


AB. | 
In like Manner in Curves related to a fixt Point B, 
the fluxionary Triangle BDM is the Moment of the 


DR 


dicular 


«a. II. of FLUXIONS. 


R and DM are as their generating Fluxions. Hence 
1. In Curves related to an Axis AB, let AB=x, 
D Sy, Area ABD = 2, then & S; therefore by 
the Equation of the Curve, expunge one of the Quanti- 
ties y or & out of the Equatiqn & = vx, and finding the 


will be neceſſary to find the Area of the Complement a, 
hut the Rule will ſtill be the ſame if you make . the 
iſe. | P 

Note, If the Ordinates are not at right Angles to the 
Udſcija, the Area before found muſt be diminiſbed in the 
Ratio of Radius to the Sine of the true Angle. 

2. In Curves related to a fixt Point B, let BD=y, 
Perpendicular BT (on the Tangent) = p, Curve AD=v, 


N= x. Area BAD =: Then by the Nature of the 


: 2 * 
lurde expunge y or x out of the Equation & = 


5 Or 


expunge p or v out of the Equation & = — and the 


Fluent will give ⁊ the Area. 

And if the fluxionary Triangle BDM can be computed 
my other Way, and the heterogeneous Quantities expung'd 
h the Equation of the Curve; the Fluent will give the 


Area as before. 


EXAMPLE I. 


| To find the Area of a Triangle. Let the Baſe CD 


S, Perpendicular A =p, AB=x, dD (parallel to 
* 

(D) S: By ſimilar Triangles y = 72 therefore 

| bxx 

29 

xy 

= Oy and when x =p, and y = 6, the Areaz = 

% KS by 


; bxx 
3 2 = OY therefore the Fluent z = , 


Fluent it gives the Value of 2 the Area. Sometimes it 72 


A, 
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dcular BT a the Tangent at M) x by DMH; but F1 G. 


91. 


92. 


93· 


- + De DocTrINnE Nea. 


F 1 G. LA Or ſince x = ,, therefore 2 = yet 229, = 
2 5 WE as 
os EE „ as before. 91 © 
26 py: 
Otherwiſe thus: _ Let 


94. Let the Perpendicular BC=p, BD=y, dey; and 5 


/ 


| : n bal | = 
by ſimilar Triangles Dd = , therefore 23 
5 = 3 
! . 0f Z = 
pyy FRED .- - 2 
— a: = Area BD, and 3 = "===, and 
2 — PP 2 yy — 2p 50 


thence = V - pp. Now in the Point C, y is 23302 
a Minimum =p. Therefore by the Schol. Prop. XII. 


firſt the Part ABC muſt be found, which is, 


| 2 Let 
vV 4B* —pp, and then the Part BCD, which will be 10 f 
| * bb. And the whole ABD 0 
| Wl 4cca 
| V Ab: = — DI —20, or Dx Cz. I dh 
| | mini] 
| * 2 If ; 
. 91, Let ABD Bd any Parabola, where x =y" ; then an 
| = my, therefor = d - 
— my 'y, ore Z=zx =my"y ; and 2 — wi = 
in 
| 2 — m1 yr, and if m=2, * = iy. V ax 
Or thus Let Ab=x, VD , x mo. 5 then (oy 1 
5 . | 
as * * therefore 3 = <= x = — 5 5, and thence — 5 
2 25 


of FLUXIONS. 


. e a - And'if M=2 . FIG 
P e . wy 
0 the Area D. f 

Ex. 
Let FD be an Hyperbola, CA=a, A=, AB=x, 95s 

. 4 2 bi 
D So =), n = hs.” 1 
oe bats OE Sc. and the Area ABDF 
0 aa a3 

F „ © 
ne — „ =_ . . 
24 34a 42 5. 
or (by Form 4th) the Fluent (corrected) is æ 
a +Xﬀk 


30258 gab Xx Log. — 


EY. 4. 
Lit FD be any kind of Hyperbola, CB =x, BD= = 


nd ſuppoſe y = - ——, then 3 = yx = x—"x; and the 


r — „ Ys for the AreaCBD. 


1— 2 1— 
It the Angle ABD is oblique, hoy Area muſt be di- 
miniſh'd in the Ratio of Radius to the Sine of ABD. 

If » = 1 the Space will be infinite, if z be greater 
than 1 you get the Space BDE. 


Area 2 = 


> 
Lei AD be a Circle, N ,, =» Bi x23 
V ax— xx, then S D A Vax—xx, whoſe Fluent 


* 2 x3 
(by Form 16th) is > = Wax X: in ———— 
5a 4.70" 
Mays e 3-5.X5 wax N 
4.6. 93 488% % %%/0ꝗ0ꝗ nn 8 


3 


233 


93. 


The D OC TRINE 1 


3% 1 


— where A,B, C, 
are the preceding has Or (by Form 
1 13) 2 = o + BER V OX — xx (put 

= ,01745 X twice the Degrees in the Arch whoſe 
12 5 nd Radius 1. | 
is 4 oy 0 


Þ "If AD be 60*, then X= 3a, a0 Area ABD — F 


1 
2.4.5 222 ro + 2b 


to which adding the Triangle DBE = FR | 
have + the Area of the Circle. Here 4 B, C. 


are the preceding Terms. 


If y = Wax + xx be an Equation to a right- -ang 
. we ſhall in like Manner find 2 = 


90s 3.94 3.58 
bs Tr T Togm © 46a 


2% aa 
. e — . e, why 


9 = 2.30258 Log. 1 8 


Likewiſe the Aten of an Ellip ſis is found after | 
ſame Manner as the Circle. Or if you put c fort 
Conjugate, tis no more _ Ns the form 


* 
* 
7 


ry 


Area of the Circle by — — ad thus —— - - multiply 


into the former Area of the Hyperbola, gives | 
Area of the Hyperbola whoſe Conjugate is c. 
Ex. 6. 


In the Ellipſis LDE, to find the Area adjoining 
the Center es Let AE Sa, rc, AB, BY 


3, then y = — H x, by the Nature of the 
| & . "= 


II. f FLUXIONS. 25 5 
; then * H = — = aaa AA—XX, whence (by Form 160 F I G. 
* x 97+ 
£4 =» 26 
—.— + — + — + — 
1 3 7 7 9 
for the Area AB DF. Or 2 = 
al 2 
aa, putting © = ,017453 X Degrees in the 
whoſe Sine is — and Radius 1. 
frer the ſame Manner in the Hyperbola, when 98. 
SMU = 
Ve Y, we find 2 = 2 1 
3 
1 3 . 
. . Or 
= 7 FT 2 
2 EV 4a 1 8 5 putting © = 2.30258 Log. 
2 as + xx 
f : 
Ex. 7. 
o find the Area ADB of the Ellipfs ADE, generated 99. 


be Line BD revolving round the Focus B. 
et 24 = Tranſverſe AE, 2c = Conjugate, BD 
draw the Tangent DT and BT perpendicular 


tz Ten by the conic Sections BT = = — 2 . 


ence DT = _ 2 2 And by fimilar 
wm — 
mgles DT :TB:; MR: RD, hat 
w 


20) — — CE: jo x oy ny 
——_— TOE Vang 
whence 
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256 
F I G. whence & = ='= r . my Wh 
99. SE 2 —cc+2ay — yy the 1 
v =, aa; and (by Form 27th) ; Mu. 
r ; whence (by F 
24/P vb i 2 P—VV ö aug 
, nm ca xx 
zd and roth) z= - 2 „ — VU — — X o. 
Degrees in the Arch whoſe Sine 1s =, but whe * 
* S, y- p, therefore correcting the Fluent, an + - 
putting Number of Degrees in the Arch who 
Co-ſine is — and Radius 1, then we haf 
. DT b eee 
the Area BAD r * = — — I ( 
VV —cc+2ay —yy. And the Area of the Semi 
ellipſis AME = ,01745ca X 90 = za x 3-141592. 
| Ez 8 EE 7 
100. To find the parabolic Area BAD, generated by thl . - 
Line BD- revolving round the Focus B. * 
Let a = Latus Rectum, BD ); by the Nature o 
the Parabola the Perpendicular BT = :\/az =? /// 
and by ſimilar Triangles DT : DB:: MR: MD, of , 
ay: y: 5: * — whence 2 
: | . Y * 
= "8 = * X - 22 - 3 and (by Form 300 
2 4 VI—az85 
and 11th) the Fluent z = C27 ap- raa. | 
3 14 
i „ * 
101. Let AD be an Hyperbola, B the Center, BA 4, 


Semi- conjugate = &, BC x, Tangent AI t, OY” 
| 0 En, dinate 


ade 1 


dect. II. F FLUXIONS, 


the Nature of the Figure 55xx—bbaa=aayy=ttxx, and 


The fluxionary Triangle BT? is to 


2 
bb — tt 
the fluxionary ente BDa, as BT to BD* or aa to 
aft bbaa 
xx, that 1s 7. 00: 3 : bb — : bby 
.  ibbat 
whence 2 = = and the Fluent z = — _ = 
415 4 
ES, I Sc. Or (by Form 6th) the Fluent 


2 
2205 X 2.30258 Log. rm for the hyperbolic 
&tor BAD. 


Or thus: Since f = (= = 2 8 
| x = 
y aa + 25 97 
. 7 by 

, therefore ; = —————, therefore 
WET _#S+y* 

2 abbi 7 

. . ; and the Fluent 2 


n 


.. 2 2009 Av 0 fe 
0b , N 25 _— 27 — Ce. 


Form the 15th. Or (by Form the gth) 2 =24d 


X2.30258 x Log. 2 x 72 HY = Sector BAD. 


E x. 10. 
Let RD be the Logarithmic Curve, AB x, BD=y, 


| AM, Subtangent = a, by ſimilar Triangles ay = 


=D, whence z gay, and (corrected) Area 3 
Say - ab. 


Tot 1 1 


257 


linate CD = y 3 by ſimilar Triangles ay = Ix, and by F 1 G. 


101. 


102. 


- 
- — — B . 


258 The e . dect 


8 Ss VE 
F I G. Let AD be the Ci Neid of 99 AE=a, AB, 94 
103. i 
| BD=y, by the Nature of the Curve y = 
| : f — CEP nes * = 


2 
2 


| ; 8 9 
therefore $=yx =x*x X A , and the Fluent 
(by Form the roth and 11th) is z=3 Sectors C4 

i Har —xx, that is z=3AMB—2xV ara. 


+ 
| „ 

104. L. ED be the Concoid of Nichomedes, CAS), Fa LA 
rer. 8D =y ; me Equation of the Curve is 99 
a- =, in Fluxions j V= 
SY X39) X aa —3y Nhe, therefore a * 
2 a b+y „ 
JV , . (—x =) — — 

98 E ; 
— y baay 

Y = = = — AY 
v4 . —y Ma —3y Ay 
* — — A | — ; whoſe corrected 
Vaa— V —I+Ha'y—. whe 
Fluent (by Form 10 and 11, and Form gth) is z = «+ 
19 V — yy + 2.30258ab X Log. £ 4 —.— + 

+ ,017453 Degrees in the Arch whoſe Co-ſine 1s 
2 Radius = 1. | | T 
: FD 
E x. 4 

105. Let AD be the Cycloid, 2 BD= , AE=2r, AC 
FC u, Arch AC=v; by the Nature of the Circle © 

oth z 
2r;—3y Suu, and 4 = , and . 2 And 75 


by 


5 


et. II. of FLUXIONS. 


+4 = 


NEW: 45, 

Let AD be the Catenary, AB=x, BD=y Curve 
Do, the Equation of the Curve is vv=2ay+y, 
whence v = ay + Jy, and Vu = 4 +: v X, or 


2 


— X v4 29 = a+y Xx v Ms whence av = 


Y XxX; therefore 2 DO = = a2V—ax, and 2 = av 
ax. | 


| Ex. 16. 


Let AD be ſuch a mechanical Curve, that the Ordinate 
FD = Arch AC of the Parabola whoſe Equation is ry 
= uu; putting AB , BD or AF=y, FC=u, Arch 
AC=v. Then v , and x = (MY. ＋ 14+ =) 
3 7 Vir+y i +), by Prod. VIII. then S DH * 7 


Very. But v = Fluent of * 3 Vu ir +y , there- 
To E2 fore 


u 16 . = 
5 bg -2YY Dr * 
FEET J N — 5. but this is the 
27 —)). 
Fluxion of the Area AFC, therefore ; z or AD 
AFC.” | 
_ 
Lt 4D be the Wadratir, 5 BD =), then (by 
the Proceſs in Ex. 11. Prob. VIII. ). 8 = 2 ne 
«LA + . + &c. Wee S = 22 
4545 315 | . 
6a, —_— 
A Y Ge. whence z = 2 + L 
454% 31545 | 9a 22 545 
+þ I + &c. 1 8 Go 
220505 
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Ke Newe of the Cycloid x 2 4 and & = FI G. 


106. 


107. 


xT 


108, 


260 
FI G. 


109. 


Mare = Var; therefore (by Cor. 3. Prop, II.) 


The DocrRINE 
fore by Form 11th, 2 = FF V ESE = 
| n Ex. 17 | 
Tet AD be à Circle, to find the Area ABD, extra. 
ly near the Vertex. Let Radius CA=a, AB =y 
BD =y, then S = 9x =% V a — xx; but in 4, 


2 = =XV/ 2ax ; and the Area 2 =3xVax = 
the Area in the very Vertex of the Figure. 
Con. After the ſame Manner in all Curves of x 
finite Curvature, the Area of the Segment extream- 
ly near the Vertex is 3 the Baſe into the Height. 


. 


5 Ps 
Let the Equation of a Curve be y=— - ES 


fx +gx 


to find the Area of an extreamly ſmall Part of the Figure, 


ac ＋ Ac 
when x = c. Here Z=7x = ——= " 
; 7 V W 

Tos. 


HAY 
— 


74 


by Cor. 3. Prop. Il.) therefore a 2. 
(by Cor. 3. Prop. II.) therefore ⁊ — 
. fe +gc 
Where x is a very ſmall Part of the Abſciſſa. 


X's. 


Cor. Hence the Area of any compound Cure 


may be nearly found, by finding after this Manner, 


all the Parts of the Area, belooging to the ſeveral 


110. 


ſmall Parts of the Abſciſa, and collecting them into 
one Sum. „„ 


EI 1 e 
Zet BDm be Archimedes Spiral, AB Sr, Arch 
A=, BD=y, by the Nature of the Figure 9, 


ac Ie d 4] 


whence | 


ed, IT. 
thence v = —=» and by ſimilar Triangles v = —- 


. therefore 2 — = ==; and thence 
ir... e | 


hence * 2 | 


N. N 
5 
| e Area BED or Z = 2 
[ 
| Ex: 20. 


Let MC be the reciprocal Spiral, Radius e 
Arch AC , Arch AP=v,BD=y; the Nature of the 


Curve gives ab = vy, whenee vy + 7 So, and v» = 
=} ax . 


. and by * Triangles 22 mo whence x 


.-_——— — ., therefore 3 = 2 =.z = Js. 
"1 2 24 24 
L ES and = a. and when corrected, the 
þ © RC omen 
Area BCD or 2= F * — = 
Ex. 21. 
Let MC be the proportional Spiral, whoſe Nature 
by 
Is by = cx, or * = — „therefore & = 22 =2 : 
And z or tha PEA B9D = = 2. 
; 4 
Ex. 22. 


Le BED "Tp a Kind of Spiral, BD=y, Arch AD 
WY (Vhoſe Center is B) = v, and let its Nature be ex- 


= d Fs this IT av = 9 8 FS Sab, and 


<1 5 =4 vy for the Arca ABED. 
Ex. 22. 
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x FIG, 


111. 


111. 


112. 


237. 


. Doran” . 


1 0 1 0 E x. 23. ng — en 7s 
7 — 
yet Equation of a Curve be * Seu, pu. o! 
5 and the Equation is transform'd into 4 
| © SER | 
Fee: i ay a zz VY 5. 26 1 1 


A J Sow : 25 


30*2S — a525 1 2 


and x = 


=_ and 3 
eee * fx 
Jabzæ — 45 ＋ s my 1 
25 1 ” 
| 7 —gs 245 —aby+ | 
T - 
245 | 17 8 = V 
for the Area. 4 | 
Ss Fluen 
Ex. 24. 
Let the Equation of the Curve be yv—ba'y +45 77 
— et 
+a+=o. By Reduction 3 - 2 , 
4 4 | od | 70 
let * — — = vv, then — = v, ande £491 
49 3 p 
= r u 
— EM v; and aq—vv=ag— 2 — 
= a 75 WT 
uy 1 „ —1 
= — = 3 . Therefore * = Va. 4 
From the two Values of d, we ſhall have H-aa- be! 
＋ 290, and y = +v Va + vv, and y =£v + = 
a 
then the Fluxion of the Area xy = £? 
Va T : ws oa . ED f 2 vide 
2 voV aa = v . aue 4 
| Darbo © Wag Nall 


ad 
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FIG. 
; Whoſe Fluent is had from Form 10, 


; of the Table. 


; UE E x. 2 > 
Let the Equation of the Curve be x3 +y = aNy. 2 38. 


ANN -* » 
, and the Equation is transformed to 
VV | 


N | 


put) = - 


5 au — v5 = as 
4x97 u Then'w= — * and gx*x 


4 .5.—. 66. , and the Fluxion of the Area 525 


3 7 


a3 

AN | 2 3 OR ” 20 — Go3y 
= —— X . —, Whoſe 

v | 3x* a3 3aa | 

| 200% 45. 200 - 2a ; 
Fluent is 1 — — 2 | 

3aa 3 244 2) - 
4+ 
1 BB 
Ex. 26. 


To find the Quadrature of the C urve defined ” tbe 
Emation ax) + bx" O. 


. 
Put 57 = , and æ = —- Then y = — = 


I 


— 


238 a 
WM = becauſe x = 52). Therefore 
2 "lM 
ue Equation i is transform'd into this gz + bu" X 
N 44 —1. 7 E ＋—1. y * eee : 
„„ * + ars * eu oO 
Ai 24.1. 
ride the Equation by . 
3 31. y Xx 4 ——1. 


Hall have as ; © X28. ͤ Vw 


De Doc rRINE 
>= Ls: S lehr Le 


x 1 S0. Now tc o make 21ai 


out of the laſt Term; put its Index Ct. 


— — 


251. * 
then 5 = Eb rand ES =D 
4 urn 

D, by Sdbſtifütiön- Then the Fquitibo Comes t 
this 4 + i + cu S o, and n 52 


an! 
— _—_— — 
= 1 = Jad 5 Therefore F: 43 = 
a a 
5 „ ea mn A 
21 — 2 — F: E SF? Bot us pt 
| | 4 a 4 
** * 
9x; alſo 2 ='—> and uz = = is lon mul 
| | 5 e ee tern 
3 Therefore 415 
3 | 3 
ne. E OS 5 * 
F: yx — 5 F: 7 4” RY e 3 the 
5 | _ G. = 
Area. Hence 
2, Por. "AL let #3i—axy+y3 So, then F: wh 
207 — | 


—— 


25 oct ne OY Ln 


— . — — 


4 x uu er, 


aſt. 


P . 
* 1 s 
— 


S HOLTU u. 


It may not. be improper, in this Place, to inſert 
(from the Tranſactions) a general Method for deter- 


mining the Quadratures of Curves, vs its lavel 1 
gation. 7 
: 0 


dect. II. of FLUXIONS. 
Let the Equation of a Curve be y” I .. 
1 +47 of Sc. So. And its Area Ays +By ot. + 
770 ＋ D + Ge. Fluent of 4 Put 
theſe two Equations into 5 luxions, and make the 


tuo Values of equal to each other (expunging 
E — the Eames of the Curve) and we have 


+ bays + — + Oc. 


— 


Em 0 + Pagt= hs. +7 gn Ge 


4 eb + Sd; 5 +: &c. 


7. | | 3 and 
tg the Numerators . Denominators al- 
ternately, there ariſes, . 


an Ax + bq Ay? x1 + ciAy' x- 
+ n 1 2% HE S 
' + ganCy&— xbn—1 


| Amar +ISTX by? x + 1—4 X 2 ** 
1 neff K „ M . 
T1 K —: 


Now for determining the Indices, compare the 
homologous Terms. Thus p=/—r, whence Ip . 
Again rzp+i—1 =g—1, and thence p, and 
g$=2p+1. After the ſame Manner 7=3p, i=3p +1. 
Pur u /g, and then fF=E+1, 5=28+n, +=28+1, 
u=38-+n, k=38+1, Sc. Therefore the Equation 
of the Curve will be in this Form, y +ax" + by? x fo» 
TD + dy3tz3F+" Sc. o, and irs Quadrature 


Ayr BY E 1 ＋ 24 ＋ 1 + Dy? HH Sec. 


S Fluent of y. | 
7 MO M m Next 


266 Th- DocrTriINne 


of x equal to Ker, other, thus and xn 


whente' = E 


— 


2 5 
_ g a Net = 05 


a 1 


. * == 
3 AT +: PFFa.p+1X:—=B ada Hp. 
8 
Hence therefate. of y „ ar- +? 1 . cyt) gots 
Ichs * 694. = o, then the Fluent f Y, or the 
Area of that Curve is, © © | 


mtu LT 
+ m—pXb 5 5 Fee 
+ y- — ,- X 4b a N NI + on X p+1 
I CE CL X BY | Pele yt ef. 
+: , K HN X I aN NT Lax f. 
+m—3þXd | 
+ % —3f—m—n X 4 QT nth 


+ : m—2p NI + 2F+» X p+1 Xx - 


— 1 ente am X 36I + anX 7 
+ : - X I ＋ T X 2þ+1 : Xx —bC > X 1 ay 


+ * ii Xe | 
4177 4 | 5 

+ : % X 8-1 3E X bt: ee eee Aft 

＋ : 2 K 2 + 2-4-2 X 20-1: X—=C\ ma X4B+1 + 2a N 4+1 


＋ : m—p X 364-1 +846 * 37—Tᷣ l: X—bD 
E.. 


Next for determining the Coefficients A, B, ( 
| Ge. Put the Coefficients of the homologous z0us Poxen 


Alter che ame Manner B = 


1. Here 


* 
—1 1 


— 11 


ed. II. of FL UXION S. 


I. Here note, A, B, C, D Sc. repreſent the firſt, 


cond; third, fourth, Sc. Terms, only leaving out 
the Powers of x and y. | 

2. This Series ſometimes gives the, Quadrature of 
Curve in finite Terms; particular! in Trinomials 
(that is whoſe Equation conſiſts of three Terms), 

8 F—p +m+1 
when —— = 
ber; to which add 1, and you have the Number of 
Terms in the Series. 

But in Curves of more Term bes are ſe- 
reral Conditions requiſite to their exact L fin 
which it is needleſs to enumerate, becauſe ſuch Curves 
ſeldom admit of an exact Quadrature. It is ſufficient 
tooblerve, that if N= Number of Terms in the Equa- 
tion of t Curve, they will ſometimes admit of ſuch a 


= Ne—28+2p— — 
Uuadrature when = I + x 


is a poſitive whole Num- 


is 4 poſitive whole Number, but never elſe ; which 
Number will then ſhew the Number of Terms in 
the Series, that conſtitutes the Area. 

4. When the Quadrature of a Curve is required 
by this Series; reduce the Equation of the Curve 
to the preceding Form, and comparing the homo- 
lbgous Terms, the Exponents and Coefficients will 
be eaſily determined; which muſt be ſubſtituted in- 
to the foregoing general Series as uſual. And when 
any particular Terms are wanting in the giyen Equa- 
tion, then the reſpective Coefficients will be o, and 
thole Terms of the Series wherein they are found 
vill vaniſh. 

5. And we muſt firſt of all enquire whether 
it will admit. of an exact or geometrical Qua- 
drature, and if it will not admit of it in one 
Form, it may in another, To this Purpoſe we 
muſt divide the whole Equation by ſome4Powers of 
and y; fo that in the reſulting Equation, there 

M m 2 may 


* Doc ri Nr 
may. al one Term without ; and Pills 
without 73 For this "Condition is abſolutely neceſſu 
to the Equation; and thus you will: have a gen 
Form : And this'we'mult'do as oft as poſſible. Noy 
the Number of different Forms any Equation vil 
admit of is NN — N, putting N=N W of Term 
in the Equation. 

6. If it admit of ſach Quadzarare.i in. none of thek 
Forms, try to find the Complement of the Ates, 
by writing x for y and y for x in the Equation of the 
Curve ; and then <p. Kd, the new Fan 

in all Reſpects as before.. 


3 
Let y x- O. Here m=3, #=3, p=1, 
rn 


; „ n = 
whence the. Curve is geometrically eee and 
þ 


t=, a Et, 4 = — & and 


the Area =429.— Foo ; 


Ex, 3. 
Suppoſe art I H o. Here u =4, n= 
| by a4. Ra een, be. then = 7 
— 13 "IN the Area = 22 22 0 1 er. : Pu 
Ez. + n 
Lay — _ T Kr — Bere tie Cari 


is not — in this Form, therefore divide by), 
and then 14 5 — ee where #m=0, 
Ne 124, 


STE TIC =P (whence 0 e . 
e, o th As wan I 


130m 


Ex. OA = 

Let ** en 20 8 

= — 1, on = — 4, = — 2a, -a, P =, ., 
— 2 nr 

© 5 =1 and the Area of 

he Figure is ="2xy -* For all the RA 

Terms of the Series will be * 


100 


p R OB. XI. 
ud any Number of Curves that may be Aurel. 


Let the Abſciſa AB x, Ordinate BD=y, Area F I G. 
BD=z. Aſſume any Equation between x and 2, this 113. 
will determine the Area: From that Equation get ⁊, 

md ſubſtitute its Value in the. Equation 2 Po n 128 

will give the Nature of the Curve. | 


—  BxAMPLE . 
Let x, whence 24X —2 Jo, whence N 
ad the F gate i is a Triangle. | 


I op 


Let ax3 , and $ 24 . * , whence 2 
MW =), an Equation to a Parabola. | | 
BH Likewiſe if #3 =az, then: N = SIX > 1 


3*Zay, an Equation, again, 8 the Parabola. 


Jr: 2; 


3 a3 


Let — eo *, whence— r => * = ther 


fore T_T whence being negative, lies | 


I C. 
the other Side of AB.. of C 
| E % 1 
| Let ccoa. cer ra, "Of de Px, f th bf 
. e ex Fg 
* = therefore IP BD 3 
aa Fax. | Vaa Tn — D, v 
5 FF, 
——— 12 8 . = 

if = =: r, then à = Has f 
&, and therefore bl — ** a xXx. : A 
| f the 
Ex, 6. (x or 
. 5 ther ( 
Aſſume b — 3x2 +33 = 2e, then 33 — 9x3 MW: 
n acep- 
32 =222, and 2 = 1 3 any Ix; therefore x 
Iu] 32 = fnd 1 
aa? out of which æ may be ex dan 
punged by Help of the aſſumed Equation, jo hat 
Ex 
. 7. 3 
* e +fx"\' =2, then 1 -— 

: a 

x R 0 B. Equs 


g. II. of FLUXITONS. 
PROB. XIL 


of Curves ACE whoſe Areas ſhall haue any 
aſigned Relation to the Area of the given Curve. 


DF any mechanical Curve, whoſe Complement is 
BD; or ADH any Spiral deſcribed by the Arch 
D, whoſe Center is A. ACE the Curve required, 
joſe Relation to the firſt is given. 


Put AB x, BDS y, Area ABD = x. 
AC=v, CE=u, Area ACE = .. 


Aſſume any two Equations, one of which may contain 
le Relation of the Areas x, w; the other the Relation 
f the Abſciſſa or Ordinate of the given Curve AD 


ther Curve AE. By Help of theſe two Equations, and 
ths third y &, expunge all Quantities as Ar as poſſible, 
except v and u, out of the Equation uv = w, and you 
wl get an Equation for the Nature of the Curve ACE : 
thd the ſecond aſſumed Equation will determine the 


have the required Relation. 
Ex, 1. Let AD be a Circle, whoſe Equation is 


*=xx =yy. Aſſume ax =vv, and =, then x = 

1 29 4 3 . : 2UV 5 — — 5 

; Whence uv W Van = 
2 


—Yf VU ; 4 = ——a/ aa—Vv, the 
5 peo, therefore 8. "v4 , 


; WEquation of the Curve whoſe Area is equal to that 
of the Circle, when ax = VV, 


Ex, 2. 


Let ADF be any Curve referred to an Axis, or 


(x or y to the Abſciſſa or Ordinate (v or u) of the 


Vantities of the Abſciſſas or Ordinates of the two Curves 


27 


hy Curve ABD being given; to find any Number F 1 G. 


114. 
14 
116. 


117. 


114. 
117. 


"2 Os tes 


122 * dect. 
FIG. Ex. 2. Let ——_— as before, and ar K 
LN 5 ) 
114. and z=w. Then w=w=z = = = — 
117. | EAT OP 1 | 
— | Whence#= Z= or or 4 = 255 = 
| 25 on to a mechanical Curve. Ther 
| | Ex- 3. Again let ax — XX =, cx +2Z=w0, and 
1 = vb. Then 2 . c T = 
; ach 2 1 A i 
9 — — ; — SINE Oo ö 
Vo += « 2 
Ex. 4. Let = =y as before, and aſſume: bj 
2y3 - 
= Sto, and z=v. Then 1 = 2 - * 
1 2& * 
S LL = — Var —xx = a I 
IX 


4/av—vv ; hence # =—-1/av—vv. 
Ex. 5. Again let ax—xx = yy, and z w, = 
Then 2 = =223=22)X =42)vv=42VV/ ax — = 


= 42vv\/a9* — V+ = 42V*0V a—v* ] Hencen 
| 42Vvi/a—wv, an Equation to a mechanical Curve 
98. Ex. 6. Let cc+xx=yy an Equation to an Hyf 


117. bola; and aſſume Z=W, xx =6V. Then wv u Mice 


. . ct CU — 
— puma Nec eu Verb. He 
2 20 * * | 
1 V gr VV » | la 4 


* 7. Let cc H as before,, and — 72 
xx = ci. Then wy = W =) TD - = bw 


— 3 c — wits 
| Vita. "2/0 how , 


4 


\ 


cl. I. — ** 2 — 273 


Ex. 8: Let: 5 c an a Equation to the F 1G. 
di; and A TERS 4.3 72 — , de- 177. 
2 25 
Then 222 1 * N — e. + 4 
ON - Fo eee 


— 
Hence # b. vb, an Equation to the Circle. 


Ex. 9. Let y=dv x © +f#\ ; aflumez=w,v= 114, 
— 117. 


( 
7 
e 
Ex. 10. Let BD or y = Arch AR . the Parabo- 118, 
aAR, whoſe Equation is ax5s, putting A R3=p, 117. | 
Rs, Tangent TRT; then ; — No al- 4 


J fume z = w, y =, then will a = = &=5* = 
a ts au ' 224 - 26% . aw. 
X, Nn 5 on- 


Je Docr INR 


F I G. Ex. 2. I. . as before, and ax+: f 
Ae and Z=W, "Then wy=w = =2 0 = = — 
my — © 
DW _ J=tW 2 Lil 
* Whence «= 1 or n= a+” 
Equation to a mechanical Curve. Th 
Ex. 3. Again let ax — xx=yy, £8 +2Z=0, and 
= vu. Then aw = u = c +3 = o& +l 
2 Cc 2 | 
* | Aer Ke * — — f 
= 7” 2 » Whence 4 = He 
bb ＋ 
Ex. 4. Let aur: =yy as vifors; and aſſume: Ki 
MW: ; 
2 =W, and x=v. Then w=w = — L F 
D N 
= 3 Xx 1 _ = ; 
4/ av—vv hence # =—-\/av—vv, 
Ex. 5. Again let ax— xx , and 2 =w, #= 
Then UV c Z=2ZKD=22)X =4230Vv=42vv\/ax a ., - 
= = 42vv\/ av* — v4 = 42v*0V a—0v* : Hence 
| 42VV\/ a—wwy, an Equation to a mechanical Curve 
98. Ex. 6. Let cc+xx=yy an Equation to an Hyf 
217. bola; and aſſume z=w, xx =6v. Then uv = oWior 
c — 
== Ve Pc 2 Het 
2Vcv 2V | 
1 == — vv. Ia's 


1 : 


r Sa. Then «wv = w =aj + 3X = 


. 7. Let cc HAS =7y as 9 0 and xy —2= 


1 Aa. 


** CUV EE, cv 


- 
= 


FRY wh 
Ex, 


Vcc FFA "2/0 + w 


\ 


bow. FE ux t O 8. 273 
| an Euation'to the FI G. 


ect. *. 


x £0 A= 5 i — 1 f 103. 
(ifoid 3 and ER +3 12 = , dess. 28 
f war- 


nen rdf. 4X e — * 
| Wer Gee 


Hence 2 = VB, an Equation to the Circle. 
Ex. g. Let y=dv xe +5" ; aflumez=w,v= 114, 
117 


a . 3 l * —5 
N 5 
Y“, then will x — ud / 29 
| ms 2 | n 
1 
L — | 
7 * 5 
UV 22 | : ES : 
ack n 
dv v = 
[== F : there- 
mnf 
| pits 0 
- * 
dv 3 
lore 1 — Tx 3 b 
mf 


Ex. 10. Let BD or 7 = Arch AR by. the Parabo- 118, 
1 AR, whole Equation is ax , putting A Rap, 117. 
2M RN,, Tangent TREt 1 then 5 — Now al- 
ö ome 2 2 w, y = v, then will 4 = & . = 
Wis 225 7 L 


| — 
1 A it — 


F I G. conſequently 1 = uARD - „2 mechanical Korve. 


1186. 


117. 


116. 
117. 


They PocTRINE, 1 


C4 8 — 8 

Ex. 11. Let AD be a Cycloid, Diameter of th 
generating Circle , Fg. Aſſume =v,.z=y 
then by the Froperty of the Cycloiĩd a , when 
d WIZ IX 2 = Sv; and therefore u , 

co ty AE.is a Circle the ſame with AG, 
Ex. 1 "ft 4 D be a Figure of Arches, when 
Arch AG = AB = . Aſſume „v, Z=w. An 


by the Property. of the Circle; & = = 


* * 8 pom Dr. 
Then eee — — 
0 bloc as WORE, ba iv RM 
Hence 8 3 : 
24/ avV— VV 
Ex. 13. Let A4 de the Spiral de S 
whoſe Equation 1 is by=xx and afſume x =v, and 


SE ILAN 
= then u = §¾?ↄ2. S N = 5 


11 


whence hu = v, and AE is a Parabola, convex to- 
wards 4 C. 


P R-O:Bi/NIHD) ot . 
To find. the Surface Ul a Solid. 


; As the F uxion of any Space is equal to the I dy 

deſcribing Line drawn into the Fluxion of the Axis; 

ſo the Fluxion of the Surface of a Solid (generated 

by a Line revolving about an Axis) is equal to the 

8 of that Circle drawn into the Fluxion of 

her wp generating that Surface. Therefore . 5 
; 


+ * 


eck. II.  F®LUXTONY. 


JM (or . 141 6x2 = the Circumference 
of h ht — Radius is 1 then to finll the Surface 
generated by: the Curve A revolving about ibe Huis 


P; 28 the Eguation of tbe Curve enpunge one of the 
2 ined Qaiimntitees and its Fluxion out of abs Agua. 


uu £5 = fe. ANTE EL * and the Hident,” 


2 3 , * "34; n 4 3. — ee — — . TIS £ 


AMPLE 1. 
— WM i 4 BD te a * Cone, AB=a, BC), the 
2 ch NH | cb2*. 


Z 
=o therefore. = = 9 = N and 1 


24 


. 5 3 And the Suifuct'of the while Cone 48D 


3 5 
8 OT: 


Let AM beg a ſpherical Surface, Radius= a, | by the 


Property of the Circle ax = 2 ; therefore 5 = og 
=(4X, dene S (ax. 


"EF 7 
Lat AM be a parabolic Surface, ay xx, then y = 


CX* x 
Vaa * : 


ears (x3 


ad the £ Juent (corrected) i is . 324% V. 


2 +094 A 4 — 
a 


- , whence g 33 +5* = 


— 2 X 2.303585 Log. 
the MW dy Forms 17 N r and Wk 


tis; {3 to 001Xul't 27 gie 
ted 5715 Ex: 4 | 10 1772 


the 7: Ne "= > ape be an Equation to en Purabolas, 


| of & os ts 
I the Prodeſs h Ex: 4. Prob. VIII. 9=jy/t+0y"; 
Lit Nn 2 whence 


275 
Let. feat Aſciſa APES. Ordinate PM, Curve F I G: 


119. 
120. 
121. 


143. 


119. 


120. 


119. 


— 


= 1 7 1 "eo: mis any poſitive whole Number. Ane 


121. 


had by Form the 15th, — m is the half of a 


by Form the gth and 13th. In other Caſes, For 


Thy \/\ Doc NINE 


. Wed 97 i þ 
N * Number: And the F luent 8 
eds xy will be bad allo by Form the 


reviſe the Flaent of N bu will be hadb 
Form the ++ when m 18 the half of an . Num 


1 


ber; firſt finding the Fluent of cy”. 5 145 


the 15th, or 16th will give the Fluent by infinit 


Series. 


Cox. If mz1, 
Ex. — 
I the Hiptic Surface BM, AY Center is A ” 
AD =a, AB =b, Abe, PM=y; then » 
* 22 


. 
bb — — — XX, and y == , and 2 
e = 


VN = — . ee, L = 0 == a*+: 


E. 
o 


7 


putting a W. 75 dd. Therefore's =y6 = + 
vi 4. Fadxx. Ler 2 =, 017453 K Degrees in the Arc 
whole Sine is 5 when a is greater than 5. Ot 


Fein 121411 1 
2 = 2. 30258 Ls. — . * when 4 is leſ 


than 3." And we thalf have (by Form r0thiand Lain 


1 2 
„ 


. II. | | 
by Form a uthe gth and 13) 0 S 2 hs 


e. Laue, ſor the Sg BM eee 


— 1. 6 * 172 
Ga AP." ddl! as mr OW. ft ala mH 
0 - 
301 1 9881 Ex. 9 Ire 101 bÞ9g 211 


FOR 


Is the Eyperbeleii BM: deſeribed 5 * Wi 
b, let che e =, Semi, tranſvers — 


watts r PM = 73 then J = — A ads 


of FLU X-FON 405 | 722 


5 and A 
2 , * 
mting dd aa 770. Therefore 5 = = OF : Ty = — 


Ae, a* ; whence (by gorm thegth and 7 3th) 


bx . 
2% GG ern 2.30258 Log. 
＋ Vddxx 4: And the Fluent correfted, 


— 
—— — 


_ thy cbb cbas | 
1 Malu 8. R * 24 X 2.30258 
| | da+ ba AN NE | 
: ve e as a 1 | 
3 "Ex. 7. | 
| 
| 


ro fad ib; Saas deſcribed by the Hypetbola revoluing 124. 
FF V eee and = 
3 75 . FFF 654 M + A , 


WES» 5 * | 
be TE deſcribed by Mis cx, w whence 5 = | 


ad 
e + Ly. And (by Form 9 and 
13) 


— 


= 


— — — 
— 


— K 
— , 

. ˙ DA CEO 
— — — 


— Re” Pan - 


GAR õ!N— — 
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7 i Gi 


122, 


whence /ZFF: = Ig vn, and therefore 


IKA des 


jj 


—- p—_—_—— 


1 2b; right angled Hyperbola Ee FA let 4P = 


— . _— 


PM=y, and an, and y EMT =—_ 


j 


„ cab 
—— I 
Whence _ F orm 3 ad 9) 5 


O N +5: = = 
ca 

Va ax! 

as X 2.30258 „ wu: * Var. — rer Nerf 

But in C. let * and ny therefore the a 

ee! is s AL 8 5 7 er Vi T + * += e, 


oo 1 


2. 30258 Log. IM Mn Ln — 2 Aer 5 * 9 
ſcribed by CM about the Adymprot AP. 7 
Ex. 9. | . 


* — * 


5 the bo Elli Mn revolve round bf Line 45 þ 
pendicular to the Axis CA. Let CA, RME Dm 
then F= c x PM + c x Pm —=2cd5.._ Whence 5 
2cdx. And AVE whole Surface deſcribed DE RDS 
a ER nn” I 91150 3025 


— 74 
0 . 5 


3 4 52 . 
—— * 5 
. ”— — 1 
— — — 8 


To - at ive Sur fees of ihe Ungula * a a Onde 
f 9 8 FS Let F be the Vertex, = | 
| ectt 


WS 


of F.. VAT NS. 


10. II. 


279 
33 597 made by a Circle perpendicular to the Axis; F. 
ay beer d regs on dhe Plane o . the Circle ps 0 N 
28 57; . DE, IP Perpendiculars on 4. 3 
put CD oi DF=a, Radius of e Cylinder 8 
. Wi=z, CP x, then r — 4+ P7=Coline of z=y, 
f PI=y+d—r ; and by the Nature yd the Circle 
Je (=) and by Limiler Triangles Nie A * Tax, ; 
* % NN A I” TEE 3 13+, A 
: Whence-s. = _— + | X d— — 33 and 
| whole Surface 24D 2 4 x ADZ — =_ 
ech ZDA—Cord 24. 
) 4 
Ex. II, 90.1 % Soe. yp 
Ut tbe. Gp. NM revolve aw the er 127. 


let AN=a, Mx, PM=y, then is Le 
0 * Ss Tenn Se — * '} 
= = whence & = ha. Jr. 
Pa We lt ED 201 


ce C 
12 3 betete = EY 2 D + conſequent- 


ed 0 2 a ＋ 3 8 HE 
P þ 8 DWS vol a MID 


A ——— 


7 77D: = = 302gLog HATTIE: 
the Fluent being duly corrected, 5=1cay/ayd-ay 
aa + — + EOS Do Ps e+9+2/39+99 
F.3 IN 8 7h N 7 +4443, 


uz 0.44 44 2 Fi F — 2 Y. a 
24 — 4 , , FF 5 of =# . : a . 4 * 5 : 2 16 1 


Ex. 12. 


1. Docrzrns,. = 


| f 1 12. 1 i 
[ 1 G. Lt DM be the Log. Curve; 10 fond 164 dent 
1 128. deferibes by revolving round the Afſympiore AP. 
| 1 dubtangent PT Za, AD=b, pot: FN 


| | che Nature on the Curve N= — 50 : Wheric 


480 


1 
: 


- n ic. 


7 2 
Pc 7 _ — 5 and by e 


1352 3 = 29 Af + ⁊caa X 2.30258 Log. 
; but in D, So, and 1277 therefore 
Fluent corrected by Prop. XII. is 5= 27 


e + 67 + 25 + zcaa X 2. 30258 Log 2 — 
V 


KE 13. 


* 129. Let the Cycloid AM revolve about RG; Let AP 
PM=y, Curve — By the Proceſs Ex 


| Prob. VII. S , thererefore S h Rx 


11 = &— Zu xo um cer , whenee 
3. 


2Ca*x — 2 car ar X 24 — x. And 
x ga, the whole Surface deſcribed by AND 000 


W 


Ex. 14. 


119. Sufpoſe the Catenary AM io revolve wm the 
AP, by the Nature of the Curve x g aN Tx, 


— — 2 
a Xx V aa + * whence Xx K : likes 
; aa | 


— 
5 = — — — Since SE, aff 


Jaa == | 

the Fluent cr (by Rule 8. Prop. X.) 

put into Fluxions is q = cy$+czy — , or 7 = 
Thi | 60 


8 \ * "Rh 
* & 
1 ; 
. * 
A B ein 
' 2 MN * 
100. 
#74 
* 
/ 


1 v— ts 


U 


S 
D 
© 


* * 16 x] 8 © * * 
4 wo YL 2 SSN 25 
. 
: - Pl V.. 240. 


I. ef FLUXIONS. 287 
FIG. 


— ——— 
. 3 


— of nyt — - . N 
2 S > e 
3 q %# Sn,» - 
EO — FIG As = 
2 = 
- , -_ 6 . 


3 and (by Form the 3d) 2 cax/ as +22 3 
ce SZECYZ — Ca aa+ZZ = COJZ — (4G — cax. 
when corrected s = cy2 — cax. 


2 
m- * Yr” 
— - 2 


ER 
— 


— 2 $5 2 a . - — 
_ 3 — - 


— — Wb — 

— — a — — 

— — — — 
— N 


— 


ROB. x. 
To find the Content of ſolid Bodies, 


any Solid Am, generated by the Space APM 1390. 

lying round th AA -A; ſuppoſe the Plane Mm 

ove along the Axis AP, and by that Motion ta 

ibe or generate that Solid; and ſuppoſe a given 

tangle B to move with the ſame Motion along the 

> Axis AP, and by that Motion to generate a 

allelopipedon ; the Fluxions of theſe Solids. will 

the deſcribing Planes Mmand B drawn into the 

deities of their Motions or the Fluxions of the 

ciſſa P. Now fince BAP =Parallelopipedon, 

BX Fluxion of AP = its Fluxion, conſequently 
Fluxion of the Solid AMm = deſcribing Plane 

X into the Fluxion of AP. 
ikewiſe if the Solid Ab be ſuppoſed to be gene- 131. 

d by a cylindric Surface MHbm continually ex- 

ding itſelf and moving along the Ordinate PM, 
retaining AP for its Axis; it may be the ſame 

proved, that the Fluxion of the Solid Am 
MEmli generated thereby is = cylindric Surface 

ubm multiplied by the Fluxion of the Ordinate 

= -ncreore, | 


To find the Solidity of a Body, let the Abſciſſa AP =x 
linate PM=y, MH=u, c=3.1416 Cc. s = ſolid 
tent, Then by the Equation of the Curve expunge 
of the indetermined Quantities (and its Fluxion) 
of the Equation 5 =cyyx for the Solid Alm, or out 

Oo of 


5 8 —_— 4X 
* 8 2 L I 
1 4 — — 8 . . 2 
þ N 
— — ———— —— — ————— Q — — 3 — ou — 
3 5 . —— — — ꝗß 2 0 


— 
—— 


„ 
o : 
1 — 
i. 
1 j 
4 
'T 
4 7 d 
o \ 
[1 U 
11299 
3 £ 
(] 
= 
F 24 
$ ; 
1 * 
1 
141 
1 4 
11 
5 * 5 
bd 4 þ 
1 ' 
2 
1 8 4 
1 ; ; 
{4th 4 4 
"ro 
7 1 
1 : ) 
KW t J 
. 4 38 © 
LAS / F 
A ll 
4 3? 
+ 18 
' 1 « 
| 4 * 1 
a kt! 
6 Mr 
k $ 5 
£ 7 
9 
17 * 
t 8 
4 7 * 
4 : 4 
3 5 
2 * > 
' g * 
j 3 * 1 
> 4 TY 
4 i 
3% 1 ' 
Ez 
| 97 . F 
1 l ö 
7 1 e 1 
* 9 2 
1 
+ . | 
F 2 \ 7 
* 
* f $ © 
1 1 
4 
7 - 
A 7 
7 
. 


F I G4 


123. 


of the Equation. $ = 2cuyy. for the cylindrical Sli 
Aim or H HMEmb ; and then find the Fluent, 
dig? god a mia DES NANG 1 
15 ABD he a. Cone, Height Lc: Dua, C 60 CD 
Dx" 
Sb, then Bx a]; therefore s = O = —=, 
and 5 — r = 1 D. and the whole Cone = 
| 1 342 . $ - 
| =, : OO ** Height. 
f Ku. 2. 


132. 


130. 


4 


The (PoemRINE, | 


Let BF be a Priſmoid, whoſe Baſes are ab angied 
Parallelograms, though not ſimilar. + 

Let its perpendicular Height AL = 8 2 
AD=4, 8 AG n, BC n, by ſimilar Triangle 


m—1 
:S Ad: 


b 


15" thin KI=d + a and TH=s+ 


8 88 then 3=4 4 FEaxn + cx 
5 8 | NR. | 2 
dnx PB FP + Pm x + Ix n=, | 
cherefore 5 = dur . 21 5 * + = +] 
IE - x3-for the Solid HIKF. And when x=b, 
then the whole Solid BF = Fen: + mn + 25m ＋ 241: | 
5 


N 


q [ L 


Ex. 3. 


Tel. AMm Be the Segment of 4 Sphere, its Diameter 
e chen. San , therefore f Y =caxx | 


c. 


ü and h: x =: . 


Ce 


ed, II. of FUUX'TONS. PR 


Y | . 
Ni N o Pan or ; Kan . \ A W of 8 2 4% - 2 
| Wut > I ERP” — ot Dn Oo SOT TT 

CK. Therefore 5 ——— — r for the Seg- 


| | 2 3 
ment Am. And when æ a, the whole Sphere 


(a, 


0 


vs, 


= + the circumſeribing Cylinder. 
Let AMm be the Segment of a Sphere of an exceeding. 
ſaal} Height, here Y Sax nearly, therefore (by Cor. 3. 
. 5 caxx cry 
Prop. II.) 5s =oyx =caxx ;' therefore 5s = — 
| 3 | 


nearly. h 3 
17 Hence in any Solid of a finite Curvature, the Con- 
tent of a Segment of a very ſmall Height, will be 
„bund to be half the Baſe drawn into the Height. 


- 


les _ Ex: 5 
© Let the Solid be a Paraboloid, where ax=yy; then 130. 
N 8 . cd cyyx 
go = caxx; therefore 5 = ——— = - _ 
i Baſe x Height. | 
And in general if x n, then & =my"—"y; and then 
= ο = cmy"t+"p; and therefi = ——_—_— 
EPL 22 ; and therefore 5 IA re, 
: * = I RE Ts 
7 yu. Therefore in the conic Parabola, 
. 3 . . IT \ 
were m =, that is when the Curve is convex to- 
; WI 1#ds AP, then the Solidity = = — = 7 Baſe x 
Height. | 
K 8 Ky. 6. 
Let Am D be a Parabolic Spindle, generated by the \, 30 


Parabola AMD (whoſe Axis is DT) revolving round 
e Ordinate AT. x x DS 
Let AT, DT=4, DH=v, MH=u, then MP 
or y = -d, and au gun by the Nature of the Curve: 
N O02 . 


254 


F IG. 


130. 


| GP) 


e Hs ee 
kes r ONE: —— 3. wherelare eg = 


N. ee 4 em Ther efore the Fly. 
| 4 
elt. ; aca : 


ent 5 — T7 bur in A Where si 180, I 
DT as... . W- 
4855 therefore t the Fluent corrected i 15,5 == . 
9 18 1 5 9 | | K 4 5 
cdu: cus cb. gadb⸗ cas. 
. e re, 'F 
EE. 5aa gu 134 150 ß 
54 — 35 30, for the Solid Los; and when v and 1 
gcabs '$cbdd 
1 =0,: the, whole Solid 4Dd = = TS = VER mil 
* the Baſe x Height. 5 5 * 
Ex. 7. ( 
Let Ain be. an Hy perboloid, Tranfverſe=a, Conju « 
; 8 J 
gate S b. Then Y) = e x Tr; and 5=<; Ml =: 
EE bb 
== SEE And the Cents = — | 
HS 
50 * 2a: v+ 2:xX FIT RC RIAL; 34 +28 Al 
Jab ie bb) bb XY = ba+6x 
x Baſe Height. | Y: 
Hence if xo, then the . 2 : Baſe X Height, WM tic 


and if x be infinite, then the Solid = Baſe x Height: 
Therefore the Hyperboloid is always between and 7 3 
the circumſcribing Cylinder, and is nearly = 
thereof, 

= qa: | = of 


Let the Hyperbola CM N "ery the Conjugate 
1, A being the Center, AC, Semiconjugate = a. 


b 
By che. Nature of the Figure yy = bb 190 2 *; Ma 


* 


nd 


ce 


aſe x Height 8 


Gl, Il. of F LUXT OM:S. 


2 4 cmx= cbbx- +- = 2 * 122008 5 
r ebb +4 sch, the Solid \dcened by CUP. 
1 X. 9 9. IIS 


Lit the Hyperbola DM revolve round the 22 
{P, let AB=b, BD = Me, Das. Then 5= 99% 


c | | 
= —, whence 5 = 
xx 


4 the Solid begin at 


ey | 3 Ge | cas cal 
B; 404 then he Fluent  correfted Is 5 = I ML Sos 


x 
= (0a X dy. 1 104 | 


Note if CABi is not a aright FR 8 muſt be di- 
niniſhed in the Ratio of the Radius to the Sine of 
that Angle. When y =o, the infinitely long Solid 
DMPB = caad = cddb = Baſe x AB. 

Or thus: Let . Z£ My, an, then UN 


= whence 5 2cuyy = = 2c] © therefore 5 = 2cany 
20%, for the infinitely long Solid 3 


een 


Let DM the Log. Curve revolve round FY ee 
iP, let Subtangent TP S a, then n, and 5 = 


=_ = Baſe & 2 TP, for 


Mx = cayy z therefore 5 = 
the eee Solid MPAD. 
Ex. 11. 


Let AM be a Spheroid, A the Center. AE = a, AC 


bb 
= b, then = — as Xx ; whence = S = ch 


Fe "bd = 10 
11 4 
an aa R — FF 


Fl. And when x = = 6.. then S=3bbg = + 


E * 


14 


— 


3 therefore 5 = cbby — 


Ex, 


F1G. 
136. 


137. 


Dccaax ＋ 2. 302 f8cꝓ Log. 4: — 2. e Log. a 


13335 


139˙ 


Ex. 12. — + Yaz ere 
222 th . e 4 Cir 2 4 euch a . 
Sine A C Heer, CA=b, AP or Cr, PE 


Vrr —xx—b; then s = * == Ox: ITS 


2 he Vrr—xx ; and the Fluent.s=cx x77 N= 
a x Area CDMA the Solid deſcribed by ADM? 


Rx. 19 
In the Ciſſoid AM revolving. round AR=a, we hav 1 
8 whence 5 = SIND) 20 
PE am 8 — 5 
— 4X i cad += Therefore (by Form 18 {th 


„ 3 rely 
* a2. 2025844 X Lag 


a—x: And when duly corrected 5 = — 4cx3 — lux 


282 — 


* 2. 302 38 ea W — — 3c — c 


caax. f 
E. x. 14. 
Let the Ci Maid revolve round the Afſymptote AP, tej n 
— * — : =: Whence = 20x11 = 
PN =: ence 5 = 2 S 2000 


0 % K = Therefore (by Portes IO, 11 and 13 


5 = ca x Segment ACD K A , for the inf re 
nitely long Solid hope, ON And the whole ABMS 
= ca X Semicircle ACB:. 


Ex. ( Las 
Let the Chonchoid DM revolve about the Gp 9770 


AD 1 AC, then A b+y /aa—vy S, and u 
| * thereon 


ll of FLUXIONS. 
fore? = 201999, = 200! Sc xb+y Naa 


aa 2a, . Deſcribe, the Auer 
4 then (by. Forms 8 and 13 Sc) Tac 


a ALR - ie a9". And; duly cored, 
— = 20h X Area AKLR +5 ca) — Fc * ay for 
0 zubnitely long Solid AN. 

E x. 16. 


In the Concbeid DM revoke round the Ait DR, 
ne the Circle deſcribed by RM = cxx, and the 
Fuxion of DR or a—y is -; therefore the Fluxion 


* 


{the Solid 5= — cxxy = =—< * 2 7 Kaa—yy= 
— . aabbcy 2 be X 
x b + y — * * 1 n Whence 


cbbaa © 


3 


— aabbc 


CX +3 -c * 8 5 — abbc + a*c 


440 + 2.30258 X 24406 X Log. 7 r. 8 


Ex. 17. 


Let the Cycloid AMG revolve about the Axis RG, 
AR gh, AP=x, Rp Tu, PH, Arch AB =, 
B=z, then x=4a—y, and & =—y, and by the Na- 
re of the Figure 4 =V A Z, 75 4 72G 44S = — 


ax 2 29—4 55 
— x =xx# — 2 
7 29 4 
ten 5 = 2c43y ; and aſſume 5 cuyy + 7, this put 
| 5 
3 Po 83% WM. 
e Fluxions we ſhall find 7 — cyyu = — 3 
— * eee N 
fore whence 


Nec | ; 
= TX A +, 5 — ace & 2:302585 X 
| 8.9 Aa /. And by due Correction (oben =8) . 


139. 


129. 


4 — — c r a 
_ —— 3 - 
— — , - — 
— — — — — ' 
— a re - —ññꝛ lF—— = WO, 
— 2 * — 20 9 2 2 
— ww 


of - 
888 — — -— aan i; 
2 1 * — S — anda — — 2 
” Ta FE ey * 8 _ — 
- — 
— — —— — : — 
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F * G. whence by Forms the 10th and 11th) ;= 2 , 
| 8 + lo + 1544 — | 3 

r (Pauing, 
=. 8 Sectors CBR. 
44 


| | 8 
Sector C BR — 1 


| the Solid deſeribed by PMGR: And when y= MM" 
| then q = ca Xx Semicircle. ABR, the Solid deſcribe 
! by the whole Space AMGR revolving about RG. 
| Ex. 18. 
| 130. Let the Catenary AM revolve about the Avis AP 
here Pr, PM=y, AM=z, and ST = 24x + 
whence (ſee Ex. 8. Prob. III.) zy = ax. Now i 
cyyx, and aflume SZ t, chis in Fluxions giv 


1 Therefore 5 = c ＋ 260 


22 2cαπνν = (becauſe y = = _ — 2Cay * 


(becauſe xx=223—ax) — 2cay X 3 „V 
X Z$—y = 2cay) — ⁊cays; then aſſume ? cay 
2cayz + u, this Equation in Fluxions will product 
U=2cazY=2caax, whence u=2caax. Thereiore ti 


Solid S$=exyy + cayy—2Cayz + 2C00X. 


B. 

T.et the Abſciſſa AP=x, Ordinate PM=y, p=3 1410 

, to find the Solidity of a Body deferibed by the Revoluli 

10 of any Curve defined by this Equation y= SAAT BAN Cx. 
Ther luxion of the Solid = ABC: 


pn, and the Fluent . 4 ＋ =o. * Pr f 


3 
the Solidity; out of this 2 r 0 


| 5 Gs 
= - — r. the Equation of the S and you wil 


1 
0 5 hay 
3 


(an 


«4.11, of FLUXTONS. 
we the Solid = f ATC: x © = 
0 gebb 


—, which contains two gene- 


+ 2A TIR: 


of 4, B, C, and ſubſtitute them in that Expreſſion 


les A, By C, as in the following Cafes; 
I, Let y=ax denote a Cone, then yy=aaxx, and you 
have Ao, Bo, C=aga. Whence the Solid =yy 
; HS et 
—. 


2. In the Fruſtrum of a Cone, b= Radius of the 


[=bb, B=2ab, C=aa, and the Solid = yy +26b+bax 
x 25 * | 

| A = (expunging ax) yy + by + 06 X F 2 

3. For the Segment of a Sphere whoſe Radius is 

j=27x—axx. Here Ag, B=2r, C=—1, and 


he Solid SYR * — 2 5 rx X 2 

4. For the Fruſtrum of the Sphere, yy rr xx; here 

gr, B=0, C =—1, and then the Fruſtum = 
px yh 


0 ＋ 2 X — 


41008 5 In the Spberoid, a= Tranſverſe, 4 Conjugate, 
wing _ r 44 
CY = - e here 4 = o, B = 
* _ — 1 
irs... ddx Px 
x fol aa * Solid = yy Te X 73. for the 
ment, 


anſverſe, 2c= Conjugate, then yy - xx, 
P p „ "were 


Inl Theorems for all Solids of this Kind. There- 
hne from the Equation of the Curve get the Values 


f the Solid where you have the feweſt of the Quan- 


op, and y - Sax, or yy =bb+2abx+aaxx ; here 


b. For the middle Freſtrum of the Spheroid, M= 


— — 
— 


67 
Ng 
if 
25 
o 
mn 
4 
3 
9 
11 
* 
* 
5 
dt 
- 
'? 
7 * 
5 51 
19 
** 
* 
; 11 
1 
3 
1 
1 
L 
: x 
| 
7 WW * 
1 
* 
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74 
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v | 
1% 75 
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+ 4 
1 1 
=y $; 
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0 © "I 
1 
1 
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l in 
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4 Bl Y 
a 
|! 
7 
11 
; 7 
o 3 
1 
is wil 
, 6 


ee re 


140. 


C =o, then the Solid = y + Y + 6b X 2 I 


fimilar, and Mo ur. By the Nature of Refledtid 


The DocTRINE 
ec 
where 4e. 82 O, 3 RE” TY» ; the "IP n 
2 ] 
r 16; Vide 2% 9p 441: - fin 
7. In a Paraboloid yy Sax, here AZ0, Ba, C= 


the Solid N x ==. 


8. For the Frofirum of a Paraboloid, 1 — Ras here 
of the leſſer Baſe, gy bb Hax; here A= Döb, B=| 
Dx - 


9. In the Hyperboloid, 2a= PE 2d= Car 


24dx ad a 
Jugate, and yy = —— + e ; here 4=o,8 AT 
24 8 dax x 
. c . Solid =p + - x I, a 
Segment. 
: | E 90 
p R O B. XV. 5 


2 he Nature of the refiefling Curve AMn, and the lu V 
nous Point L being given; To find the Focus F, o WM; ., 
Concourſe of the neareſt reflected Rays MF, F. 


Take the Particle of the Curve My infinite 2.0 
ſmall, and let C be the Center and CM the Radius 
Curvature of the Arch Mz; and on ML, »L, M 
„ let fall the Perpendiculars CE, Ce, CG, & N. 
on the Centers IL, F, deſcribe the ſmall Arches Fonts 
no; then the little Triangles Mon, Mur are equal a call, 


the Angle LMC=CMF, and LnC=CaF, when 
CE=CG, and Ce=Cpg. Now if CES Ce (that is, 
L falls in Z or e) then will CCC; that is, the Poi 


F FLUXIONS. 


1.4. 11. 


be leſs than CE, that is, if L falls below E, then 
jill Cy be leſs than CG, and the Interſection F will 


ſhe Triangles LEO, LMr, and Fon, FSG are 
milar, and EQ = C e CG - = 8G; and 
= ue, and FG = MG — MF = ME = 
fore LM: LE : : (Mr : EA: - Ir. 
M: U:: ) FEN: ME — F. "Whence MES = 
LM NE 

DI 


erpendicular LP, and let LM= . LP=s; ME =v, 
id by Prob. V. MC = ==, whence by ſimilar Tri- 
| 225 


ples vy = 
2 
Wy 

. —— if CM be the Radins of Curvature, 
E perpendicular to LM, and LP perpendicular to the 


angent PM, and we make the Diſtance of the radiat- 
| * Point LM=y, ME=v, LP=au: Then compute 


Gran of. vid rk and als — 


u when AM is convex towards J. Write — E inſtead 
r. 
2. Or find. u from * Nature of the Curve, by Help of 


Nich expunge i; out of the Equation MF= — N 


2y1—uy * 
| I Con. The Curve FFA paſting through all the 
Foints Z, or touching all the reflected Rays MF, mf 
af called the Catacauſtic or Cauſtic by Reflexion. In 
„ ich any Portion Hf of the Curve is LM 
6 L1—AH. For drawing mL infinitely near ML, 
Fd Mo, mr perpendicular to F, ML; then fince 
Mr, therefore Lm+mf=LM+Mf, or * 
N 


0 


Jen fall above G towards M; and the contrary. 


Otherwiſe thus: Draw the Tangent W, and the 


„ or vu = u, therefore: AﬀF=- 


291 


gill fall in G or g when M and z coincide: But if FI G. 


140. 


141. 
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F I G. Mf—ILm—mf o; and adding FF, LM + Mm 
— Lm—mf =; but theſe Moments are as the 
Fluxions, and therefore the Fluents thereof will be 

equal, that is the Curve HF n re 


dee 


Ex A M PI. E 1. 
142. Let AM be @ right Line, then v is infinite, Ws 


EE 

M = 5—5 = = 9. 
Or thus : u is a ſtanding Quantity and #=0, thi nol 

8 ww 3 uyy 1 | * 

fore MF = SS =. 9: WheanM = 


| Perpendicular PF=PL, and # is the Focus of the 
reflected Rays. 


EA. 
143. Let MD ve a Circle, C the Center ; then MF 


of „„ 5 
25 — And when y is infinite, MFg DE ME, 


And if MD be very ſmall, MF = — — | 
And if LC=CD, then MF=3v=i3ME=3LM, 2 
| Ex. pe Any 
| a 


1 144. Let MD be a Parabola, and let the Rays be pata Ty 


le] to the Axis DB, then y is infinite, whence MI... 
vy 2. — 

1 „ dt 2 

# 2 | 

1 M* 

4 : (putting 7 = Latus Rectum) alſo 27 = 2 


therefore Q =v, and 2F=zizv=MF, and therefor 


# is the Focus of the Parabola. * 
| 5 
b Ex. 4. th 


| 145. Let DM be a Parabola, and let all the Rays il © 
| perpendicular to the Axis D, Let DP=x, PM= S 
MP =s, and u Z: Then by Prob. V. ME or Met ( 


0. l. of FLUXIONS. 


- i=, and s5=2z2z+4rr by the Nature of the Fi- 
207 
gure: Whence MF= 7 Su = e T2 
[— . | 
Ex. 5. 
Let DM be the Log. FR the Center L the lumi- 
jous Point. By Prob. V. v=y, whence MF = = 


=). 
EG 


Suppoſe DM to be an Elligſis, L the Focus, the 
Tranſverſe = ar, Conjugate = = 2c; then by the Pro- 


rerty of the Curve PL or 4 = - , and æ 


Van 
* 2 73 Whence MF = ks. — 
207—99) | DR 7M 
OX ee e 


= 2r—y; conſequently (ſince the 


cy 
Angle hip = FMT ) the Point Fis the other Focus. 
And in like Manner it will be found that Rays 
fuing from one Focus of an Hyperbola, and reflec- 
ed by the Curve will diverge from the other Focus. 


NB. 


The Nature of the refracting Curve AMn, and the lu- 
minous Point L being given; to find the Focus F, or 
the Point where the neareſt refrafted Rays MF, nF 
concur , and where they meet the Axis of the Figure. 


Suppoſe the Arch Az to be infinitely ſmall, and 
E C be the Center and CM the Radius of Curvature 
in 


<93-- 
F I G. 


146. 


147. 


148. 


———.— an eats ERPs a 
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E I G. in M; and let fall the Perpendiculars CE, Ce on t 
, Rays of Incidence LM, Ln, and the Perpendicula 
CG, Cg on the refracted Rays MF, u; and let t 
Sine of Incidence CE to the Sine of Refraction 
be as n to n. On the Centers L, , deſcribe x 
ſmall Arches My, Mo. Now fince Ce exceeds ( 
therefore g exceeds CG, they being in a given RA 
tio; whence MF, nF interſect beyond G. 
The Figures GCME and on Mr are fimilar ; ther, 
fore ME: MG: : M.: Mo = . and L 
J De = ASX. : And by the Pre 
| perty of Refraction, m:n:: (Ce: ¶ :: CE: O: 
| Germ CEt c:: ) a2: ig = — Om 
e ang, 5h "8 — mxLM_ 

and by the ſimilar Triangles FoM, Fgs ; Mo — & 
| | | mx MG* Xx IM | 
OTE. = mx MG LM - Xx LAX MI 

| 149. Produce MF till it interſect the Axis of the Cu 
if in O, and let LA d, A0 =f, LM=y, MO! 


4 Ax, MH=z, then = +d +x , and 

1 1 8 V f= α . And it is y: —5:: rn: on:: mn 
0 e 35 „Nn +ndx AN 

and y =—ms'or ny =—ms, that is 5l%«n“ 

| \ 1 


| | = 2 — te 2 Therefore, 
4 ee = N 
| 1 49. 1. To find the Focus F, let CM be the Radins 0 
| Curvature, CE perpendicular to LM, and CC to MG 
; ME o, MA. LM=y, in and u the Sines of Mo 
dence and Reſraction. Then find v and u by Prob. J. 


and take MF = —— ä FAM 1s con 


ca 


be Rays converge when they fail on-the Curve AM, 
e 9 Fe or 


i of the Curve, let LA d, AO , AH = wu, 
En. bun by the Nature of the Curve expunge 
Yr 2 out of Ihe Equation = PICO TEE — = 
Sm ms, ond by Redudlion find F. And 
2 f—s, | 

» the © Als concave towards L, worite — K, for 
4 Se. | 

os. The Curve NT paſſing through all the 


nts F, or which touches all the refracted Rays KN, 
, is called the Diacauſtic or Cauſtic ON Refraction. 


d any Portion of it NF=FM + „MI. — NMX — 


KL. For ſuppoſing Mz infinitely ſmall, and draw- 
Mo, Mr, Perpendiculars on , u L; then by 


3 | » 
Nature of Refraction : 1: : 11: o 2 — hy 


wn i 
refore on =— rn =0; that is MF —nf— 


BLM , and adding FH; we have . 


1 Am — 5 2 — LM; but theſe Moments are 
the Fluxions whence the Fluents will be equal, or 


=FM — KN—— x LK LI. 


towards L., fart V, Fo" 4 for u: And F I G. 


* 
To find the Point O or wo the refrafied Ray meets. 
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Ag 


130. 


296 Thr Docrring 


EA Au FIA . 


FIG. Tei AM ze à plane N they v, i 4 are Inflie 
1 whence , „ 
— mov — ⏑ — mov. 


r = the inknite Radius of Curyature, the Perpendicy 
lar LA = p, then by. the ſimilar Triangles Ly, 


MCE, v =; alſo m x rr — uu = un r- 
by the right angled Triangles MEC, MGC : Whence 
5/114 — — IT 5 50 75 VU 3 1 MF = 


Now let 


um wh 
— muuy . 

S | 
— 3. And near the Point 4, U = . © 
| | . ai 


| Ex. 3. 
Let peralkel Rays fall on the convex Side of the 955 


* ä 1 
AM,; then y is infinite, and MF = wane Al 
muy — KUU—1y 
mun | 2 85 * 
-, and near the Vertex A, « = v = AN 
mu — NV 7 
mx AC 
whence Af = . 
" | 2 the 


153. Let paralle] Rays fall on hs concave Side of the Spberi tx 
AM, then y is infinite, and v, # are negative; 


muuy mu 5 
whence MF= TT 5 T = om ——, and A 
mu : 

t th V = =: =Y :: 

at the ertex . v=u= Ac then AF = —— 
1 Ac. | 5 19 


Lx. 


Ex. 4. wy 


muuy 


fide of the Sphere AM; then MF = — 
And in or near the Vein: MF 2... 
M—Yy c - & 


of 
4 . [Joe 6. A K 
3 * . 7. * 9 : : 
. g ; 
— — 1 4 
: Lo 


UC ur 4 | 

And to find where the e Ray meets the A118 
of the Sphere, zz = r xv, and 23=rX—xx, by 
which expunge 2 and S out of the Equation 


; y nz +1ndx +nxx _ __ ur %—MEZ 
We 3 — » and there 


8 3 * 

= V 2rx+2dx+dd —V ra—2/% + f/f 7 

Reduction of which F is found. And in the Vertex 
mf — mr mr +nd 

{where x is o, 5 . Fx 


mar 


— — 


u NA -. 


| E 3: 5, 
if Rays fall on the concave SHINE of the Sphere AM, 


MUUY 


—MUY—BUU +HUy 
mu mr 
tex, N = ERIE 2 TE — * 2 . 
num N = t un N -u 
To find where MF cuts the Axis, here 22Z=27x 


u for x, —x for x, —r for 7 in the Equation 


Ad 2 X — MXX — MES © 
; + = = 2 —, and we 


Jan 1 PE % 
ae, Q have 


muy—nuvu—nvy * 


then ME. = = — And near the Ver- 


Aux; put the N into Fluxions, and write 
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Sup poſe the Rays proceeding from L, to fallon hs convex FI G. 
154. 


1 


| 
| 
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"'DocTRINE 
ha ur- ud 1 
E 17 
| Vad—2dx+2rs . da. Vitae 
in the Vertex 7 r or ſz 
mrd 1 / 
2 55. e _—_ i 14 24 1 91 nan + 
m x dat 


ing u X d. x f = i * 7 ＋ 


| * all Rays falling on all Points of the Sphere ; ; and 


to their Focus Me — 


The 


Cor, Hence we may find if the She” in this ub 
has a geometrical Focus, or ſuch a one here all R 
are refracted accurately to one Point. When this 
happens, 4O muſt be a determined Quantity for all 


Parts of the Curve, the ſame as at the Vertex; and 


therefore the Powers of x muſt vaniſh out of the,. 
general Equation expreſſing 40 conſequently the 


Coefficients of each Power, being equated, mult de- Fi 


ſtroy one another, Thus the Equation for AO be. 


dd—2dx +2rx, then putting u * = x 2/+27 xx 


= m N 5 * 27—24 * x, after red ucing the Equa: 
tion, there will be found ad = - r-. = 


mrd c „ 

6— p 7˙ oo whence ill s i 
„ un N mn n 
found 1 = as ns 2 therefore F —_ = , which a 


being negative, ſhows that the Focus O lies on the an 


ſame fide as the radiating Point L. Therefore when 
the Diſtance of the radiating Point 1 is ſuch that 4 


2 then For O vill be a geometrical Focus 


$5;3 £5 


4 will be to e: as m to u and the Rays after Rep " 
fraction will diverge from O. : = 

And an-the contrary Rays converging to O, and tha 
falling on the Sphere, will all be accurately refracteq 5. 


Eil 


ea II. of FLUXIONS. 


"I s parallel Rays fall upon the Spbervid AM, let 


«!; . 
uu, and ZZ 020% — ; and ſince d is infinite, 
therefore the Equation for 40 becomes 1 = 
ma ma . "= "98 
Caſe . — TO +: & 
ys 1 r 


2 
: ar = x fx. 5 


a ud in the Vertex where x=0, 1mf— ima = uf. or 
„ e | | 
1 ON 
Cor. Aud to find if the Spheroid has a geometrical 


* 


=2fx FT xx _ ks eee - 
+4X „ N | mf — Wa X > — x —— 


—_ ma# ,then equalling the Coefficients of x and 


8 


2 n — 


p, * X a—2f = 2mf — ma X 


ma . I 


1104 na . 
5 From the former Equation 
Fl 1 ; 5 | 4 | | | 

| 1 „ 208 

* — 2 —;. 3 * J, or 2m 22 — To 


: 2.4% | | | p 
Wn = ws 4, beice e tht" 6 
cus Mi 1109 + 3 EY . ** ; 

Wa fu, noon che ſecond Rennes, WE 
b ; therefore we may conclude 


likewiſe 2 = 


77 


— ERGO» 


15 and then = 2 yo 


'Qqa 1 


An © © mm +2 


Tranſverſe. b, Parameter = 4, then 22 = ax — 


fucus, we have from the above Equation, . x : ff 


F I G. 
136. 


E « el 225 
» Whence F will be found; 


136. 


þ = 


—_ Doc &T R x TY | belt, 

| 19 1 0 43 
25 +, x. — nr © Lee 27 = Piſtange of the Focus f from 
the ea therefore A Diſtance of the remoter 
Focus fromthe Vertex. Andi therefore in this Caſe 
all parallel Rays falling on all: Points of the Spherad Ml-- 
will be accurately refracted to the further Focus of 
the Figure.” f | 0 

And on the contrary, Nys! ming from the fur 
ther Foctis of this Spheroid and refractedat the Sur- 
face, willWemerge PRO to the Axis. EY al 


CODES 3 ik 0 570 Y OE. 1. P 


1:4 I bog d +5 alle 


* 7 « a SY x S. 2 ; 1s 27 pA 
. > 4 -£ * — oo. 2 4 a 4 * 1 —1 14 


1 6 Fa < 8 HS. 1 2 * 4 £3: % FE ' 
PR O B. XVII. 


FI Gre find the A of ce of any Line, ae „ee! 
| | Solid. Za 


The . — of Gravity! of a Body is Ia Point 
upon which, if it were en it cr reſt in 
any given Poſition. _ © 

157 Let MN be any Figure or Solid Body, all 0 
irregular ; Cits Center of Gravity; and ſuppole i it to 

be luſpended i in C upon the horizontal Line SC, and 
the Point of Suſpenſion to be in S. Let all theiinfinitely 1 
ſmall Particles of the Body be reduced to the Line SC 
ſituated reſpectively in Planes perpendicular to &; 
as at e, d, b, &. Now by Mechanics, the Force of 


any Particle e to turn the Body about C, 4s as its | 
Weight and Diſtance from C, that is, as Ce xe, or 28%; 
KC He XC, for the ſame Reaſon the Force of of all the her 
particles between & and C will be TN 0 

0 . 


SC—8tÞx d + C= x 6, &c. In like Manner the 
Force of a Particle beyond C, as 2, to turn the 
Body the contrary Way about C, is (g Xg, ON 


J 
uy 


1. II. of FLUXIONS.” 


* will be Nc + Þ=ICxb xi. 


Oter | 
Ct 78 Side will de e equal ; z that is, de x e + 
l F |; 


Sx d, Rc. = Se- * +. b, cc. 

Ce + SCX TE, + SC x 6, &c. 

xe d E NN +86 2 &c. when 80 — 

e- Sd 4 Saxa EN +SÞXb, &c. 2 
e+d+b +a +8 b, &c. = MN... © 

Now if any one of the variable Diſtances as S be 


aled x ; the Body MN, S; then will SK = xs; 
nd the Sum of all the Sa Xa + SG b + Sd d, &c. 


- Sum of all the xs, or the Fluent of xs; and the 


um of all the a+4-+4, &c. = Sum of all the 5, or 


' fic Fluent of 5; that is the Body MN; therefore 
"Im Fluent of xs _. Fluent of x5 Theref 
ind PFluent of; Body MN. | INT 
t in 70 nd the Center of Gravity; let s Line, Surface 


wy Multiply the Fluxion of the. Line, Surface or 
id (5) by the Diſtance (of the Center of Gravity of 


0 
to 1 gener bg Point, Line or Plone) 9 the Axis of 
. upenſion ; and find. the Fluent ⁊; ther 5 = Diſtance 
SC" ib: Center YE Gravity from the TR of Suſpenſi ſon. 


ExAMr TE „ | 
P SB Fe a right Line or Cylinder, S the Point of 


ly uſpenfion ; 5B * In LE and 2 = A*; 
the > $310 

terefore — 2 — for the Diſtance of the Center 
A 

the boraviegedG, : 


E x. 


But as C is the Center of Gravity, the Nee | 


301 


cx 2 3 and the Force of all the Particles ticles g, , i, FI G. 


157. 


158. 


Cr, a — 


- — oo 


8 


rr eee — 


2 — — —— = 


TE<—x — 


—— — — — — rr . S 
. — 1 227 
— > LARS — - ˖—ỹꝗỹ — — — ——————— —̃ ̃ ‚—ꝓ⏑— ũP . AO AG OE 
* — am” 7 RN — "5 


-. — * — — 2 
— — 
— 


* * — — 
2 2 — 


3 
e ö 
2 — ET 


Tp rae er nt EO GS I (nt e ( 


— 


— 


— — 2 . — — : — 
- - B — 1. 4 Rr td a * 
- G — id — a . — LE — — 
> - * _ - £ - = N 
— 3 — 2 RM 9 hr wa — — Fe. — e 1 8 = way 2 1 re * — 


VEE 
& —— — — 
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FIG. 
159. 


I 60, 


Line SE that biſſects it. Whence 2 x g (by thi 


161. 


** 


The * Derain 


3 "Ex . 

8 the T riangle M. whoſe Poi uſpenſion! 
let SF biſſect the o polite Side 9! ro So Can 
C is in the Line SF; draw AE ry and & pe 
pendicular to OD, put SF= 4, . =x, $[=v, 90K 


2P=, 4 AE =. By fimilar Triangles: vo ! | 


l bz WP by 8 A 1 
32 yY = — ” den & e 2 ue. 
BY 7.06 bbx®- 2 he Feen i 
and oy 3aa = Allo Fx IP = _—_— e and F 

Bbx* ore (6. 


— ' Therefore = IN, 2 when X=08 
244 e 


E x. 3. 
Let AM be the Arch of a Circle, $ its Center, 4 Al 
Sb, SE=r, SB=x, AM=v, BM=y. Ir 1s evide 
the Center of Gravity of any Arch AEG is in ti 


Nature of the Circle) — 55; and 2 — 3 and th ac. 


Fluent” corrected is 2 = br — 7y. Whence — | 


þ — * 
2. and when y =, — _ _ =, tg 4 


Diſtance: of the Center of 1 of the Arch AE * 


from S. r 


E 8 

For the Sector of -a Circle MmS, whoſe Center and 
Point of Suſpenſion is S; let Arch Mm Sc, Radiu 
SM=r, Mn a, $9=x, Da v. Then N 


a * 


, and by the laſt Example, the Diſtance of the 


Center of Gravity of the Arch Vg frem S is 1 


ax? ax*x ax3 . 
; there 


— therefore 2 


ry ? 


ITS 


5 * 
37 U 
fore 


f FLUXIONS. 303 


ax3 2ax* ” Sm: my + 
DH 


zr x inv Jro i 


2d i aand M OG reed . 
73 then SC 5 erf 0 "= id A7. 


Ii K Mee XN. Ws 1 ; "I . 4 5003 * 


WH 34 


-\s 3 Ex. 5. 100 I 03 7 1811310 


fr the Circular, . . Le D 2 2 5 162. 
W 05 Pc, 'SB=x, PH u, AB , b y the Me 


ne of the Circle y = Ver — xx; then DIED 


Var, and 2 = — 3 X Fra? 3 corrected * 


# ; 
5: — | 
, 2 7 3 — al. Also = Area 
or +xy—cb 5 — 
12 = — 2 * whence - 2 * CI 


. And che Diſtance of the Center of dend 


203 | 
the whole PADY from 8 is TO IF Re 
Again in Reſpect of the Axisof Suſpenſion SD; 
ce the Center of Gravity of the deſcribing Line y, 


in the Middle of BA, therefore Z = 2y X3X = 


mx Px * 
— whence 2 = „ But (in Q, 


„ͤů the Fluent corrected i: 2.25 


ELDER. nb 1 . 
8 there ore — =3X . 

Ko 12 þ 4-3 > 

ad when * "= © = 24 — = Diſtance of 


31v— 3c 
be Center of Gravity of the Semi- ſegment PAD 
m SD. | 
Ex: 6. 
In the Parabela rx Y, let SP = x, PM= =y, then 163. 
n Reſpect of the Axis of Suſpenſion ST, S & = 


Mer; and Z xxV: And = =; 
| | therefore 


394 


FIG. therefore — — Ale the Diſtance of . of ( 


164. 


163. 


5, the Diſtance from SP. 


7 


. The DocTRINE 


vity from ST. 
Again in Regard to- the Axis of Suſpenſion 


becauſe the Center of Gratity of the deſcribing Li 
Is in the Middle of M7, therefore 2 — 2 2 — 2 


7 


+= 255 
ao anch 2 . 3 ha = Fr Therefore 


Of 
Ex. 7: 

For the hyperbolic Area BCMP, "between the 

ſymptotes. Let SB =b, BC=c, SP = x, PM= 


ch Then in Regard to the Axis SD, 2=y 
Sed, and z bx, but in B, _ cherefore e by Ce 


2 Er — * 
rection 255 X b. And & "Area Nc 


Again for the Axis of Suſpenſion SP, S = 
ccbb . q —— CP | —cby 
5 3us 4095 inn . + = "Ro 
= 10 bx 
2 N 2 Area BCMP © 

| Ex. " Ye? 

Let A be an Ellirfis, S the Center, AS =( 


SB b. S. Mfr I — ts „ then f 


corrected 


the euere Space, 2 = phy xy} = = = 24M Wag; and] 


„ 3 Lb n 
abs - X D * 


3 2 . 
* po wm n. Thence = * a 
55 on EE 3b x Area I 


Likewl 


u l. of FHYUXIONS © 305 


of GM Likewiſe for the Diſtance from SB, & = ixxy = F 1 G. 
2 — L, ap | 

* 2 5 and 2 = 7 e , | whence 

F ̃²— oo 

e Area SA 

= E x. 9. 

fore 


1 dp be the hyperbolic Ml Tranſverſe = =24, 163. 
wjugate = 25, SP. PM= = 24x þ xx, 


at © 2a . 
hence Xx 244 o+ 715 I = NV bb +yy, x = 


the 
M= | aayy | l e 
. —_ — =; whence's =9xX = . 
= | iy OT 
— 5 21. 1 KC 
—b aud x = — 4 VB bb: + 
21/8 ow 2. 5: Log. ) + vb T5 whence = 88 
Cted 5 
ea FC = Diſtance 8 . 
Then for the Diſtance from SP, we have & = 
3 => * 2a +*x, and the Fluent 2 Nan 
bbs > WE, zabbxx +bbxs 


* Gas ; therefore TT baaxAreaSPM* 


Ex, 10. 


For the Auer of a right Cone, let SD f. c = 166 
rcumference of the Baſe, Axis SB = d, SM = v, 455 
F =*. Then it is plain its Center of Gravity is i in 


ON” ng | Ct 
lie Axis SB. — = Circumference of the Circle 


* 
fox 


and by fimilar Triangles v = =>, and d = 
_ | KR r | | fo 


_ —_ * 
* 5 


— — 
—— as nn rn err 
Mg Anno en ne es 


306 The D er $8 


Y 
E G. > Ax 
45 : therefore. 2 ==] 25 5 __ 2 _ os. 
A ann S 


TIE 
alſo 5= = — — 8 Tre == CC 


MEM * '} 4 ©. 1 18 F e© 4 S, 14 N 
. 750 ones, 1 1 Df: 90 


1660 5 5 the Cone (or Fred SDE, Tet the Baſe = 
the reſÞas it the laſt: pw 36 then 8 14 


> : | | 
. a We TS = 3 = N _— Quay th 


che Canter of Gravity from S. 
(Jace Ex. 12. X 
r67, Wwe $MD. be. a Spbere, SEEK PM= =, Radi 


r, ED 1416, then y=V/2rx—xx, and S Mu 


| 21 crx cr. 
.= = Av — c ;; | therefore 2 = — — 
| ey, _ Cn. 
j fo 
and = —_ - (by Ex. 3. Prob. XIV.); there he 
| 
2 6341! 44a th 
fore — = for the e Diſtance Le the Ce he 


127 — 4x 
ter F Gravity l 


— 
K 5 ＋ 
— — — 2 


E x. 13. 


167. For 0 be vid SMD, wheſe Hes is 0 let & 
a, C1 =0, SP De, PN , c 3.1416, then y 

| bb - . 4 2 * COb : 
1 * an 1 ** = PR HOVE 24 A 
by b ——— ob on 

and =: 8 e * aud 9 oe * a — 


3 2 . 8 
x * * — —— 7 . F +3 7 
; 1 

- » 


— 2 — 


Bax — z 


—. . 
3 8 . 
124 4% 4 E N 5 : 43 


I” Le” 


et. II. eee 


. 14. 


N 310 131 M 7 


merated by a partial Revolution of the. Paralola SMD- 
Liu the Axis SB. d 


D S, SP =. PM =y, ax = Arch 
FER theo Arch an, . 24 .therefare1 = 


9. a car e n= wy... 85 Kar 
5 * = ge. 7 and 2 $5 kt and's = EF, 


herefore =" =" , the Diſtance from . 
Again for its Diſtance from SB, let Chord Dd=f, 


then Chord Min = . and by Ex. 4. the Diſtance 


5 
oe the Center of Gravity of the © ector Pn from 
_— # x therefore S = = 355 cated = LL : and 


2fys 2 . 
8 therefore TE 7 = 1560 
te iſtance of the Center of Gravity from SP, and in 
C Plane, that Paſſes through the Axis and wort 
lne Baſe, 
1 


Let the Hyper bola CM revolve _ hs Ap mptet? 
iP, and deſcribe an Ee CMB : Let SB=6, 
G n Mey, © =3z 1416. Sd xy; and 


WJ, itz 6+ Bd 
** — ry; ** = = cx : whence 2 = 2 Log. x: 
111 53 
ind core dted = = 1445 Log. * Alſo 5 v2 Es = 
= UZZ NT bd 
and 5 = — —, and corrected s 2 
** . a 
xX—þ br «+. * 
| odd * therefore 7 I 7 * Log. _ 
E R r 2 = 


To find the Center of Gravity of the Solid $BDm, : 5 8. 


Let $ be the Point of Suſpenſion, Jet SB-= 4 
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pt 2 * - 


— ax 
— 
- == == 


by 


* 1 
s 
7 
af 
1 
1 
3 4 [ 
q 
3 | 
* Pi 
1 15 
{ 
/ F 
* | 
o 
39, 
131 


—— — — E — 
= 2 


169. 


——— —-—— ——— P A 2 ]˙! ]⅛dL6uAi . AI EEG LY. 6-8 —— 
* 


308 5 _ The. DocTRrINE... 
F I G. = Diſtance of the Center of Gravity of the. Solid 
from SA. . | 
| Rs EXAMS. A 
163. Let the Solid be an Hyperboloid, Tranſverſe = 24 
Conjugate = 26, c = 3.1416, Px, PM=y, = 


— ä 7 . 4 - cbbx — 
— V 24% +Xx „ whence Z=cyyxx = 5 24x56; 

| DR AX ＋4α ; 8 
whence 2 8 * a * 3 Allo $ 3 

| cbb — — 2 
24X ＋ Ax; and 5 = * X axx +5x3 ; therefore 7 * 


Sax +3xx 
124 ＋ 4 
the Vertex S. 


S Diſtance of the Center of Gravity from 


PR O B. XVIII. 
To find the Centers of Percuſſion aud Oſcillation. bor 


* The Center of Percuſſion is that Point in the Axis g 
of a vibrating Body, which ſtriking againſt an im- r 
movable Obitacle, the Body ſhall incline to neither Hin 
Side, but reſt as it were in Equilibrio, on that Point. T 

And the Center of Ofcillation is the Point in the 
Axis of a vibrating Body, in which if a ſmall Body th 
or Particle be placed, it ſhall perform its Vibrations 
after the ſame Manner, in the fame Time, and with 
| the ſame angular Velocity as the whole Body. 

170. To find the Center of Percuſſion ; through the 
Point of Suſpenſion C, and Center of Gravity, draw 
the Axis of the Body CO; and ſuppoſe O to be the 

| Center of Percuſſion; through CO draw the Plane in 

=— 1: which the Center of Gravity moves, and imagine the. 
| Body to be divided into innumerable ſmall Priims, tt 


all} 


cd. II. of FLUXIONS. 
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ig al perpendicular to this Plane, and let them be ſup- F 1G 


{ed to be reduced to, or ſituated in, the Points where 


they interſect this Plane; and let p be one of theſe 


mall Priſms. Draw pf perpendicular to CO, and 
jd perpendicular to C; then pd will be the Direction 
o p's Motion as it revolves about C; and the Body 


ay king ſtopt at O, p will urge the Point 4 forward, 


xith a Force proportional to its Magnitude and Ve- 
* xWhcicy, that is as & Cp; therefore the Force where- 
th p acts at 4 in a Direction perpendicular to CO, 
il be px Cf. And the Force by which p endeavours 


y vturn the Body about O, will be as pxCfx4Q or 
rom N & CO — Ca, that 1s as PXCFX CO —p x Cp. 


Now ſince the Sum of all theſe Forces to turn the 
body about O muſt be =o, therefore all the pxCf x 


(0—p x Cp* So, or all the p x CFXCO= all the px 


Sum of all the p x C. 


Sum of all the pxcf * 

For the Center of Oſcillation, Through the Cen- 
rs of Motion C and of Gravity G draw the Axis CO, 
ad let O be the Center of Oſcillation. Draw the 
orizontal Line Cr, and Or, Gg, pn perpendicular 

kereto, and pf perpendicular ro CO. 
y Reaſon of the equal angular Velocities of all the 
MW =cicles of the Body; the abſolute Motion of any 


on article q (and conſequently the Force that generates 
1 


%; therefore CO = 


will be as C Xx 4; and therefore a Force acting at 
| | C 

ody WW that can generate that Motion in g, is as — x Cq 
10ns j | 

with Wc, or XL, by the Power of the Leaver: Let 


= dum of all the Cq* Xq in the Body, and let this 


th x 
e as (the Weight of) the Particle p. If the Weight 


Iraw] | 

9 the Particle p, acting at », generates any Motion 
. s 2 * 

dein whole Body AD, then LL = that Part 


| the Gravity of p which generates the Motion of 
the 


ſms, 
all | 
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F I G. the Particle gz and the Force acting at 75 and t 


171. 


De DpR TN 


a 8 G | 


FY - 
#7 þ 3% 7 


Lo W092. 913 91019191 if 
Motion of 7 generated by that P Forer is 
991 To i off 


a 
Aer 47 - 
a 441814 = 21 4 


D d che Pp of '; T 


| 1 


2 — EL, , and its s angular Velociry 2? Afr 


4 — ** bes #2 
1 1 % A 12 


che fame r any taker Fot, * 


at 4, will generate the "fame angular Velocity! 
any other” Particle 2 and conſequently the Sum e 


All the 1 i x1 por the Weight 5 will generat 


the ſame angular Velocity in all the Particles“ 2 toge 
ther or in the whole Body. Now ſince the Weights 
any Particle -p will generate an ET Velocity in th 
Cn p 
Body AD about C, which is as _— af 785 EIT 


therefore the angular Velocity which all the Particl 
the Sum of all the Cn . 


2 Can; generate is as "Sum ot al the (p. XP 


like Manner'the angular Velocity which the Gravit 
of a Particle;p placed in O would generate in itſelf 


as e or as — But becauſe of the E 


quality of the Vibrations and correſpondent Accelera 
tions, this laſt muſt be equal to the Sum of the for 

| Sum of Cn xp Cr , 
mer; whence Samof Conrxp = CO. : Butoy 
che Nature of the Center of Gravity, the Sum of 2 


4 
the op N Body AD = feel THE XCOx Body 


' Or Cr 
— Too X Sum of all the Of x of | Therefore C0 


Sum Cfxp _ lng EE i 
Tum cp r © C whence C0 


— 


Ayx- 


9 * * 
ii 2 
#4 * | * T4 
MY 
1 
1 
| | 
| 
„ 
x 
"I 


— ä 
— ————_—— 


„% „% „%%% 


II. f FLU NI EN 


ür an r 20 Nene 41 
_ all. 27 15. And cerefore the Center 


10 flo yr #74 i 


nee Sum of Gf x p.=: z therefore 
_ Sum of CM xp. 3 1 
|= THEY Body AD : | Ws TX 30 1 EV 


pof all C- p = Sum of all GG: ND Sum 
l 2CG p. But by the Nature of the Center 
ravity,, the 42 of all the G xp = 9; therefote 
Cp* xp = Sum CG* x + Sum GP p CG. 
Body 4D ＋ Sum Gp 7 eres 22 
m D — um of Gp* XP 
s e r 
. Sum of all Gp" * | n 
& Body AD 


the Sum of all the Cp* xp = Sum of xs ;=Fluent 


Fluent of 1 tient of x25 


F luent of . 


G +7 | Whence this 


nn 


2 2 8 . 1. E. 


1 8W a parallel Line to the Avis of Moti: on, e 
Center of 6 Travity of the Figure (whether it be Tine, 


very Particle of the Figure, multiply'd by the. Square 
its Diſtance" from - the: Axis of Motion, ar elle from 
parallel Line; which is done thus, A 

, Multiply the (Moment or)  Fluxion of | the Figure, 
he Square of its Diſtance from the Axis-of Motion, 


and 


8 load os FI G. 
171. 
lation is the ſame with ge Geet of Percuſfion. 


Ub ſince Cp ele ng. therefore the 


herefore if 5 Body, Cp Dx, dee Ges 


35 and Sum of 1975 Sum of vs=/Fluent of 
And Sum of Cp Xp = Sum 2*5 = Plyent of | 


therefore CO= \ Fluent of vs 0 — x Body AD. 


ace or Solid); and find the Sum of all the: Produtts - 


311 


) : 
312 


171. 


FI G. and (by Help of the Equation of the Curve) find 


9% PETE? IN E 


Fluent Y; or elſe multiply by the Square of its Diſan 
from the parallel Line, aud find the Kluent G. 
Bus in many Gaſes, eſpecially of Solids, the . 
cannot be bad at- one Operation; eee muſt fr 
find the Sum of theſe Products in the generating Li 
or Plaue, of the Figure: propoſed ; a : Muttiph th 
(Moment or) Fluxion of that. generating Line or Plan 
by the Square of its Diſtance from the Axis of Motion 
or elſe from the paraet Line: and find the Flnent. An 
then multiply cis by the Fluxion of the. Abjciſſa of th 
Figure: — 2 Flusmnt E, er el G. 

2. ben drat a Linethro' the Paint of Suſpenſn a 
tbe Center of Gravity ; and from the ger a ing Point 
Line, or Plaue of the. Figure, let fall a Per pendicult 
upon it; and find the Diſtance of that. Perpendicula 

from the Point , Suſpenſion ; then multiply | the Fluxi 
of the Figurt by that Diſtance, and (from the Equatia 
of the Figure) find the:Fluent M. Aud let d Diſtant 
From the Paint of Sujpenion fo abs WM of 5 


and 5 = Bech or Fig Rufe given. Then —= 13 I „ 


+ x will be the Dj tance of. the Cater of Pert 
or e e the PA of IG: $3 


rh: 


sc HO LTU NM. 


If the Kae of Percuſſion or Ded be mad 
the Center of Suſpenſion, then the former Pointe 
Center of Suſpenſion, becomes the Center of Pei, 
cuſſion, if the Plane of its Motion remains the ſav © 
And in general, the Diſtance of the Center of Su: 
penſion from the Center of Percuſſion or Oſcillatio 
in the ſame Body, will always remain the ſame; be 
the Diſtance of its Center of Gravity from the Poi . 
of Suſpenſion, and the Plane of its Motion (in 1 © 


gard to the Body) remain the ſame. For then dan 


ect. II. of -/F L-U-X + O N+S, 
| „„ WW Ap a Ae. S Sa. EASE £3 
C remain the ſame, and i = Diſtance of the Cen- 


ws of Gravity and Percuſſion. And therefore in 
his Caſe if the Body be put into any oblique Poſi- 


313 
F 1 G, 
{7 


jon, it makes no Difference. Likewiſe-if the Diſ- 


ances of the Center of Gravity from the Centers of 
zuſpenſion and Oſcillation, be known in ane Caſe, 
they are known in all Caſes, the Plane of the Mo- 


loa remaining the ſame. For their Rectangle = —-; 


ad therefore they are reciprocally proportional. And 
tence, as to the Calculation, it will be ſufficient 


w find the Center of Ofcillation in the fimpleſt 
(xe, and then it may be eafily had in any other, 
on when the Point of Suſpenſion is at any other 
Diſtance aſſignet. e er ee 

Cox. The Center of Preſſure of any Plane immerſed 
ua Fluid, and ſuſtaining that Fluid, is the fame with 
the Center of Percuſſion of that Plane; the Axis of 
Motion being the Interſection of this Plane with the 
yrface of the Fluid. The Center of Preſſure is that 
Point againſt which a Force being applied = Sum of 
ul the Fathom, ſhall juſt ſuſtain them; ſo as the 
Plane ſhall incline to neither Side. | 


Through the Center of Gravity of the Plane draw | 


{0 perpendicular to AS the Interſection of the Plane 
ud Surface of the Fluid, and let. c be parallel to 
4. Then the Preſſure againſt any ſmajl Part c4 


as cdx Ab, and its Force to turn the Plane about 


the Center of Preſſure is ed AbBX#O = cd A 


AO - Abi, and the Sum of all theſe mult be 
Sum of cd x Abr 


qual to ©, therefore AO= Fr there- 

fire O is the ſame with the Center of Oſcillation and 

euſiods and conſequent]y is to be found the ſame 
ay, | | | 


* "EXAMPLE 


— ;— ——— 
—— — - 
* 


— 


— — ——ů — AD ao ret + drab nec net 
— — — ——— ˙ůAL 
— — - AC - 
— — 
— 2 CD —— — 


* 
* 
— 
— — — * — omen pr — x — 
— — — — 333 - ————— — — — — — — 
TT 5 f : — — 


4 
— —— * 

. 
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* 
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= | | bes MP Zo . 
F I G. Let CB be a right Lane, . CB = S*, then 2 


L260 


173. and 7 -7 1 alſo 1 = ual 10 5 * — 


. % 
x } 


21441 ry C2 
#& # wa 4 * 


n 
; whence. „ 2A = ay; ad 
N 
"I 


174. In a Parallelegram where the Axis of Motion is in 
the Plane of che Figüre, CB, BD=3, then 72 


pe 
bu*x, and FR = = ES alſo, 2 bat, and M IJ 
SN . * 1 
— whence FT = TX. T7 . 2 7] 
175. Lei ABD be the Arch 77 a Garde Att th 
Point of Sufpenſion, and the Axis of Motion perpenW 6: 
dicular to its Plane; let Arch ABD = = 5, Cord 4 p 
=c, C; Dr. Then F=rrs; and by Ex. 3 
„ 
10D. ©» Mae * 835 
rs > 
E *. Sd [12 
176. Let AD: bs a rieb Line, the Axis of Kbtion per Ki 
pendicular to the Plane Jane paſſing through it. CB :: 
BA =, then , dd+y x 25, and # =/2ddy +) | 
© 2 8 2ddy NN JT Fl 
allo Ma hence * 4 7 | 
| Ex. = 15 
% Fur the Periphery of a Circle, let CD Sd, Radivi 
| AD=r, Circumference Sc. If the Axis of Motio 
4 perpendicular to its Plane, then G = rrc, and ” 
4 158855 © E Pr 77 3 
„ + 7T SE 3 


But 


dect. II. of FLUXIONS. 


Circle, let DE'= — 2, PRE 5 then G = — A — 


— „and! by Form 1. the Fluent G= a , for 


rr 28 I, Dk 


rr 


the whole Circle : Therefre, 4 + 2 = = d 4 oe. 


Ex. 6. 


„ 3s 219% * 2 PE - £ Sen 
Fur the Plaue of the Circle, the Axis of Motion per- 
pendicular to its PPG, DED, Circumference at E 
c 2%; 2 fs: offs 
and G = = —. 
ES 4; 4 
Hos doh Lol gee ea IT 
nd + A = += ＋ 24 
And if the Axis of Motion be in * 8 of it, 


F— 22, whence G'= I ; ; and d + 


is in 


(Z 
= —, then * 


7 


For the Peripbery of the Circle, parallel to the Ho- 
izon, let the Axis of Motion be parallel to ED, 
Radius DB r, EA =, DL=z, Dad, then G= 


per g 

4 ; 4 722JY 

—"Wl 4220 = = „ and (by F vorm 17) the whole 
yp | = 3 * 


Fc 


G | 
7. Fluent 6 2 . then 4 * 4 4 +- "ade — 


| by ED 
diu E x. z | 
tio for tbe Plane of the Circle, whoſe Point of Suſ- 
penſion is in CD perpendicular to its Plane. Let AL 


X, DL =2, then G =4#2*Z =42 = 
_ 88 2 and 
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But if the Axis of Motion be in the Plane of the F I . 


177. 


178. 


— — —— — 


316 Te Doe rRINE de. 
4 G. 5% 5 Yar 14 
bs and the whole FTvent ( DSN. ad Y 7+ * =” 
rr Fy 
— ? * 2 
nt Al a 
7H be 


= — „ * * * 4 L I w 7 $ » "þ 1 7 Lo 
g SM » I. %, 4 * E KE. 8 1 9. * 18 N * \ 4 0 — A * * 


179. In an 22 e Aa) whete de Kacke of Motion 
parallel to the Baſe, let (O ga, CA x, BE n the 


x * 
IX _ E „and 7 = 2 N * = 2 zalſo 
inn canner RN 19 © HN 8 — 
„ - for . 
_ ti —, and M = 2 cerefor 22 
* 20 32 ; 0 3 > 2 
43. | © : 14 


If the Axis at c be « Mets to the Þ Plare of 
the Triangle, let IA, then C x Fluxion of 49 


= xx +vV X 2, and x being given, the Fluent = 


2V3X- 
235 ＋ , then F = 25 * ＋ 815 Haan 


— fox | LK : 8 Fx 

. — a PEER . whence * 434 T 

= 28 — * _ 12aatf 

484 = FTE ; therefore — „ 
+ zu Ih: 10. 


180. 0 leh bels CAF, Ax,  AF=y, A9=v, 
Sy. Let the Axis in C be parallel to AF, then 
2 7 = * · ax, and F = i Var; and if 
. Mas, . .M > . Therefore 

* | 


7 
It the Axis be perpendicular to its Flag then 
C 22 = ** DD d, and the Fluent = +50, 


Vx x | 
x being wen : then bu — — e + * 


AE RL, 3 
e 


. V + pats 5 e, 
* 8 . 4 2 


15 


ell, of FLUXIONS. 317 
= Therefore yg. = rh . | 


» 


— | 1 
Ex; 11. 1 


Let AB be the Surface of a, Sphere, AB=s, BE ==, 10. 
Radius AD=r, 4 eee e Circum- 


La, Oo 1 


* 


ny 
* 


;all £3 1 Len”, r 
_ == whence G = = — — 7 — 1 
| N 20% | if 


Os TS 5 Beere: therefore 2 ＋ 25 
27 OJ 1618915115: 


24. 34 41 the 2 3 F = © #91 42 5 0165-3 j | 
903. 12v1 Ex. = x 83 O-N8 IM | | 
Let 45 425 ee don, the Axis of Mo- 182. [| 


ton * E to the Plane 45 ; let AB=2a, 
Breadth = . 98 SZ =y; then GZ* x 


- + ö 
15 1 = xx+3y X 4c, and 1 F luent = 4cx*y + toy, | 
being given; whence & = 4c — 5 A 1 


dr + sch; therefore G = thx + Ich = | f 
ths) + #chig ;* alſo 8 80 er EO GN 4 + 1 
then a hh * 1 

| IG 8 '? | | 1 
b. let CA x, 1 ,, 195 | 
[= Circumference, the Axis of Motion parallel to 1 
i; then for the Circle ADB, Ce: * De WS = '4 


then 

-J ex 

„ib. and the whole Fluent = = 

ry Ri . e ö 
: TIC Then f= 575 1 F= > | 

ol A; : cx ca 
„which corrected gives F = —= 2 


— 


g18 The DoeTrinNE 


F IG. Pex" ca : 
EE + = rape 8 2 * ee * d EX = 


” = + 
- - — x yd VIZ „ 
2 8 „ T 
, 2 A. * 
2 


2 
- 2X5 — r W. rr — rra 


then wil IT —.— 

agar an + 9 Sg atk 

N — e A DOS en 
Ie Ex. . 14. SY * 


184] - * CKB be a Pyramid, whoſe Baſe is a Pardle 
gram, and Axis of Motion in Cparallel to the SideD] 
Let its 9 7555 LI, AB =f, AD=c, CH Dx, HL 


chen K * : = an Era, and CL x AI 
KL e and the Fluent = " 


GE S lle 

S = * + 206 i Ven © .. 
— ee r = 

7 ; when Yo I ons 2575 1 
RN! | ofxs 7 
7 And R= Dp | lic 
124+ JJ 54 

R AT nil of [i ng = 7 5 "Wc 
—— and M = 9 - Whence ME * 
„ COIN N i 
185. In a right "Mp let CA=g, Altitude Sa, Radi it 


of the Baſe 36 AB x, f BI=z, c=3,1416 ch 
BE or BD = © Az A es, then 


tha Plane DEB, os Xx Ex 431 = _—_ SET ＋ ZZ: X/ 


— [ 

2 __c/*M- 

1 e and the — = x 5 5 
ger. | 


* 44+ "Bika being given. | Theo hz of 55 
T' 4 | FI l 72 «/\ 


4 = after + 
pr + fox + : . 15 WY Als = EFF $5 


2044 2 


41 Es 


and M= : gere + rer „ Whence 


20 + 30ga ＋ 124a + .. 
ei ＋ 5. A 
For the Spbere As. Ver tle Diameter AS a 
to the Axis of Motion at C. And let AD=#, 
Lv, Ef=z, EB =, c 3.1416: Then for the 
de BE, c EN Ef* = 2c232;; and the 
bent = 202% = 309% 3 P whence 6 = 20 = ich X 


- 


— =20*9/*0 — 20039 + lc; and & = 
93 — 3010+ + 2,05, Allo the Fluxion of the 


HY 4 
kament BAE — ru. —303 = B. Then 48 


LO) coor * 2 
= 7 110 And for the whole Sphere, 
X: 301 — 10 b 


G 277 „ 
= g = 0 and CO = 4 4 


5 8 


Hv be very ſmall, then DO = Kt 


y; and in moſt Clocks the Bob of che  Pendu- 
WM is in this Form. | 


ad 


5 2% 17. 
Ya Ez, c=3.1416, 78=)y. Then EI x X41 = — 


h + 2043 therefore 2 r Xx che * 
f | ” 


lid = cy = £Y x 279—vv, and the Solid or the 


Let AD be a N (Aa, 2 Se, BD way 


+x* +22: X x, and the Fluent = a+x_ 
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FIG 


181. 


186. 


—— — 
— 2 —— = 
— ——ä— ego 
n * 
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FI G. aA Xoxx + cr; whence F= 444 


187. 


Orbit BF by a Force directed to the given 


7 — *. Bax + rx + zur 
MT 4 ＋ : 
P RON MX. 


* cares + Iicrx+ + Tacrrxi. Alſo M= Z 
aFz X crxx, and M= xcarx* * crx. - Thom 


7, o find the Law of centripetal Force RY to cauſ 
| Body to move in a given Carve BF. 


Let B be the Place of the Body caring in 

oint 
Draw the Tangent BY, and the Radii CB, C9, | 
finitely near each other. QR parallel to CB; 
CY, Qn Perpendiculars to BY. Let the Diſtance 
=D, perpendicular CY =P, then the infinitely ſm 
Line R will be as the Force and Square of the Ti 
conjunctly, that is as the Force and Square of t 


Area CB; therefore the Force is _ = = a 9550 
that is (becauſe P: D:: Qn: 8 — . X=) | 


r But 7 = Radius of Curvature 


the Point B, and the ſame Radius i is alfo Sd b 


Prob. V. wherefore the Force is as ap that 1 


(ſuppoſing 5 to be given) as the Fluxion of PP 


Therefore to find the Law of centripetal Force, 
D= Diſtance from the Center of Hor ce, P'= Perpeni 


cult 


bo a 


—_— ——— 


232% „„ „t 


8 


N „ *. 
3 * 13; ö ; £© A 
ö . — 


- 


bl FVTEVxXfONS. _ 321 
ur on the Tangent: Compute the Value of P in FI G. 
x of D, by the Nature of the Curve; then find the | 


xion of 75 , making D = a1, and then expunge 


Quantities as far as poſſible, except D, and you will 
ve F, the Law of centripetal Force required, 
E X AMPLE I. | | ; ; 
et C the Center of Force be in the Circumference 188. 
the Circle CBD; Diameter CD=27, the Triangles 
D and CBT are ſimilar, whence P = Ty 


"ÞÞ = De * therefore F o —p3= & He 


73 
tis, the Force is reciprocally as the Fifth Power 
1 | 


. 


Ex. 4. 
Lt DB be a Circle; and C at an infinite Diſtance, 189. 


D 
© SD=y, JD=;, men 4} = —— and - 


7555 , whoſe Fluxion (becauſe D is a ſtanding 


a | 2 : | + an 
antity) is 255 Y. therefore F & 55 . 


EX. 4- 


Let BF be an Ellipfis ; C the Focus, E the Center; 190. 
w BE and its Conjugate AE, and let the tranſverſe 

s = 27, Conjugate = 2c; then by the Property 

the Ellipſis 27D—DD the Rectangle of the focal 

ances from B, is =AE*, alſo AE or VD 

: D P | cD | —1 —2rD+DD 


; and = 


PP 2 6 Db 


191. 


192. 


The DocTRINE 


1 . n 
1 Fluxion is - 75 therefore 


1 
# & DD 7 5 
Ex. 4 


Les C be the Center of the Ellipfs ; then by the N, 
ture of the Figure AC* + CB. =rr + cc, and 4( = 


DD, allo AC : cr: P A 
* rec -=; alſo- ——— 
—r—cc+DD 


cerr 


| therefore — Ip — — —, Whoſe Flux; 


2D 
Cc 


therefore F O —_ & D. Phat is 


on 1s 
on 7 


the Force is as the Diſtance. 


, © 50 
Let BA be an Hyperbola, C the Focus. Proceeding 
as in the Ellipſis, we {hall find P—= D 


„ Dre i460 (2; 5.41 

and — 77 ⁊ v 
; 3 1 27 

whoſe Fluxion is DP therefore F * —7 

„ - | 
And after the ſame Manner if the Force be in th 

other Focus, there will be found P= — — | 

| Dari. 


and the Force Fe S 55 , and is therefore | 


centritugal Force, 
. 


Jet AB bean Flyperbola, C the Center, Tranſver | 


ax. 


=27, Conjugate Sc, ö = half the Conjugate belong 
ing co CZ, Then by the Property of the Hypo ” 


"hy 


&&, II. - F FLUXIONS. 


reiz DD =## cc, aud > VBB, and F 1 G. 
cr 
* . Conſe tly — 
5 0 FEET 55 nſequen y 
[ rr DD 2255 
e Na 55 — * pogo —_— whoſe Fluxion i 15 77 Y 
1 8 = | 
therefore F — : 839 and is therefore a cen- 
-DD Wl trifugal Force. 


| Ex. 7: SE 
Let AB be a Parabola, C the Focus, r = Latus 


Rectum; oy the Property of the Figure 8 2 Ly 


1 —4 _ 
hence — Pp = = 75 , whoſe Fluxion is —- 55 


therefore # = 5 YE 


E 
De. AB be a Parabola, C the Center of Force at 
| MW: infinite Diſtance in the Axis. Dx, DB=y, 


. Dy l | —I 
1 Ne th n P —— , and = 
hh. ama FE 
-r —4 3 * 
Dy bo * i, DE” 
Sy. + or Be 
1D 8x ＋ 2 4D+8x+8a 


5. 4 205 * 55 : therefore 6 - 72 > 


ore er (becauſe D is insiite yer 5 21: or F. 5 a given 
Y Quantity, 1 
9 


Let C be the Vertex of the Parabola, CA x, AB=y, 
Y; by ſimilar Triangles 25: 45 : : TG or x: 


| I 
Dor Þ = henc — 


| whats F luxion is 


— (becauſe — * 5): 


vwhence - = 
VA 7 
TE © 2 4XXIIY 
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194. 


195. 


196. 


* 


4 2 2 — 
8 F Te rs 7 * 
— 2 —— r — — 
— = —— —— Wl < — — 


a 


I, — 
* 
— — — 
2 
* . — 
* 
2 4 - ett 
* " 2 — 


IT; IT va 
* Y 
— of erties —— — - A - 
2 2 2 PENIS 
—— * 


197. 


therefore F = 


The Doc TRINE 


%%% ͤ; K 3 
gy e 3 Whoſe Fluxion Is — 
+ —-» But DD xx Tax, and thence & = fre | 


4x 2a _ al. -:- 4DD 


e 


D 


S — — — us: 


8 
| Ex. 10. 


Let VAR be an Ellipfis, C the Focus; and let the 
Curve VB be formed from the Ellipfis, thus ; take CA 
Cb, and the Angle VCA to the Angle Vb, as u 
to n, for all the Points of the Curve. To find the Lam 
of centripetal Force of a Body moving in the Curve VBY, 

Let the Tranſverſe of the Ellipfis Sar, Conjugate 
= 2c. By the 1 of the Elliphs the Perpendi- 


D 
cular Cp = = == , alſo t5=T 4, and L. BC 


__ ACo. And by ſimilar Sanger.” — 2 
—CpxTA 


7 | | 
iB = = TO = — —, that is = 
n | PA VDP 


we” 2 
pete — whence by Reduction 
33 / 


FP meD „ 
8 rm Pm B. mig, Y z 


wh 


— * 722 | nici mii 
e e nc 2 10! i | 

27m*D "28: —2 * a 
„5 — 2D, therefore Femme DD + 


n- 
Br cc. In the ſame Manner if C were the Center W 1. 


of the Ellipſis, it might be proved that the Force is 


; whoſe F urin 


Ex. 11. 


* 1. FL UX 1 e f 


W 


Angle CBY is always given, there is given the 1 


an PP © anDD? Whole FIuxion 18 2 3 


1 L 
therefore F rok 


th 
by Ex. 12. 


Let CB be the hyperbolic Spiral ; draw or perpen- 
Lu WMlicular to CB, and let CB=y, the given N 


b2.0(7=2. By ſimilar Triangles Vaa aa n: y: : 4: P 


oy 2 ay * 5 1 365 . I 
. " Vaaty : PPE”; * aa 
BCb | / ; 2y 2 Db 1 
noſe Fluxion is = Dro . F & ” 
— 1 oy) 
oa D 
PP : « a 
ton N © B. XX. 


Ive Nature of the Curve ABD 8 an Arch being 
given; to find the Nature of the Curve RSA bound- 
ing the Tep of the Wall ATRD ſupported by that 


Arch; by the Preſſure or Weight f which Wall, all 

the l of the Arch are kept in . without 
Ang. 

nter 1. Let ſeveral equal right Lines AB, BC, CD, oe. 


Faced in a vertical Plane, be moveable round 25 
ingles 4, B, C, D, &c. whilſt the Points 4, G, a 


If Baſe . remain fixed and immoveable. Throogh | 
2 


It. 


of CB to CY ſuppoſe as m to n. Then P = — D; 


325 


Suppoſe AB to be the Logarithmic Spiral, ſince the F EG: 


198. 


199. 


200. 


201. 


326 


20 


F I G. B, C, D, Sc. draw the Lines Bi, Cm, Dp, (3; 
perpendicular to the Horizon; and complete the 52 


Force C is as 


"The ocr zins 


rallelogtam B hi, and make CI=Bk, and complet 
the Parallelogram CI n un. In like Manner mak 
Do Cn or Im, Er Sop, Fi rs, and complete all the 
Parallelograms in the Figure as at firſt. 
2. Let ſeveral Weights which are to one anothe 
as the Lines Bi, Cm, Dp, c. lie reſpectively on the 
Points B, C, D, Sc. Now the Force Bi, is equiva 
lent to Bh, Bk, acting in the Directions BA, BC; 
the Force Bh is deſtroyed by the Reſiſtance of the 
Point A; but B& endeavours to move the Point Bt 
wards C. In like Manner the Force Mis equivalent 
fo & and Cu; the Force Dp to Do, og. c. Non 
the Forces BY (acting towards C) and Ci (acting to 
wards B) being equal by Conſtruction deſtroy ong 
another. In like Mariner the Forces Cu, Do; Ds 
and Er; Ev and Ft, Sc. deftroy one another; ani; . 
the Point G being fixed, it is manifeſt the Figur 
ABCD, Sc. will not be moved by the incumbent 
Weights, Bi, Cm, Dp, Sc. but all its Parts willen 
main in Equilibrio. | 
3. The Force Bh: Force Bk or C1 : : Sine L bil 
- I I I 
Ai: F.. : 7 Or SmCB 
Likewiſe Force Cl: Force Cn or Do:: $ MD 0 
I 


1 1 
De: S. IOIUB :: F Then or b 


and fo on; whence it is plain in general, that an 


a” . I. B er Is 
S*CmxCl S. Ber x 


S. Cin! pra SED - 2 


therefore the Forc 


Chi S —— 


ect. II. 7 FLUXIONS, 
Curve, and the Preſſure will then act on all Parts of 
t; and the Angle BCx will then become the Angle 
Contact, and the Sines of g and CD, become 
equal to the Sine of Cx: Therefore drawing the 
Tangent An (Fig. 200) the Preſſure on any Point A 
w preſerve the Equilibrium will be as the Angle of 
Contact at A directly, and the Square of the Sine of 
the Angle An reciprocally. But the Angle of Con- 
uct is as the Curvature, or reciprocally as the Radius 
of Curvature, Therefore the Preſſure is reciprocally 
x that Radius and the Square of the Sine of that An- 
le nn. 
8 Let BC=x, AC=y, AB=z. Radius of Cur- 
nture in A=R. Then if 2 be given, S. L TAN G 


KL I I : . 
y, and ö T Then the Weight or Preſ- 
fire on A=AT X, and that (as has been proved) 


1 37 
, therefore AT <& 


95 af 


5 ag w—— ck 
Rx S. TAN + 


, 2. 23 ; | o . .* ; 
rin general A & Rp But when x is given 
1 25 
R a _ 2 — 

7 there 


35-4 . if y be given R = | 
fre AT c = if & be given; or AT & 3 if j 


be given. 
Wherefore to find the Curve ST, let BC x, AC=y, 


** 

75 ib=z; then. by the Nature of the Curve Ab, com- 

„2 * if * be given, or — F y be given, 
od take AT proportional thereto. And » may be ex- 

doc ged out of the Value of AT, by Help of the given 
Lie BS, and thence the Nature of the Curve ST will 
le NOW, - 

B( ; 

me 


rve 


— 


54 
1” EO 


200. 
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* EXAMPLE” I. 
FIG. Let BA be à Circle, Radius AR=r, BC=x, ACS) 


202, N 1 n 
BS ga, * given. Theny=V 2rx—xx,y= Tk 
. | 8 VV 2Fx=xx 


4. — | 3 a — | rx. 
7 I z then will * 2 = — | jo 
27X—xX\" | = i 27x 9 
— | 
Zr rr | ne 

— — = = therefore A == 
r 1— * 14 ; 
| 75A : | | 

or AT = . And expunging x, 89 
(AT—C8S =) - £4 7 n 7 
| — | + 1 0 Wh 


the Nature of the Curve ST. 

Hence the Curve - $7 runs upwards ad inſinitun 
and the Perpendicular DE is an Aſſymptote to the 
Curve. | | 

SCHOLIUM. 

It S had been a right Line, then the Point“ 
would be preſſed with too little Weight, and B wit 
too much: And hence appears the Reaſon why cicu}— 
lar Arches commonly break about the Top, by beine 


loaded there with more Weight than their due Pro 
portion. | 


| E 
Lei the Curve DAB be an Elligſis; BR r, DR=t 


CB=x, AC Y, BS Sa, x given. Then y= = 21x —*1—1 


202. 


4 c r* — x 
=== : Whenct 


V 27X—xx begin he 


e = — , uhich is as AT; therefore 
| ef cc Xxx e 
e Al 


BH - 


8d. II. of FLUXIONS. 


734 b 75 
— N — 2 — * 
3 
E; 54 RE” 
= fern 18 eee 42 — 1 + — 6 
* ce 5 


Ind with the foregoing. 

Ex. 3. 
Let AB be a Parabola, BC=x, CA, SB=a, 
r=, J given. Then x = = 2 „& = =, and 


x 2 
© =. given Quantity, therefore AT is every 


na higher Poſition. 
tun | | Ex. 4. 


gate = 26, BC=x, CA=y, BS=a, 9 given. Then 
792 
cc 


nt “* = » whence r+x= —V c , & 
Wit ry : . 5 | | 
Ircu 3 * 4 X — 2 ; Wherefore AT &« 


Ve y ccf 


x re © ca 
ml keg 7 2 and AT = * hp 


Ih coy)? —— | 
Hence the Curve ST continually approaches nearer 
nd nearer the 0 * * +x—4T=) 


ir + —v cc ＋ — x 
wy? 
ure of the — th ST. 
* e "I 


Let BA be a Gelid, 5 — 4 „ C£=5, BEFS4, 
Sa, x given. By the Property of the Curve y= 


U u 4 


Let BA be an Hyperbola, Tranſverſe = _ r, Con- 


or the Nature of the Curve ST, being ” the ſame 


203, 


here hs ſame, and ST is the Tn Parabola placed 


203; 


, expreſſes | the Na- 


204. 


— —— Gi 


e ———— ‚— Oo eh oe ERIN 


— ANY Rr 


— 
* —— 3 
2 — "1 = 2 be SOS » rr d . 
_— —— GR —IL—- — 
« : l — 2 2 2 
nn enn * ha; _ 8 L 
* a be N 0 o EIS = 


every where: Conſequently a heavy flexible Linep 


The DocTRINE 
5s + Vax—xx, but 5 = —===—, 
I ne 


20X—2XX . | ax + 4 — x 
1 5 and = — 


then Fi 


ths Id. = : W 
— 7 
therefore 75 2 = | : Therefore 47; 
5 2 X A- 
I I | ho 
ES S A © — 
42— 


Ex. 6. 
Let BA be the Catenary, BC, CA=y, BAR 


BS=a, x given; then z V rx, 2 N 


27X>xx 


rx 


therefore y = (V- = ** =, and 
| 2X7X+ Xx F 
e 8 i 
ä 5 whence — . = , then 
27X ＋ NX | y * by | 


e, or 7 = — Xr+x, Hence, 


er, then AT =a +x =Cs8, and the 
ST 1s a right Line paſſing through S. 
2. It BS is very ſmall, draw A? perpendicula 


1 ＋ KN 
. Vn 
| rx a SS 
7 = — {8 ==>) — A 
(y * ( „*r 


a S; therefore the Arch is of the ſame Thickne 


the Curve, and by ſimilar Triangles (S ) 


into this Figure would ſupport itſelf. 
3. For the Nature of the Curve S, we have 
au — 
=(a+x—AT=)x— I Therefore if 
is leſſer than 7 the Curve is concave towards B, al 
if a is greater than r, it is convex towards B. 
| Ex, 


0 II. f FLUXIONS. 331 


7 . 

I AB be the logarithmic Curve, G D its 85 FIG. 
=MWhjoptote, B S = a, BD =r, Subtangent GE =7, 205. 
xx 

x, CA =, AG =r + x, then by the Proms 
be Curve y = . , and if & be given, 7 = 

Ef, nes OT = 3 

[Tx * FRE Abs tt 
= thence AT cf Cx, or AT = — X x, the ſame as 


the laſt Example. 
For the Nature of the Curve, $2 = (4 + Ar 


OS 
r — , therefore if ar, then SI becomes 


te Aſſy mprote DG, and if à be leſs then r, the Curve 
IT 1s concave ; but if @ 1s greater than , it is con- 
ex towards B. 

Or thus for the Nature of the Curve, 2 =(r+x 


& =) r-— 4+ — x, for the Relation of 
7 to the Kapil GD. 


8 | 
Let AB be the Ciſſoid, whoſe Equation is aXX—JXX 206. 
% in Fluxions 2 — 2yxX%— xy = 33%) ; this 
zun in Fluxions (making X = 0), 20X% — 2 — 
50 — 2xXy — *, = 6yy* + 33%; from the tormer 
24 — 2 


yr and from the latter, 


— EOEIIAL 
3 30 +xx 
; ſuppoſe y=2, #=1, to find A; here = 


quation y = 


Now if 2 10, 


„ = — ,5462 3 whence — 2 = „292 for the 
2 | Value 


332 


F I G. Value of A. And to find it in the Vertex where: 


ta 
© 


The DocTRINE 


and y are o, and y infinitely greater than x; we ſha 
$20. -_ — 


2 


a 
have a , F= 25 wt 7 25 mg 
— . —X 

e ; whence — 2 = —.— = Infinity 

9 „ pin v1: 0 

| More generally thus : F 

Since axx —yxx = , in Fluxions 2a* —21;if 
20 : moe. , -} 

— xy , whence x = 3 this again! 


Fluxions and reduced (making y invariable), à 
3 1 TNA. XY 


X = (expunging x 


| FF 5 
RE . . 3 
3) X — - (expunging x) A 
2 43) X a—y 2 
(expunging &) — L _ ; whence — 
a—y X4Vary J 
== 25 : Therefore AT K — 9 


P ROU X. 
The Curve BA being given, by whoſe Revolution 001; 


the Axis BC there is generated a concave Surface . 
Vault; To find the Height AT of a Wall ſtandiſſ bete 
on the ſame, and ſupported by that Surface, jo il 


all the Parts may remain in Equilibrio. 


Let PB2 be an infinitely ſmall Part of the Surfat 
contained between the Planes PBR and QBR, duden 
tne Ordinates DC, AC; and take Dad, Aa wy 

| . 


Az: By the Reaſoning in the laſt Problem, the 
weight inſiſting on the ſmall Part of the Surface 


Ola will be as 


„ when the Particle of the 


2 


ty. | 

f Curve is given. But this incumbent Weight is ab x 
D AT, But AD y, therefore the Weight is as 

21 7 x yy and this «x ——, whence AT & — 

5 . by 

anl 23 


3 
Putting B C = x, . BA z. Take AT c 


— if x be given, or AT —= if y is given: 


Or in general AT & - Ry * Whence 


3 


1 
lid the Nature of the Curve ST will be known by ex- 
punging x. | 

EXAMPLE I. 
Let B A be a cubic Parabola, rx S; then r*x 203. 


= 3y*y, and (if y be given) 7*x = 6yy*, whence 5 


6 f 6 f 1 
5 therefore AT is as — a given Quantity: 
Conſequently the Curve ST is the ſame Parabola with 
A, but placed in a higher Poſition, 
Ex. 2. 
Let BA be a biquadratic Parabola, & =y+, and 208. 
given. Then r3x = 45%, and r3x = 129*y*, where- 


. * 12 a 
fore —— = 2 , whence AT y or AC. 
4 ED | 
> | 
Let BA be a Circle, y = V 2rx—xx, & given; 20g. 
fac 8 5 g | an 2 
: N — x 
den 5 = —== Is —— ; whence 
Varx xx a2 = 


— 9 
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ſmall equal Parts of the Curve. Let BC=x, CA=y, F 7 6 


210. 


ticle of the Fluid, ſtriking againſt C with a give 


; 3 v 2 7 # | 2 1 17 
3 | therefore AT & — N = 
W R N N= 

1 


as 5 and — — /B, that is as 1 to 2. Now thi 


"The DocrRINE 


is as NCR Whence the Perpendiculars ? 
DE are Aſſy mptotes to the Curve ST. 


* 


PRO B. XXII. 


To find the Reſſtance of a plane Figure or Solid mmovi 
ma Fluid, in the Direction of its Axis. 


Let AB be any plane Figure or Solid whoſe Az 
is AA; draw Cf parallel to the Axis AQ, and g 
and Ordinate BE Perpendiculars thereto ; BD 
Tangent at B, and Df e to it. Call Al 


x; 88; $3. 4B, 2; Þ% 2; Br, &; rn, y. 
Let FB repreſent the Force or Reſiſtance of a Pa 


Velocity, then will N be the Force againſt the Cur 
Line or Surface at B in Direction fD; and:fg v 
be the Force or Reſiſtance againſt the Curve in Di 
rection BC, which alone is the Reſiſtance that hinde 
or oppoſes its progreſſive Motion in Direction of th 
Axis. But by ſimilar Triangles FB: 8. TM 


U 


FD»: b *, and fog = = 


| | N ; 
Therefore 1 Force of a Particle againſt C and Þ art 


© 


22 2 


Quantit 


N 


10 


En. of FLUXIONS. 


, and againſt By in the Solid (generated by 4B re- 
ring round its Axis) as y: Therefore the Force 


zinſt the Baſe : Force againſt the Curve : : y to 


9 - 


| 2 Fro ns 
or asse , ora 7 , that 
x* ＋ . 15 5 
| _ yp 
as y to — 2 — : And Force againſt the Baſe: 
J * » 
re againſt the Solid, is as yy to 2 . 
1 4 7 


Note, by the Reſiſtance of a plane Figure moving 


any given Depth, and whoſe Baſe is that Figure: 
d it is ſuppoſed to move in a Direction parallel to 
at Bale. 


Hence to find the Refiſtance , by the Equation of the 
2 7 
141 

. | * 
the Curve; and find the Fluent V; or out of the 


lantity 2 — for the Solid, and find its Fluent 
1 + - | T : 

Then will the Reſiſtance againſt the Baſe : to the 

hſtance againſt the Curve : : y: F. Or the Reſiſtance 

anſ the Baſe : to the Reſiſtance againſt the Solid : : as 


ve, exterminate x* out of the Quantity 


: 10 2G, 

- EXAMPLE I. 
Let there be a Triangle (or priſmatic Solid) A RS 
ving in Direction Q. Let AA, Mc, AR 2 


F 335 
antity of F luid ſtriking againſt By in the Curve is F 


210. 


a Fluid is meant the Reſiſtance of a priſmatic Solid 


I G, 


211, 


336 


FIG 


2II, 


210. 


AE x, EB=y; and by ſimilar Triangles x= 2 
whence x* == therefore 00% ee 


Whence the Reſiſtance of the Baſle to that of the Side 


— Then 2 = * __ 


= : therefore - 


3 
the Reſiſtance againſt the Baſe, to the Reſiſtan 


"15/28 2 0 2. Ex. 


The Doc TRINE e 


: =. 
„ 14 
; 1 * bs 
„ — 2 whoſe Fluent F = # 


cc . I 


is as y to 2 that is as dd to cc. 


EX. 2, | 

Let ARS be a Cone, whoſe Axis 1s 49; the x F 
bby 

2, # = 2, and —L=;- = 2 [ 
I'+ 7 1 * 75 A 

ccyy ccyy | c⸗ecy 
7 = 77 whoſe Fluent C = -, alſ. 

2 — — 2 Therefore the Reſiſtance of the Bal 

ad * | | | here 


to that of the Side is as yy to =, or as dd to © 
, 
Let ABR be à Circle, Radius I=, AE= 


„ 
3 2 
* OR - 2 


1 3 1 + 
$ 42 F 2 77 — 


* 


— 5 8 
= ee J, whoſe Fluent F=y— x Whenq 


againſt the Circle (or cylindric Surface) is as y te 
3 


— 7 , that is as 3r7 to grr—yy: which when 5 


ties 


a = 


et, II. of FLUXIONS. 


& EX. 4 
i Let AB Q be an Hemiſphere, then — " = 
| | + 

b 1 
== y* 

bo Line x Þ 

60 # x, whoſe Fluent G = 2 * — 2 
3 therefore the Reſiſtance againſt the Baſe, to the Re- 


iſtance againſt the convex Surface, is as . to y 


Day 
s Or as 217 to 211 which when y =r, 


15 48 2 [0 I, 


& 3 | 5. 


Let + ABRD be a Spheroid, 2 the Center, 2.A=a, 
aus Rectum = 27, Al x, BE, Eu Sax; 


9 n 


a . 
then au = aa — =, and x =—4 =— 2 — 
and © = 'F a 
| a 
Bak 1 | FIGS 
fore 2 = ———==—; whoſe 
| | rra Rar x * 
Cl, 2 
* | 
| 1 — 5 
2 vent, by Form the 4th and 11th, is G= 22. 
rraa x 2.30238 rra lar 
„ 2 = * Log: —— 2 : Whence 


2—7 : > 
de Reſiſtance of the Baſe to the Reſiſtance of the 
onvex Surface, is as yy to 26; and when y = R, 


an” | a 
will be as ar to n Log: = Fe 
„ 


Lt ABE be an Hyperboleid ; denoting the Quan- 
lies as in the laſt Example, uu = aa + — Y. and 
X * 39 


210, 


210. 


— — — — 


uu 


—" 
— "4 


— — — U—Ü—U—ͤk , 
-- 9 rt he __— 


m : * Pre Ti —_— 
Ce re nron_—_ 


_ + IR —k — 


— — A — 


= 2 n "3 — 2 "3. 2 7 po 2 h - — EI; — — 2 
1 2I- "OA. >. * 2 7 e P 2 — — £ * Ta > — — 
5 d LE? 
— 8 6 . 7 5 7 4 — * 8 . p _—_ a me; 
* — a + bs 2 1 ” ** nn 4 * J . 7 
4 * 


Engr EIT 


— 
7 * 

* 7 - 

- — 
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3 — „ whoſe Fluent 
1 + -. e 


N * 5 —X 2. h Log. — 
57 74 r+a rra 
Therefore Reſiſtance of the Baſe: Reſiſtance of th 
convex Surface: 9 to 26. 


Fl 
e the 
Let ABE be a Paraboloid, AE = = x, BE =y 
hd CE, (0) 
rx . then & * and mA FA 1 
* 
rryy = 
Gas whoſe Fluent G=2.3025rr Log : * 2 


rITy 


And by Correction G=2. 30238 frr xLog: 


And the Reſiſtance of the Baſe, to the Reſiſtancec 
the Surface of the Solid, is as yy to 2.302387 


7 
es 


rr 
EN. 8. | N 

Suppoſe AB to be à cubic Parabola, rr = 
then x* = 2 . , whe 8 * =" = —= a x 
g I + — "7 

net” 014. 

whoſe Fluent & (by Form the sch) a 28 7 as 


* Degiers in che Arch bl Tangent is — 


and the Reſiſtance of the Baſe : Reſiſtance of tl 

Surface : : as yy to 26. 
Ex,” 

Let AB D be the Solid 3 by the Cycin 


ABD revolving round A . — 45 * 
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FB =», AB =2; by the Nature of the Curve, y F 1 G. 


N SS dy — 5 h | FF = - SS 
| 3 7 
I 


„ | * | 

Fluent GO = — "kh Whence the Reſiſtance of 

the Baſe, to the Reſiſtance of the <urface : : as yy, 
OE Mt 

5 or as I to 1 — ry ,and in the whole 


Solid it is as 3 to 1. 


P ROB. U. 
To find the Center of Gyration of any Body. 


This Center 1s ſuch a Point O, that a given Force 239, 
acting at a given Diſtance from the Axis of Rotation 
A, will in the ſame Time generate the ſame angu- 
= lr Velocity in. that Body, as it would do if the whole 
body was placed ia O. 

Let A, B, C, &c. be any Particles of the Body, 
nd let fall the Perpendiculars Aa, By, Cc, &c. and 
Ur, Pp, on the Axis of Motion SR. And ſuppoſe 
agiven Force & apply'd at P, acting at the given 
Diſtance Pp from that Axis, to move the Body about 
R. The abſolute Motion of the Particle A being as 
dx 4; the Force acting at A that generates it muſt 
alo be as Ha x A; and a Force acting at P that will 


i 0 Aa 
generate the ſame Motion in A, is as Py * Aa x 4, 


e A 


— Ps. 


—— 


ah ri Þ — — K 1 > 
— ap: n 5 * A 0 5 Foy.) 
b 2 7 = 2 1 ee — p 
N 2 — — _— — 2 4 — 2 * — 22 
0 Rn. ; = VR, | 2 — 
Ty Wr. — w 
= 8 2 , — i fn _ 
* = 7 - p ——ͤ—— . . = * 
_ * — — — — _ 2 — 


—— 


— — — p 
& TH u 
— _ — —— ᷑̃ 1 4é%t „ —— — 


. Likewiſe the Forces at P that gene- 
AX 2 


rates 
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FA nz rates We Motions of B and C, will be as 2 
; 7 
ET - 
and 2 ie ee this =] ä 
And the Force at P that can generate the ſame angu 0 
lar Motion of 4, placed in & will be as . 
likewiſe the Force at P that can generate the Motion f 
of the whole Body, placed in O, will be — 255 L 
o, by the Hypotheſis. Therefore the Sum 00 il 
Aar x A Bb*x B Cc X C th 
the —— + Pp . . SR. &c, : 
WA x and , Whence Or* = dar; x 4+B) 2 
Pp Body 
Therefore if z = Body, x = Diſtance of any Pari 
70 
| 8 Sum of **. Fluent of xxz n. 
cle, then 70* = ——— =" Joo 
Whence this | I, 
R / 
Multiply the Fluxion of the Figure by the Squall 
of the Diſtance of the generating Point, Line, o 
Surface, from the Axis of Motion, and find te ; 
Fluent; which divided by the whole Body, the Squall | « 
Root of the Quotient, is the Diſtance of the Cents 0 
of Gyration. E 
EXAMPLE. I, tle, 
240, Let SA be a right Line moving round S. Let S“ ; 
Ci=© han Z=x, [and FLAX = = ad 20 1 


then TE or XV Or ay: = Diſtance of the Cie 


Center of 3 SO; the ſame is true of a ſtendeſſſ g 
Cylinder. 


Ex. 2. 


dec. II. of FLUXIONS. 


oo Ex. 2. 


= neter X. Let CA =, BA = Dx, SA x, c=Cir- 


ng. cumference, then & = —==——. And the whole 
2 r 


q Fo * rx 
— (by Form 1 
Fa US 


rr . 962 
* and for the whole Circumference it is 


Fluent of = A 


Cr 


then = Sr VS co, the Diſtance of the 


Center of Gyration. 
. 


For the Plane of a Circle, or a linder, revolving 
round the Axis in C. Let CA=r, CB=x, 2371416, 
then Circumference at B = 2cx, and $ = 2cxx, and 
3 2c = cx+; and for the whole Circle, *tis 

; but the Area of the Circle = cr, whence 


72 V, the Diſtance CO. 


Arr 
Ex. 4 
For the Plane of the Circle about the Diameter RS. 
Let DC=r, CB=x, then Flux. Figure = x Vrr—xx, 


and the whole Fl. of x*# Wrr—xx, when r, is 
7 x Quadrant; and for the whole Circle, rx Cir- 
tle, this divided by the Circle gives wy and y/z7r 
ra = Diſtance CO. 

E. 

For the Surface of a Sphere about the Diameter RS. 
Let DC=r, CB=x, RD=s, c=3.1416. Then the 
circumference of the Circle deſcribed by D is =2cx, 
nd 2cxs = Fluxion of the Fioure = — pe = 5 

| 5 N V IT — an 


. 


ELD 


multiply 


„ 
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In the Periphery of a Circle revolving about the Dia- F I G. 
241, 


242, 


243. 


243. 


r 
2 " 


—__ 7 — — — 
S — . —_ ty 2 L 
HOO 3 3 + — 
> Neo 
N "0 Xx 3 on a o l 8 
. * * — — = 3 


rr 
et 
5 


— — — - 1 — — ES 
— rr oo oe ene 
$a end. 46. e 9 kala 


IE * 


8 » * 
1 


1 


— 


243. 


244. 


245. 
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multiply by xx and we have - — but when x. 
| | 1. -A 
5 & * „„ — 
* r, Whole Fluent of — = 7, and (by Form 
rr | 
17) 1 the whole Fluent of 1 cr, and for 5 
Vrr—xx = 
the whole Surface tis = Scr, and the Surface of the 
FS: "> 1 2 q 
phere = 4cr7, whence Txamr ©. and Vr 
or l = C O the Diſtance required. 
. | 
Let RAS be a Globe revolving about the Diamtter 
RS; er., CB Dx, cg. 1416; then 2cx x 2D. 
or Ac r- = 3 = Fluxion of the Solid ; and 
the Fluent of 44h Wrr—axx = rr x (by Form 
I7) ers, when x Sr. And the Globe S ; n 
whence 8 rr or 14/5 = Diſtance CO. K 
Þ x * br 
Let 1c B be a Cone revolving about the Avis 4B. 
Let AB Sa, BC, BE=x, c=3.1416 ; then DE= C 
a-. ab—ax the 
And $=20xxX . , and multiply: 4 
| 20a%*X * 
ing by xx, we have 2caππ R, — = 2 ,whoſe Fluent Re 
10 
is — — * 5 rocabe, when b. The Soli- 3 
þ 20mm -a. 
dity of the Cone is = = gcabb, then u V Tocalh — 
by = BO. Fu 
E x. 8. fig 


Let AD be a Paraboloid revolving about tbo Axis 
AB. Put AB=a, BC, AF=s, FD=x, c=. 141% F. 


* : * 
and . Then DE à — 3 ; and Sg N 


X 


— — — — — TR \ —ͤ —ĩ—˖;'.. Wo ene a — 
W = * a — — 2 
= — wr Fo — 8 
- — ä — 
1 5 ; b l 4a 
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* FI G | 
* — _ which multiply'd by xx is 2cax3% — 0 5 
4 6 7" 
=, whoſe Fluent is 3 2 Sl cab * 
\=a: And Paraboloid = * therefore — . 
ca 
0b, and V = 5 F = Diſtance BO. 
PR OB. XXIV. 
10 find the lateral Strength of a Piece of Timber, 
whoſe Section is any Figure given. 
Suppoſe a Beam FA fixt with one End in a Wall, 246. 


and a Weight P ſuſpended at the other End F to 
break it, and let ABD be the Section of it where it 
breaks. Let the abſolute Strength of 1 Fibre of the 
Wood be 1, and put AB a, BD =b, A = x 

(Ey, BC=v, and BF=1, When the Beam breaks, 
the Parts at B don't ſeparate at all, and the Parts at 

A ſeparate the firſt, and the Degrec of ſtretching at 
any Plane C will be as BC. Burt by Mechanics the 
Reſiſtance any Particle C makes, will be as the De- 
gtee of ſtretching, and therefore as BU, Hence 


tits oy: _ = the Reſiſtance or Tenſion of a Fibre 
t C; and by reaſon of the bended Leaver ABF, whoſe 


Fulcrum i is in J 1:0: . che effectof that Ten- 


fon upon the Weight P; or the Weight ſuſpended at 


VUY 


F to ballance that Reſiſtance ; ; and therefore 


W eight at F to ballance the Reſiſtance of all 3 
res 
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. 


246. 


246. 


from B, where the total Strength of all the Fibres df 
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bres in the Line CE; that is = Strength of al 
the Particles in CE. Therefore the Sum of all the 


IE : in the Figure, or the Fluent of — Or 
2 4 


Cel 


11 


Juv. 


will = whole Weight P or the Strength of 


the Beam. 
RH ok 


Expunge v or y or x by the Nature of the Figur:, 
and find the Fluent of "or of =; and ta 


vill be as the Strength of Fo Beam. 
Cor. If that Fluent be divided by the Sefton (or 
Fl. zx or yÞ ), the Quotient will ſhow the Diſtance 


the Beam being collected, it will be equally ſtrong, 


EXAMPLE I. 
—— 


Tf ABD be a Parallelogram ; then ET and — = 


5 3 = 
=— bel Fig 1 3 2 (when v4 


zbaa, for the Strength, 3a X Section. 


1 | 
Let ABD be a Triangle; then y = = and » =M") 


| 2x MI. 5 — —— Wric 
a — &; Whence Ee! os X ag — 24x + n. 
a aa E 
bax* _ bx# Ss þ 
And the Fluent is — if 7 = "M 
when x=a, for the Stang, Section. 
will 7 


by 
It 1 er be at B, chen 7 * — and — Dig 


— 
— 


dect. II. e FTI 


of al . 2 


„ and the Fluent = 
| the a, "Tot the Strength, or 4 X bude = Strength. 


= 0 E . 
if Pr be a Circle; and * = Van = un 4 -, 


vv v 
and < 


— . but F: v V av—vy 


Ti = Semicircle : And by Form 17 the 


hole Fluent of V'U ) Vav—0v, or * 200 V a—v = 8 


that 

1.69 X Semicircle, and when doubled, F: 2 . = 
(or ; X 2.1416 | 
nee x Circle = + E f I — , Ga the Strength of 
a be whole eircular Section = i X Section. 


. 
In a hollow ylinder, or the Periphery of the Circle 
AEB. Let che Arch S , then y = 2, and & = 


4 ug * . 
"7 * aq 2 

5 — OP 4 * „therefore Fl. of 

: 7 GUV—UVVU 3 V — *. 2— 


—, And by Form 17, whole F luent of 2 


or) ! —.— I oy... 2 
2 FN r 3 - 
Va -u 4 82 
—Wicircle, when vgg; and for the whole Periphery = 
. 1616 © 
id Xx Circle = —.— : -a, the Strength; or z * 


Kction = the Strength. 


The Problems delivered in this Section are 8 
Ig general, each of them comprehending an infi- 
— nite Number of particular Caſes, and are ſufficient 


T iy here 


F 
33 = 1540, when , 46, 
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19 0 


— — 2 3 — 2 222 , 2 * 22 . a 7 — — _ — 
=. 9 — " © es, I? 2 — _ * * m * 
— — ——— YT} POET jp— — —ů— ——⅛—F — — 2 — OR ATE, ” — : - — 
2 — — - 8 * — — — — — — — — — = 1 ä — PO" * 
hs 2 I 4 — 8 — N "W__ - a - 5 5 — 
* ID em > a. LESS . - PO _— = IE y n . — . 5 5 
8 * I - 4 4 4 * * , 4 * * 2 1 0 a, 8 8 
728 _— FE O 4 * — 0 he hy Fo ** =” of q 2 1 * 1 


—ů—äͤ— 


— 
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F I G. here to ſhew the Method of inveſtigating genen 
Problems by the Method of Fluxions. I ſhall ny 

proceed to exemplify the lame Doctrine, in the Re 
ſolution of a few particular Problems, belonging t 
Phyſicks or Natural Philoſophy; and the tathe 
becauſe this Sort of Problems has not been fo con 

mon among the Writers of Fluxions. 


Yoo 


— 


S EC 


*% 2 * 


Fa nl. oF FLUXIONS. 
ener | | 8 6531 

| now 
e Re 
ing It 
Father 
com 


8 mM 


The Solution of Phyſical Problems, or 
fuch as occur in the Phenomena of 
Nature. 


P R. O B. I 


J find the Relation of the Fluxions, of the J. mes, 
Velocities, and Spaces deſcribed by Bodies in 
Motion; being acted upon by any accelerating 


Forces. 


ET 6 = Body or Quantity of Matter. 
m = Motion generated. 
F = Accelerative Force. 
t = Time of moving. 
v0 = Fry. 
s = Space deſcribed. 


Let / Moment of Time, or an exceeding ſmall 


. U © 
Part of Time, s = Moment of Space, v = Moment 


of Velocity, n = Increment of Motion. Then what- 
ver be the Law of the accelerating Force F, it may 
| > 4 y 2 | be 
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F I G. be conſidered as uniform for the Moment of Tim 


45 Then by the common Mechanics, the Velocity 


1 — 1 55 — "m—_ _—_ * : 1 — ** 
generated in the Time 7 will be as the Force and the 
Time directly, and Quantity of Matter reciprocal; 
| / ; | 


| . at ” 2. Likewiſe the Velocity may be 
| look'd upon as uniform, for the Moment of Time 


i / » . 
| 2; therefore by the Laws of uniform Motion, the 


Space deſcribed will be as the Time and Velociy, 
or 5 Cx b. Alſo the Motion generated is as the 
Force and Time, that is m & Ft. Now 65 5 u 5 
being ſuppoſed infinitely ſmall ; ſubſtitute the Hue 


ons inftead of the Moments, and we have m & N 


* = „and 5 & vt, univerſally. And ſince by 


Mechanics n is as bv, therefore m & by. Hence 


from theſe Iquayzons We ſhall have, 


» £12 OM - 5 + 1 
1. & I & bv, and ; . 


OG 7 
. . 5 3 ; © og 
2. 5 & vt, and 7 & - 
„ >». 
3. V * >, and # oc —755ee an 
| P. 


4. VV coc 5 and s or 52 A 

And in any of theſe Forms, if “ or F be conſtant; 
ly the ſame ; then ſuch conſtant Quantity or Quant 
ties mult be left out. Likewiſe if the Velocity off 
the Space be decreaſing, you muſt write -, or d 
inſtead of , 5 | bt 

Cor. Hence, put h = 16-7. Feet, the Space deſcendenl be 
by b, in one Second; then 20 = V elocity acquired in on ac 
Second. Then wil! | v = 


+- - ao | ral 2 e, fete, 


* 


2» 
ef. III. of FLUXION'S, 


£43 79k: RF? 

TE. -. „ 
3 4b when v=2b, and F=b; which is 
7525 F the Caſe of falling Bodies. 7 
=> 26 


fore 1 (Time): 2+ (Velocity) : : 4: v: 1: U, and 9 
2205. | | | i) | | 
Likewiſe the Space deſcribed with the uniform 
Velocity 25, is as the Time; therefore, 2þ (Space): 
| (Time) 1: , and Sg.. 

Theſe Forms are general, and will be found ſer- 
viceable in the Solution of many phyſical and me- 
chanical Problems. 


5 XR 0 K 7 


7 find the Motion of a muſical String, vibrating 
at very ſmall Diſtances. | 


1. Let AB be the String, and let it be drawn to C, 
ind there let go; now ſince the Force to move the 
Point C, by Mechanics, is as the Sine of the Angle 
An, or as that Angle itſelf when it is very ſmall ; 
therefore the Point C alone will firit begin to move, 
and preſently by the Flexure of the String in 4 and e 
theſe Points will alſo begin to move, and then the 


of the great Flexure in C, that Point will at firſt 
be very ſwittly moved; and the Curvature in d and e 
being thereby increaſed, - theſe Points are continually 
accelerated; and the Curvature in C being diminiſhed, 

| ts 


For the Velocity generated is as the Time, there- 


xt Points to theſe, and lo forward. Now by reaſon 


214. 
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F I G. its Motion will be leſs accelerated. And univerſally 


214. 


and will continue to go and return together ad inf. 


will be as the wholes; and conſequently any cot 


 2AZ=a, ZX=b; AE=s, EF=y, x, e= Radid 


1 
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thele Points that are too flow being more accelerated 
and thoſe too ſwift being leſs accelerated, it will come 
to pats thit, the Forces being at length righty 
adjuſted, all the Points of the String will acquire 
ſuch Motions, as to be carried to the Axis together; 


Jun. | Sd | 

2. Now that this may be regularly performed, the 
String muſt always have the Form of the Curr: 
AAB, ' whole Nature is ſuch, that the Angle q 
Contact, or che Curvature in any Point F, will ben 
the Ordinate YE; for then the Force at F being u 
the Curvature that is as FE, the Velocity generatiu * 
will alſo be as FE the Space to be deſcribed; and the 
conſtant Accelerations and Velocities, and the Parts 
of the Ordinate deſcribed, and thoſe to be deſcribed, 


reſpondent Parts of the Ordinates, and therefore the 
whole Ordinates, will be deſcribed in equal Times, 
3. To find the Radius of Curvature; Let AB 0 


of Curvature in the middle Point X. Let z be given; 
and by Prob V. Sect. II. the Radius of Curvature in 


= =; therefore by the Nature of the Curve): 


b 87 : 5 mt 
7 2 85 25 and eb =2yy, and the F luent ip, 
eb = 2 5 „but in A, x=2, and y=6 : Therefore 
the Fluent corrected is ebe = . Z, and eli 


55 „ 
2 ra 5 === . VF, and byRe 


eb A 


e ec, 


duction, x = — 


V ach — aby — 9. — . + why 


— 
2 


a1. of FLUXIONS. = 


Tall = (becauſe els vaſtly greater than 5 or 7 — 2407 — FIG 
ated, | 4c6+—zehyy 21 4. 
: — . e — Whence os Form the roth) the 


v bb—yy 
| luent xc * Arch whoſe Sine is = To Radius = 13 


and when y = IG then x = za, and then x = FE X 
3.1416 1416 _ 
2 


3 V. putting 023.1416. Therefore 


% eb, whence en SY the Radius of Cur- 


mature in X. Therefore the Radius of Curvature in 
7 4 


4. To ane the Motion of any Particle of the 
String as ſuppoſe of X the middle Point. Let p = 
Tenſion of the String, or the Force that extends it; 
2 i of the String; 72 =, v = Velocity 


nt = Time of deſcribing XI; *, v, 1, the Mo- 
ments of x, v, and 1. The Radius of Curvature in 


Is = ——. By Example 16, Prop: XIII. The 


1 : Force wherewith any Particle of the Curve at 1 is 
urged; is to the Tenſion of the String (p) : : as that 


Particle (a): to © the Radius of Curvature in 7 ( p <=): 
tierefore the Force acting at J = 5 _ . And hence 


the Force upon the Particle 2 is as the Diſtance x: 


Now by Mechanics or the Laws of Motion, the Ve- 
| | Momentof Space X Force 
oeity X Moment of Velocity & — Weight 


Hy (face the Weight is as the Matter); which is a uni- 
verſal 
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F I G. verſal Proportion far theſe Quantities. (See Prob, I, 


214. 


The 'Doerrxin® 
10 it is Known that any heavy Body falling * 
or, Feet gains a Velocity of 2f in 1 Second; 
8 * = Velocity generated by that Body i in fal. 


ling thro? x with that Velocity 2f, becauſe the Vel. 
cities * are as the Times, or as the Spaces 


(2fand x) uniform] y deſcribed with the given Velocity 
1 heretore, in this Cale of falling Bodies, ye 


have the Velocity x Moment of Velocity = 2 fy: and U 

: Force x Moment of Space pr! 

2 lkew iſe Weight | K nn 10 2 , 
Lazſtly in the Caſe of the vibrating String ob = Ve 

docity x Moment of Velocity. And, becauſe the þ 

| 3 A 
String i is homogeneous „ 1 2 — 8 * —Weightof: 2 

and — x = Moment” of Space, Therefore (by the «4 
Rules, Prop. XIII.) we get. this Analogy (from ths 

18 8 5 Proportion before laid dowa) 2ſs 1 W 52 00 3 

. | 0. & FO 1 G . * 
* . . Whence wy = Heer, avis 

aa X 8 * 

3 2 peer 


12 $ whenen the F luent! is VU = = 
But in &, V=0, * ; therefore the Fluent cor 


rected (by Prop. XII.) is vy = Pee 


* bb - 


And in E, where 9, Y = n 2 , the Fer 
deicribed in a Second. 


= Laftl 


ed III. of FLUXIONS. 


233 


b. IJ 5. 2 the po; at Since the Moment of theF 1 G. 
ment ace 

* ee = 175 — — . , univerſally. And in a 2 
10 og 8 2f Space): Second (Time) :: 8 (Space): 

he = = Time of deſcribing x 95 the falling Body, 

„ — ; | 

__— 7 
ade grocral Analogy, » we get 7 = „ 

: Tn = _ AY. then the Fluent {= —_ 

whe ED 2 * * bb—ix | . 

He. 1 . | 

> the being A = Arch whoſe Sine is = and Radius * 


And by Correction (for in A, t =o, x ;) 1 


3. 
EF  (puctin B= Arch whole Coſine is "gb 3 
1 1. 


| N F ; 14 ̃ 
md when x = o, the whole Time 7 Va and 


5 3 ˙· DOG 
2 or the Time of one entire Vibration = \/ 277 in 
Seconds. 


Cos. 1. Hence all the Vibrations great and ſmall 
—W-: performed i in equal Times; for they are all expreſſed 


na 
5 ö, in which 5 is not concerned. 


Con. 2. The Number of Vibrations performed in 
one Second is . 

Cor. 3. Hence the Square of the Time of Vibra- 
tion of any muſical String, is as it's Length and 
Weight directly, and it's Tenſion reciprocal y. And 

„„ therefore 


alt! 
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F I G. therefore in the ſame Ig and Tenfion "TR Time 5; 


214. 


as the Length. 


8 i O L U NI. 
To conſtruct the harmonica! Curve Arx; let 5 b 


the Arch of a Circle, whoſe Radius is 35, or AZ, 


d the Diameter of another Circle, whoſe S 


rence is @ or AB. Make AE ors = LY and ere 


2 the Sine of 5; and P is in the Curve. 


| — aa 
For we found Ki JV and = == 
Ve bb—y „ 


2 OM | 
therefore x = of — * "Th = (by 


o/Bh— = = ES V 
the Nature of the Circle) — e whence x = 


Therefore AFB is a es Curve. 
I took a virginal String 29% Inches long, and 


weighing 85, Grains; ; and faſtning it to the Virgin, 
1 ͤſtretched it with 8 Pound Weight Avoirdupoiſe; 


and cauſing it to vibrate, I found it to be Uniſon with 
the Note Ela in the Baſe (the Note below the Cliff): 
By this Problem it appears, that the String made 300 
Vibrations in a Second of Time. This Experiment! 
made very accurately. However, by. Reaſon of the 
Reſiſtance of the Air, and the larger Vibrations that 
the String makes, it is probable that the Time isa 


little prolonged ; ; and that the Number of Vibrations 


in a Second may be ſomething leſs than! is aſſigned by 
this Problem, 


PROB 


£” 9% 


L % 


Set, III. of FLUXIONS, 335 


ne is 


5 be EC PR OB. III. 


mie. 75 find the Velocity of a Projeftile at A moving FI G. 
ret in any given Curve Q AO about the Center of 215. 


4 


Force &. | 


an Let the Diſtance S{=D, SB the Perpendicular on 

che Tangent at AP. Radius of Curvature CA=R, 
S Velocity of the Body at A, e = Velocity of a 

(by WM Body in a Circle at the fame Diſtance SA, and acted 
on with the ſame Force; take the infinitely ſmall Arch 

4 WM 4s, and draw am, an, parallel to SA, CA. 

2 Then by ſimilar Triangles, P:?) D:: an: am:: 
centripetal Force tending to C: to centripetal Force 

and Wl tending to S:: verſed Sine of the Arch Aa: verſed 


_ Sine of the Arch (deſcribed in the ſame Time) whoſe _ 
a Radius is A:: — 5. Therefore PR: DD 
ff): cc: ee. | 

300 „ Da 

nt! Or thus, by Prob. V. Sect. II. R= 7 there- 
the | Dh | 


that fore ce: ee :: PX : DD; that i a5} 


on PD: Dp. c f 

= Cox. 1. In the Ellipſis and Hyperbola, the Square 
of the Velocity of a Projectile moving round the Fo- 
cus : 18 to'the Square of the Velocity of a Body 
moving in a Circle at the ſame Diſtance : : as the 
Projectiles Diſtance from the other Focus : is to the 
Semi-iran{verſe. | | 

For let 27 = Tranſverſe, 25 = Conjugate; then 
(by Ex. 3d. and 5th, Prob. XIX. Sect. _ PF 


B Tt an ViarDybb 
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215, 
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"5 0M 5 br DB 
e, and 5 - — 
Var Dr zr DTD DDL 
5D Ber Diß 
P ͤ FRIEERIERESTT ©: 2r 4D 
Var 27 DA-DD) * 


CE : EE : 


8 Is | 

CoR. 2. The Velocity of a Body revolving in an 
Ellipſis round the Center, is to the Velocity of a 
Body in a Circle at the ſame Diſtance ; as the Con- 
Jugate to that Line of Diſtance, to the Diſtance it- | 
Lett. | 


For ( by Ex. 4. Prob. XIX. Sect. II.) P = 


br x 2 . br DD D] 

— : = und Þ =! - 
Vrr + - DD. _ T =—=DD WM 
br) D be 
whence cc: ee: : (- : — + HR | 


V rr +bb—DD 7FF3b=DD" N 
r + bb — DD: DD. And c: e:: Conjugate of) 
0 D. | he 
Cor. 3. The Velocity of a Body moving in a Pa. 
rabola about the Focus, is to the Velocity in a Circle S 
at the ſame Diſtance : : as H to 1. 
For let 7 = Latus Rectum, then by the Nature 


ER 5 EA 
of the Parabola, P _— and Þ = = 5 \ 
-_— 2 | Why 
WHhence ce: ett . == =: 13a Ird; 
| 4 . D 
| | Thi 
bod 
wb 
Uim 
0 5 


PR OB. 


, we ſhall get this Analogy, - 


bis +! „ 


ect. III. FLUXXIONS. 


* 


o find the Velocity of a deſcending Body in any Place P, 

let fall from the given Point D towards the Earth or 
any altracting Body; being acted upon by à Force which 
is as any Power of its Diſtance CP from the Center. 


Let the Earth's Radius CA=r, CD=a, CP=x, 

DP = a—x, whole Fluxion is — x, £ = Time of 

ſcending thro' DP, v = Velocity acquired by that 
Deſcent. F the Force at P, which let be as x*. 

By Mechanics, when the Body is given, it is uni- 


rerfally LW -F oc — *; (ſee Prob. I.) and 


de Fluent v* & —— 
therefore the Fluent corrected is v* && - 


But if » = — 1, then vv c Log. 


Now we muſt find the Value of v at 4 the Earth's 
durtace for ſome determinate Values of à and x, in 
nder to turn the general Proportion into an Equation. 
Thus, it is known by Experiments, that a heavy 
body deſcending through a Spaces or 162 Feet will 
KQuire a Velocity of 25 or 325 Feet in a Second of 
ime, Therefore writing 2s for v, r for x, #+s for 


＋— 


5 > — — 
i 2 
. 


P R O B. W. 
FI G. 
216. 


n 1 
—, But in D, v=0, x=a, 


+1 
2 — n r | 
| MIND IG 

A+ I 


a 
K* 1 | / 


8 — n+ 1 


A+1I 
43 n 1 


B+1I 


353 


_ DocrRINI 71 F 


F I G. —(becaule y- — ＋ =#+1 xr*snearly,)4y 
216, F.C. 1 TT... Ps 
ES 3 and v = 25 42 _ 
nu IXS | n IXI 


fore the Velocity of a Body falling I an infin 


Denominator and infinite, = n 


Feet deſcribed i in a Second. 


Cor. 1. If n=—2, then v=2r V _—_ ”, the 


Diſtance to the Surface of the Earth will be e Vn 


1 | 
Cox. 2, If #=0, a ALE 


— 


Con. 3. If l, then 8 = aa—xx. Then 
fore a Body falling from the da dre of the Eartht 


the Center acquires the Velocity V/ 275. ' 
Cor. 4. If the Body had been projected downwarl 
from D with any Velocity c, then inſtead of v=o, at] 
put vc, and the corrected Fluent will be vv 
4 1 — y I, 5 Fas 

* , or vv - cc A X 


1 4 1 | a+1xr 
Or if the Body was projected upwards, cc — und 
„ „4 
—, or CC—VV e e A erl. 
* | NMI *r 
| | of TI? 3 
and in either Caſe vv=cc +45 Xx — 
n I XY” ; 


Cor. 5 Fun be equal or greater than —1 ; as —| 
Qu ts 2p © a Body falling from an infinite Dijtan 
will acquire an infinite Velocity : For then à will be! 
finite, and a*+* will be in the Numerator. But 
# be leſs than —1 ; as —2, —3, —4, &c. the Ve 
locity acquired at the — in falling from an 


finite Height, will be 22 


he! 


| for then 4 is in tl 


80 
P R O 


o 
—— 
—— 


* 


0. II. of FLUXIONS. =_ 


Hl 
| T 
i - - 
6 
1 
AH 
aug 


2 


r 
n 


— — — — 
— — 0 2 — 
— 2 A L 2 
A SITE nr 2” 26 1 ne — 2 — W — 
1 > wo Lands abr 
— 0 — — — TIT. 
— 


PR O B. V. 


— 0 — 


— 


nd the Time wherein a falling Body will deſcend F I G. 
through any Space towards the Earth, Fc. being afted 216. 
upon by a Force which is as any Power of its Diſtance 
from the Earth's Center. 5 


The ſame Things ſuppoſed as in the laſt Problem, 
e ſhall have, the Moment of Time & 2 W 5 _—_— 
3 elocity 
niverſally. Since a deſcending Body at the Earth's 
urface acquires the Velocity 25 in the Time p or 
Second, therefore by the Laws of uniform Motion 


1 
LE 23 E206 


(0 0 5 | \ 
OM Px 5 wp p 
1 :: * 2 = Moment of Time, wherein x 
7 2 | * 5 ig ERR | 3 
” Wdcſcribed with Velocity 25. Hence from the uni- 
99 | i * : U | 
| FTC 285 
ſal Proportion, 2: 2 : e there- 
r 3533 
; , x . Len r N : 
89298 2 2 == (becauſe pg 1). Andz = 
— = (by the laſt Problem) = = x 
* 6 An n- 1 ? 
0 | GT —x 
25 _ 
But | a+lXYs 
7 | — x | 
eNeace : Fluent of expreſſed 
n | ? „ 
282 — . 
ntl +1 X5r g 
Seconds. | | 4 
| OR. 
O1 | | 


oy — = 


FI G. 


216. 


cent enn 105 A erer will be equal. 


e Te . . e 


M Nog Hm NA 


# 
N Fd 


2 


4 


=(by Form. 10 10 11) . * 

X 017453 * Degrees in Pg Arch * 2 

V. {ned Radius 1. And when We correfi 
FRF + PIP 


* 2 1 . 
& 4 | 


orees in the Arch whoſe Cone is . md Ry 
us 1. And . Time of deſcending to the Centeri 


3.14160 | 


2 - 
„ © FJ * — br, oY 
= . * 0 4 þ q 


„Eon 2. I were ren £ = = D. aud 
| 2— ii 


15 5 . 
Con, 3. If N 2 


(by Form 10) Vr X,017453 ber 


Arch wavle Sine . and Radius 20 And being 
pre 
del 
Ve 
ger 
ſer 


fin} 
del 


culy correted, 12 ,01745 3 Ve X Number of De 


grees in the Arch whoſe Seine is = and Radius 


Hence the Time of deſcending to ihe Center will be 
3: 4 r 


m £58 And therefore alb the Times of De 


2 
Ti 


SCHOLI UM“. 


et, III. of FLUXIONS. . 
-SCHO LIU" . 


If be given to find x; find the Fluent of . = 


os XX 27 : n 
. or — X , b 
*r 


finite Series and revert the Series. And if either ? or 
be given the other may be found by firſt finding x. 
ind hence a Body being projected upwards or down- 
ards with any Velocity; its Height may be found, 
id the Time of its Aſcent, or Deſcent. For then = 


=— | = =; byCor. 4. Pr. 4: 
Aare 
a+l * 
PR O B. VI. 


N Velocity and Direction of a Projectile, and the Law 
of centripetal Force being given; to find the Velocities, 
Times and Angles of Revolution. = 


Let C be the Center of Force, and let the Body be 217. 
projected from in Direction VA with Velocity 2 = 
deſcribing the Space + in the Time g; and let p be the 

Velocity and q the Space which the Force at / will 
generate in the ſame Time g. To the Center C de- 

ſcribe the Circle AA, draw the Radii CA. CY in- 

fnitely near, cutting the Trajectory in I and K. and 

(ſcribe the Arch Kr. Call CY, a; Ci, x; Vl, u; 


VJ, 23 Ir, 5 Kr, 75 ZA, Z; IK, 1. And let 


Time of deſcribing YI, and ; of deſcribing IK, 5 = 
dine, c = Coſine of the Angle Vd, and let the 
| A a a 4 * Force 
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F I G. Force in any e 1 be as x", and * = "oY in 0 
217. Fenn f 


1 1. By the 1 of 8 the Force to acce 
lerate the Body in Direction of the Curve is 2) 


OX =; lechanics ({ . 
TK N 4 but by Mechani 8 bes Prob . 


i * 
7 3 


| 5 | „ 8 
v * For orce x4, univerſally, | Whence v 7 


| X 4 & 3 5 Biel therefore the een of Ve 
| orice” depends not at all on the Angle KIC, but pa 


if E the Moment of perpendicular Deſcent, and is ther 
i fore the ſame at all Inclinations as if the Body de 
E . ſcended perpendicularly, Now to find the Momen 
| of Velocity in Y; by the Laws of uniformly ac 
| lerated Motion, the Kay. eee is as the Time 
|; br as the Space uniforrily deſcribed with a given Ve 
1 'ocity : And ſince in the Time of deſcribing 29, th 
pr 


Ine 
= Moment of Velocity 8 at / whilſt is6 
ſcribed with Velocity p. Here therefore the Valueo 


Velocity p is cond therefore 2q:5Þ:: x: 


uu 


/ 


PPX-- 


UV is 29% and Force * Nine of Space is 0 


FI F 


Therefore from the univerſal Proportion, ow © 
1 F : : | / £ pri 
: D: - :: v0: . whence v = % e 
and the Fluent v = _PP* Ny But in V, r. 0 
AIX ga 
Fe ; 


and v=6, thedfcare? by Correction vv e i 
=” 


a 


” # 
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ty in „ : LEED ; EL > 44 4 VIE 143. | | 
to ac 2+ 1-44 311 2 . 
"I, X Log. * . : 


2. Again, ſince the Velocity is every where reci- 
rocally as the Perpendicular let fall on the Tangent; 
and theſe Perpendiculars in J and J are 5a, and 


l , oy 


rob, I, 


, / 
— 


# LS i 1 * 


7 


of Ve 


SE... 5 zee 
—; therefore 5 :: 2 $0, then is y= = 


It udo s 7 | I + — * 
—\/x* 4+y*, and by Reduction y = —;: s 
there " L065 k 


V*x* —a*g*b+ 


dy de | 4 


F o ; p 2 : F 2 S 
omen But by ſimilar Triangles x : y::4a:2= =, and ⁊ 
acce G2 71 . p 
133 Saasbæ 
Tine = — therefore 2 = — = 
I „ x Vu xai -a 
Gt EN 


2x 3. Laſtly, ſince 4 0 — the Moment of the 
20 Wl Area, or the Time & Area; and in V, the Area = 


is ce 1 in 
lue o — therefore as £ 2 425 5 „„ 2 7 2 xy, then 
= gxy | 5 —20xx 5 
vill — 1 : ; 
ash © Ding gh 
Conſequently ſubſtituting for vv it's equal, in the 
Values of S and , the Fluents will give z and 7. 
Cos. 1. Hence the Apſides of the Trajectory are 


| 6 
— Wy lily found; for then it will be # = y = — 4, or 


arg Epa 
Xx 2 T 


11 — 
2 —. Whence & will be had: And if 
2 Kg | 


4 = vx; therefore vv = 


AA 2 two 


= 
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F I G. two Roots of this Equation be found ; then the cor. 


217. reſpondent Fluents 2 will give the Polition of the 


| ſtance & may be found; or if æ be given, the Angl 


the Body will fly from, or approach the Center, of | 


Aplides. f 
Cor. 2. Since the Sine of the 1 ha CIK => 


— — i 3 if i Angle be given, the Dj. 


may be found. 
Cor. 3. If the Body be KOT at, right. Angle 
to CV, then 5 = 1, and, by Cor. 15 we ſhall hor 


; © ü 2% n 
bbxx + — NT _—_ . = 4.d53 in which 
+1 1 Xq +1 X qa” 
one Root is 4; and finding x another Root in the 
Equation, the Fluent z may thence be had; and con- 
ſequently the Motion of the Apſides. 
Cor. 4. It in any Part 2 the Orbit, vx abb, andy 


be greater than 7 px" A. the _ will fly of d 

24a 
from the Center; but if v be leſs, it will approach ö 
the Center; if equal, it will move in a Circle. 


For by the Laws of centripetal Force Vaaꝗ vil 
be the Arch deſcribed in the Time g, by a Body ie. 
volving in a Circle at the Diſtance 4 and 24: 7::Mp 


Va: a Z 5 = the Velocity of a Body moving 


in a Gl at 15 Diſtance a. And WAH : "A 
T F 2 = the velocity of a Body Mt! 
29 


moving in a Circle at the Diſtance x. Conſequently 
5 | | 1 ＋ 
when © is greater, leſſer, or _ to, —— 
24 


move in a Circle. 
P R OB. 


of -FLUXTON 8. | 


P R 0 B. vn. 
75 find the Tine of a Bady's Jelcending thro. 25 Arch 
„f a Cydloid. | 
Let AC be the Axis, BY, DF, 4. Weben Let FI G 
pres „ 3 200 


4 4, CB, VF =x, Ef A, BD=z, De=2, 
2 162, Feet. = Time of 23 BD: And 
let the Body fall from B. k 

The Times of deſcribing any Spaces uniformly are 
as the Spaces directly, and the Velocities reciprocally; 
but the Velocities are as the Square Roots. of the 
Heights fallen from; and 25 is the Space uniformly 
deſcribed in 1 Second, by the Velocity acquired by 


falling through s: Therefore 3 1 Second :: 
5 7 Z PETER 7" but (byEx 8 
77 x = "aa 7 . i 4 £18 


Prob. VIII. Sect. II.) & ee 3 whence i = 
1 ,0 x 3 
X*x — 

? x 
the roth) is = Arch whoſe Sine is N., and 


. Whence the Fluent (by Form 


1416 
Radius 1. And when — 55 then 7 = . 


Whence if a Pendulum be made to vibrate in the 
Arch of the Cycloid, 2 or the Time of one entire 


Vibration will be 3.1416/—, in Seconds. 0 
| Cox. 
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FI GC. Con r. Hence all the Times are equal in whit 
218, Bodies deſcending from any Points Z, B, D ſhall g. 
| rive at the loweſt Point C: And all the Times of 

Vibration will be equal among themſelves. * 
Co. 2. It appears by Ex. 3. Prob. VII. Sect. I, 
that if ZP, P be two Cycloids, whoſe Cuſpids a: WB 
at P, and Vertices at Z and Q; then if a Pendulum Me 
PC be ſuſpended at P, ſo that in oſcillating it may Wil - 
fold about the Curves Z, P; then the Point ( - 
will deſcribe the -Cycloid ZC9 : And therefore the 
Time of its Vibration will be 3.1416 x Time d 1 
Body's falling TO AC. 3 


7 ROB. VII. | k 


219. To find the Force wherewith a Corpuſcle P is attrattl i c 
to the Plane of a Circle ED, ergy to any Lau 
F centripetal Force. | an 


Let A be the Center, and AP perpendicular to the ll th 
1 1 of the Circle, and let the Force of each Partick C. 
| be as the 2 Power of the Diſtance. th 
Put AP a, AE =x, c = 3.1416. And let the 2 
| Body n attract the Corpuſcle P, at the Diſtance ch 
= with the Force f; then the Force which any Particie I n 
| . ve 

x attracts the Corpuſcle P towards „ _—_ 


aa TN 2 and the Force of al! the Paule in the 


Te 2: And by Me 


0 
2cfaxx Wl 


Periphery ED is — 


chanics the Force in Direction PA = TY 


aa r 


Fhich 
ll ar. 
SS of 


k. II, 
8 are 
Hum 


may 
nt C 
the 
of 1 


dect. III. of FI. UX ON s. Grp 
A . F 16 


a+xx2 ; and the Fluxion of the Force = 
ISS Oo OS 
y aa 2; whoſe Fluent is 2 0 1 ; 
n+1 


zut in A, x O therefore by Correction, the Force 
exerted on P by the Plane of the Circle ED i is = 


20 \ x Ta 8 8 IE 501 
. 374 u -I 5 IX 


—1, then the Force = . * 2.300585 Log. 


"Bu: if. a= 


: A 
„„ | 
Cor. 1. Hence if 1, iht Force of the Circle 


exerted on the Particle p will be _ the ſame 


as if the ſaid Circle were wholly collected into the 
Center A. 

Con. 2. Therefore if 21 =1, a Sphere will attract 
any Particle P with the ſame Force as if the whole 
Sphere was contracted into the Center C. For taking 
the Circles ED, ed parallel, and equidiſtant from the 
Center; the Sum of the Forces will be as the Sum of 
the two Circles each multiplied into its Diſtance, or 
as either Circle into half the Sum of the Diſtances, 
that is into 2 PC; or both Circles multiplied into PC; 
nd it is the ſame of all equidiſtant Circles that com- 
poſe the Globe. 


. 
Cor. 3. If a be Force N i: 


mt V aa+xx 


yr EE CYL 
N 
cox. 4. If i be leis than — 1, hen the Force of the 


whole infinite Plane will be 22 5 


nd X —tt=1 


PR FI 


— — RAO 
hes \ 


— G we ls Th rented 


219. 


—_ — 
2 2 


, = by " — 5 Y — 
hos — — — . ˙——— oper ere > => 
2 1 = af . * * ay * * 
I l 4 
—— 


— —— — —— , are moe hen 
CI — 1 a "ora — — - e — 
- 


220, 
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1 en IX. 


F I G. To „nd the Fo orce wherewith an infinite Solid, Plain an 
221, one Side Ll, attratts 4 Corpuſcle placed at C: Sy. 
poſing the Law of Attraction to be univerſally as * 

Power of the Diſtance greater than, 1. | 


Draw the infinite Line CGK, perpendicular to the 
Plane LG!,, and through the Points 7, X, infinite) 
near each other, draw two Planes parallel to LI; 


and let CG = a, CI u IK = x, and the Force a 
x"; and by Cor. 4. Prob. VIII. the Force wherewith 
the Solid - contained between the Planes at 7 k, 


| n-þ2 1 

| attradts the Corpuſcle, will be — „ 
5 ma x —- 2 — 1 * 
its Fluxion 5 — _—» Whoſe Fluent i . — 
| N md"X—1—1 — 2 
ps = 
— And when duly corrected the Font 1 
f | res EE! of 

will be Ws. N got ln Ja... 
n+Ixn+3xmd Pl 
Cor, 1. If z be les than —3 and the Solid infinite . 
1 ( 
towards K; the Force will be 26fa"7 — = 


INN 


Cor. 2. Hence therefore the Force at different 
Diſtances from the infinite Solid (when # is leſs than 
—3) will be as T3 or CG. f * 

Cor. 3. Hence alſo (if » be leſs than —3), tht 


Force of a very great Body upon a very ſmall _ 
Cle, 


vet, III. of FLUXIONS. 


+3 Power of the Diſtance, nearly. 

Cos. 4. And if the Corpuſcle be placed within the 
Solid at H, ſo as GH = GC, the Force will be the 
ery ſame as if it were placed at C, ſo far without it. 
or, taking I = GH, the Solids He and H deſtroy 
"ne another's Effects. 


PROR XxX. 


o the 5 | 
tel Wo fd the Force wherewith a Sphere attratts' a Cor- 
LW puſcle P, ſituated either without or within the Sphere; 


| ſuppoſing the Forces of all the Particles to be recipro- 


We cally as the Squares of their Diſtances. 
, k Caſe 1. Let P be without the Sphere. Draw the 


Axis PAB, and the Ordinates ED, ed infinitely near, 
and let $ be the Center, put PS'=4," FD = *, © 


. =x, AS = fp ED =, bb = aa - rr. Then PE 


= V/xx +yy = 9 = Vrr—aa+2ar 


ore V-. But by Cor. 3. Prob. VIII. the Force 
of the infinitely thin Solid contained between the 


dd: 5 
Planes of the Circles DE, de is = = X I— £4 
init . . 2 Cf 
therefore the Fluxion of the Force is - 7 
0 "I ens 2cfdd 
a 3 —, Whoſe Fluent 1 * 
— V 24% — 0b, "244 | m 
: — —.— V 2ax—bb, but in A where the Force 
the. - 4 
anti- i $=a=7; therefore by proper Correction, the 
4 8 b b Force 
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le, at any extremely ſmall Diſtances, will be as theF I G. 
221, 


222, 


223. 
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ter, For — = Sphere divided by the Square of 


34a 
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| ad 
Force of the Segment EAF is = 7 X into: 
bb+aa—ar — bb a 
„ OE, SO 3a X PI: 
and when x r, the Force of the whole Sphere i 
20% 273 | 
— = > Bl Io 


Caſe 2. Let P be within the Sphere. Let PY 


PD x, then PE = Vrr—aa+2ax = N Za; 
therefore (by Cor. 3. Pr. VIII.) the Fluxion of the 


000 7 Re 
Force at D 1s no => 1 
orc 1 — XX — 3 whok 
ad bh — VE. 
Fluent is 2 X:x +—- C 2a: but 


in P, x o; therefore the Force of the Zone ot 
r 
Section QEDFR = x + — V bb a — = 


3aa 
2cfad 
m 


In which writing a r for x, there comes out 


3. 8 7 
A — for the Attraction of the Segment 9B, 


And by a like Proceſs the Attraction of the Segment 


ad Pig — 
DAR = . wel . : whoſe Difference 


m 3aa 

ans 

is ——— X 39, the abſolute Force of the Corpulce 
P towards the Center; which is the ſame as the Force 
of a Sphere, whoſe Radius is SP, acting on the Cor- 
puſcle P at its Surface. 

Cor. 1. Hence the Force of the Sphere upon the 
Particle P placed without the Sphere is the very ſame 
as if the whole Sphere was collected into the Center, 
and exerted the Sum of all the Forces from that Cen- 

475c 


the 


uſcle 


Force 
Cor- 


1 the 
fame 
nter, 


Cen- 


re of 
the 


Sect, III. of FLUXIONS. 

| oO: ; 4 
the Diſtance; and = F:: = : the 
very ſame Force of the Sphere before found. And 
hence it is alſo evident, that the Forces of Spheres 
are accurately in the reciprocal Ratio of the Squares 
of the Diſtances from their Centers. | 

Cor. 2. The Force wherewith any Corpuſcle P 


within a Sphere, is attracted to the Center, is accu- 


rately as its Diſtance from the Center; and is the 
ſame in different homogeneous Spheres, as long as that 
Diſtance is the ſame. 

Cor. 3. Hence alſo, the Forces of Gravity at the 


Surfaces of any homogeneous Spheres, are as the 


2cfdd 
m 


Radii of the Spheres. For the Force is as x 


973 ﬀ7 7 5 | | . . 
— that is as gre and when @=r, it will be as 


FN Bs: 


To find the Force wherewith a Spheroid atitratts a Cor- 
 puſele P, Hing upon its Surface in the Axis PB. 


Let PB = 2r, Diameter GH = 2a, AP = x, then 


| | 5 
a aa 
AE = —V/ 2rx—xx, and PE = V/ xx + IX 2N—xK 


r 


I I; 
= — V 2ra*# rr = * V 2raax +bbxx, 


; | ads 
Fluxion of the Force at A is = 2008 I SE 
mM PE 


B b b 2 — 


223. 


224 
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—— 


1 22 — 2.302553 
. "Vir 2ra* ri - =o a 2 
b vV 2raa +bbx 
x Log. 242 fo 2 , if 7 be greater than g: 


Vraa 


r — Ez * Degrees in the Arch, whoſ: 


Sine is — 7 Rs if 7 is lefs than a; and the Fluent 


| Spheraid atirafis the Particle P is = 


71 | | 
2d 1 25 — — Varas TU 
= Force > whe the Segment PEF attracts the 


Particle at P. 
Co R. 1. Hence the Force wherewith the whil 
| 2cadf 


18 — 


X ito 
„ 8 
bb pb V rr — 4a 


Wo: OI 
— 4 r == 1453 


2 1 x wic 


d -= 


the Number if Degrees in the Arch at. Sine is 


TTY = . . 
* „Ra = 4, according as r is greattt 


or 72 than a 
Cor. 2. 1} 5 be very fal, the Force of the Sty- 


2cdd 27X x 
Ment EPF wn „ VX into — 7 alt" 
 bbxx x | | 
1043 V z And the Force of ile 
2cfad arr 


= 


whole Spheroid is = X into 27 — 


3a 
5b; as will appear by infinite Series, or Form 
the 8 
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2.302 58 


is, P the leſſer. Put 9 —— — 
Axis, 2, ; EM —_ = 


9 1 
Log: £ ICE then the attracting Force 
xt 4 upon the oblong Spheroid, generated by revolv- 
| # 2.AC* x PC* 240 
ing round AB, Is 2AC + . — Rs 
And (by the laſt Prob.) the Force at 4 upon a Sphere 
whoſe Diameter is AB, is AC. Therefore the Force 


of the Spheroid, to that of the Sphere, is as A — 1 
x3PC*, to AC. C.. And ſince the oblate Sphe- 
roid generated by revolving about P, is a mean 
proportional between the oblong Spheroid and this 
Sphere 3 therefore the Force upon the Equinoctial at A. 
upon this oblate Spheroid (which repreſents the Earth) 
is nearly a mean between the Forces of theſe other two 


Bodies. And this may help to determine the Figure 
of the Earth: 


PR OB. I 


fo find the Motion of a Ray of Light paſſing into a 
refradting Medium. | 


Let there be two Mediums ſeparated by the re- 
rafting Space RAdD terminated by the Parallel 
Manes RA, Dd; and let the Ray, moving in the 
Direction GH, paſs from H to I, and in its Paſſage 
be acted upon, in Lines perpendicular to the Planes, 
by any Force which is equal at equa] Diſtances from 
either Plane, and at all Diſtances as any Powers or 
sums of Powers of the Diſtance therefrom, 3 

| | et 


— — — 


373 


Cor. 3. Let PB Abe an Ellipſis, AB the greater F I G. 
227. 


225. 


374 


F I G. let += Velocity.in H, v= Velocity in P, CP =; 
225. | 


| : / 1 | bs 
Force x Time, therefore vv & 2x, or vv N 


not at all changed by the Actions of the Forces per: 


For by Experiment the Sines of Refraction and Ind: n. 


De DocrRINE : de. 


o 


PI x; PF , t = Time of deſcribing PF. Au 
let the Force be as A + By" + Cx" 4 Dx” Sc. 9, 


then will the Force in Direction PF be —9. And fing 
TE . => . 


8 
Sp; 
the Velocity o ——, and Moment of Velocity yi f 


aſſume p a given Quantity, and let vv = p9x, and 
let # be the Fluent of 2x, then v* = 2pF, and u 
Correction vv—bb=2p/, and vv=bb+2pF. Hence 
the Ray will always have the ſame Velocity in the 
fame Medium DIRK, whatever be the Angle of Ind: 
dence. 1 b 

Let the Motion of the Ray GH be divided into ty 
GA, AH, one parallel the other perpendicular to the 
Plane RA. Then ſince the parallel Motion AH 


pendicular to theſe Planes: Therefore if ID be made 
= AA, and D XK perpendicular to DI, then IR vil 
be deſcribed in the fame Time as GH. Therelor 
drawing IE parrallel to GH, the Velocity in H tothe 
Velocity in J, is as GH or EI to IK, that is as the 
Sine of the Angle of Refraction to the Sine of the 
Angle of Incidence. And therefore the Velocity ol 
Light in Vacuo, to its Velocity in Air of a meat 
Denſity at the Surface of the Earth; is as ,9995to1. 


gence are in that Ratio. | q 

Cor. I. The Sine of the Angle of Incidence at Wt A 
Plane, is to the Sine of the Angle of Emergence from it. 
other Plaue, in a given Ratio. For the Velocity vil 
the ſecond Plane will always be equal to the gien, 


Quantity V bb +2pF, and the Sine of Incidence Re 
the Sine of Emergence, as this given Quantity to /» We 


Cos. 


zect. III. of FLUXIONS. 


ith the Velocity it has at I, it would return in the 
ume Curve IPH, and ſo go to G, and obtain its firſt 
locity. For the ſame Forces that did before accele- 
ate its Paſſage, will now equally retard it in return- 
Therefore, | | 

Cor. 3. If the Ray have a greater Velocity inthe firſt 
Medium, than in the ſecond, and the Angle of Incidence 
HA be continually diminiſhed, the Ray will at laſt be 
fefFed ; and the Angle of Reflection gba will be equal to 
be Angle of Incidence G. | 
For let the Angle GH be ſuch, that the Ratio of 
Coſine to the Radius may be equal or greater than 
he Ratio of the Sine of Incidence of the firſt Medium, 
othe Sine of Emergence in the ſecond ; and the Ray 
it R will be moving in a Direction parallel to the 
Planes; but being afterwards acted on by the ſame 
Forces as before, it will be turned back deſcribing 
he Line Rhg ſimilar and equal to RAG, and the 
Ingle gha = GHA. 


1 Cor. 4. Hence if there be two fomilar Mediums whoſe 

7 Denſities are p and q; and the Velocities after Refraction 

"fo mo each of them x andy: Then will 2z3—bb : yy—bb 
1 ; | 

_ For ſince the Forces of Attraction are made towards 


Bodies, theſe Forces will be proportional to the Cauſes 
that produce them, and therefore will be as the Den- 
lties of theſe Bodies, ſuppoſing the internal Form and 
Conſtitution of the Bodies to be in other Reſpects the 
ame, The Forces therefore exerted at any equal 
Diſtances by theſe two Mediums will be as p and 
(,; whence will be had zz—4b=2pF, and yy—bb 
„e; whence 22—bb : yy—bb : : P: 4, that is as 
the Denſities of the Bodies, nearly. 

Cor. 5. If Light paſs thro” ſeveral refracting Mediums, 
the Sum of all the Refractions will be equal to the fingle 
e OE kfr2#i0n it would have ſuffered, by paſſing immediately 
5. Nase the firſt Medium into the laſt, | 

| For 


Cor. 2. If the Ray was to fall on I in Direction KI, F 
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For ſuppoſing theſe ſeveral Mediums to be ſeparat 
by parallel Planes, the Refraction, Velocity, or Mg. 
tion generated in approaching any one of theſe M. 
diums, will be deſtroyed again in its receding (o 
the other Side) from the ſame Medium, And ther. 
fore the Motion of the Ray can only be affected vin 
the Force of that Medium it at laſt moves in. 


SCHOLIUM. 


Though it is not known to what preciſe Diſtang 
the retractive Power of any Medium reaches; yet w 
are ſure it is contained in an exceeding ſmall Com 
paſs. And therefore the Curve HPI, and conſequent 
the Points E, I may be taken in Practice only as one 
Point. e 


There are few or no Examples among all the 
Phænomena of Nature that afford ſo clear a Prod 
of the prodigious Forces of the {ſmall Particles 9 
Matter, as the Motion and Refraction of Light doe, 
For notwithſtanding the amazing Velocity of the 
Rays, and the extremely ſmall Space and Time that 
any refracting Surface has to act in; and yet to pro- 
duce ſuch a ſenſible Refraction as we fee it does, mul 
evince that the Forces exerted on theie ſmall Bodies 
mult be ſurpriſingly great, and do really exceed al 
Comprehenſion, : 


PROG 


Parated 
Ir Mo. 
le Me. 
ng (an 

there. 
d with 


ſan 0 
yet we 
Com 
vent] 
as Ohe 


| the 
Proof 
es 0 
does, 
F the 
that 
pro- 
muſt 
"dies 


d al 


et. II. / FLUXIONS. 


PR O B. XIII. 


The Velocity of a Globe, moving in a right Line, and 
its Denſity, and the Denſity of the reſiſting Medium 
in which it moves being given; to find the Time, 
Velocity, and Space deſcribed. + 


Here we ſuppoſe the Medium to be uniform, and 


that the Projectile is acted on by no Force but the 


Reſiſtance of the Medium, and that to be as the Square 
the ves ; | 

Let V= Weight of the Globe, d = the Diameter, 
q=it's Denſity, p = Denſity of the Medium, s = 
a Space of 1672 Feet, + = Space the Globe at firſt 
can deſcribe. in 1 Second, or the firſt Velocity; x = 
any Space deſcribed, # = Time of deſcribing it, and 
v=Velocity at the End of that Time. Here I-mea- 
ſure the Velocity by the Space deſcribed in a Second, 
and the Time is Seconds. e | | 


1. It is proved by Experiments that the Reſiſtance 
of the Globe is to the Force by which its Motion may 
be generated in the Time of deſcribing 7 its Diame- 
ter, as the Denſity of the Fluid to the Denſity of the 
Globe nearly. The Velocity generated in a given 
Body is as the Force and Time conjunctly, therefore 
the Force is as the Velocity divided by the Times or 
by Spaces uniformly deſcribed in theſe Times, there- 
fore Feats . FFT : - b . E240 

n au 
nerate the Globes Motion in the Time it deſcribes 


id; therefore Ab - J/ = Reſiſtance of the Globe 


„ with 


= Force that will ge- 


The DocTRINE 
' with Velocity 5, and likewiſe W % „. = Reli 
with the Velocity v. Now 1 — BY : 25 (Velocity of 


E falling Body) : : 1: 25t = Velocity generated n 


the Time : by Gravity. Now ſince the Moment of 
Velocity is, in all Caſes, as the Force and Moment of 


"288 


BEAR „ ay i. 
Time; therefore 25 : * 3 I xi; 
— 3 


therefore v = 5 25 = "Ty whence 


the F meat > = = —.— 8 2 But when = 2, 


I I 
therefore this F hunt corrected is . =Y | 


which reduced is 84qv -þ 3pbtv = 84gb. 


2. 1 Second : 25 — uniformly deſcribed with 


Velocity 25) : : 7: 25: = Moment of Space deſcribed 
with Velocity 25. And ſince Moment of Velocity « 
Force 
Velocity | 
Velocity in falling Bodies was found before = 20. 


x Moment of Space; and the Moment df 


IP x 25t 1885 „„ gpvel/ x 
. * 9 


5 / 
Therefore 25t : 


— 


„ A r 2 
whence —v = 8 a 1  - 1 4 Thert- 
fore the Fluent is — 7 =—2, 3025 x Log. v. And 


by Correction 59 * = 2.30258; Log: 255 | | 


bt 
Cox. 1. Hence 'x = N 302585 Log: I+ 4 


this 1 by expunging v. 


Cok. 2. 


* # 


Sect. III. of FLUXIONS., 


Con. 2. F 3p? then v = T and x 
E 


F-= 


747 
= 2.302385 Log: 7 and Log: 
—x 


2.302580T * 


Cor. 3. If the Reęſiſtance was ta be as any Power of 
the Velocity v; then by the ſame way of Reaſoning, we 
. | 
ſhould ge — E = = 9 of the Globe with 
3Þt 


2 v; and thence — — —; and the cor= 
T—f 1—2 a 
rect Flyent, —— e. <= FOE... * But 
1 8496 © 


b bt 
when #=1, Log: — = 22 


* 


| Likewiſe — = 2 — and the correct Fluent 
1 1 8 | 
Py 2—x | SE | 0 
22 8dgb. : 


Cor. 4. 1f it was required to find the Motion of any 
Sort of Body B moving in a right Line, and reſiſted as 
the nih Power of the Velocity; it's done in the ſame Man- 
ner. Let the Reſiſtance of B moving with Velocity 
1, be = Weight of the Body w. Then 1:w:: 
*: wo" = the Reſiſtance it meets, with Velocity v. 


Then (ſee Prob. I.) —vv oe ＋ and in the Caſe of 


falling Bodies, vg 25, and d , F=w b. And 
in the Cafe of Reſiſtance F=wv", B. Therefore 
ths: ; — ov : — — Therefore — vv = 
WW * ra . B | 
2hwwv"s 


r | ä 
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2hwy's „ | 2hws 
— —. or— — 
e IDE. cage 2h. 


— WE te” «A 


3 ood the Fluent is 


„ | 
Alſo — v CD and in the Caſe of falling Bodies e. 


o * . 2 : - TD ; 
4 = 2ht, whence 251 I And 


a 2hw - | Ln ns PPS, 
p, = ,, ang the Fluent is ee Hl 
5 Ip 
2hw 


— —. 
— 5 5 
And hence when v=o, or all the Motion is deſtroyed, 


| WV 
and n leſs than 2, then is 2 mL || 


1—7 H | 
{eſs than 1, : 6 = . 5 t; thence the whole Spact | 
and Time $ and t will be known. But in all other Caſes 
g and t will be infinite, and n being leſs than 2, the whal: 


Space Sb", for any the ſame Value of n. 


SiC HOLTU NM. 


It is here laid down as a Principle that the Reſiſtance 
of a Globe moving in a reſiſting Medium, is to the 
Force by which its Motion may be generated in the 
Time ot deſcribing 5 its Diameter; as the Denſity 
of the Medium to the Denfity of the Globe: Vet I have 
tound by ſome Experiments that in ſwift Motions, 
the Reſiſtance has been greater ſometimes by a third 
or fourth Part. Theſe Experiments I tried in a River, 
with a Globe of equal Denſity with the Water, by 
faſtning a Ihread to the Globe and to an Index in- 
cloſed in a Tube with a ſpiral Spring: For by the 
Diviſions of the Index, as it was drawn out more or 
leſs, I could meaſure the Refiftance, 1 


The 


a... of FLUXIONS. 
The Reaſon of this greater Reſiſtance ſeems to be, 


at the Globe being near the Surface of the Water, 
nd the Motion of the Water being very ſwift, the 


+ is 


lobe, and upon this Account made the Reſiſtance 
reater than if the Globe had been deeply immerſed ; 
or then the Water could have diverged freely from 


nd he Globe 1n all NENT: and on all — EU 


= PR 0k. 


E © Body in à uniform Medium, being uniformly ated 
on by the Force of Gravity, aſcends or deſcends in a 


a rial Line; To find the Times, Velocities, and Spaces 


deſcribed. 


5915 Suppoſe as before W = Weigbt of the Globe. 
= its Diameter. 
7 its Denſiy. 
2 = Denſity of the Adin 


1 S 1 Feet the Space through which a 
ho _ Body deſcends by Gravity in a Se- 
con 

10 © - x = Space deſcribed from the beginning of the 
ve | Motion. | 

* t = Time of deſcribing x. 

4 v = Velocity at the End of the Time t. 

er, 6 = Velocity the Body is projected upwards or 
by downwards with. Here I meaſure the 
Ty Velocity by the Space uniformly deſcribed 
he in a Second, 


be The comparative Weight of the Globe in the Me- 
dium will be 25 2 "4 And we ſhall find, as in the 


WF 


ater had not Liberty to diverge upwards from the 


32 _ Th Docraing 
FIG: 1g Problem - 1546 A , = Reſiſtance of the Gi 


4 moving with Velocity v v; and conſequently <2 7 


+ Ag is the Force acting on the Globe accord 
ing as it aſcends or deſcends; call this Force). Nor 


24 = Moment of Velocity generated by Gravity i 


the Time /: And the Moment of Velocity being a 
the Force and Moment of Time univerſally ; there 


fore 24: V:: Lv 5: * Ev %; whence 12 
7 +8470 


25y 1 N 16ds + 3pvv 
Again, let a falling Body deſcribe any ſmall Spact 


th 
Z at the End of 1 Second; then it will be, 25 (Space 
uniformly deſcribed with Velocity 25) : 1 Second: Wl: 


4 
1 


2 : — Time of deſcribing æ with Velocity 2:. f 


25 

ſince the Moment of Space & Velocity x Moment 
* ma DE 1 5 ( 

of Time univerſally : Eee * * 25 cox 
*: Ut. Whine * D = . — 2 

=D 16d. 3pvo 

| —B4dp \ 
Caſer, When the Body aſcends, (== — 
| | bad of A gab: L 


| and (by Form 5.) the Fluent 12 — . — 
| | Vopr wen & 
| * Degrees in the Arch whoſe Tangent is 3 

ge 


But when = o, v; and the Fluent corrected is 
13 


&&. III. of FLUXIONS. 
_ 24qX,017453_ 
a X 3d 
the Arches whoſe Tangente are Ne. 3p EY and 


2 
24148017453 


3 7 X 164. 

; therefore when V0 the whole 
| Time of Aſcent 7 ms =" X Degrees i in the 
ng Vw * 36p So 


there: 77 on 
Arch "__w Tangent is — * al. . 


12 7 — ds 
Likewiſe & - « I , and (by Form 


x 16d v 


84 
the 4h) the Fluent x= — == * 7 


t6d+43p0*: And whey duly corrected x= 


Log: 7 X 


Ard Log: 2 2 1645 + 3pbb * 

ment N 16ds + 35% 246 

ce. When the Globe deſcends / = ==— —. 

W — 16d. 
wh (by Form the teh) := x 2 nnd Jl x Log: 


| 03 >< N 
— + 2 3 SP. ev., 
„ 16d — * 3 V4. 1645 3pbb 


and this laſt Term vaniſhes when bis o, or the Body 
deſcends from Reſt. 
844 


Allo x = EI —; * the 
77 * 1 


— 


S| 


23 


= 
We 
665; 
ed is 
f 


' 4dqx2. 30258 


7 F luent * 
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* Degrees i in the Difference of FIG 


- 2 ee * — 
bes 3 —— 
- 


4 1 
1 
* — men Cn „ 


; 

3 

=_ 
1 
FE 
1 

: : 
17 

+ 


— 
FIG. 


and when corredted, x =— 


Globe deſcends from Reſt. 


Power of the Velocity , then we ſhould find 
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. ——$d4qXE: 3025 
Fl * = = Log? x 16d=3pm 


44% N 2.302 385 * 


=] X x 16ds — 300 _ 2 ellen b is So, when the 


N 16ds — 3pvy 


C OR. 1. The: greateſt V. boy, the Globe a 
= 


X 16: 


For when x or # is infinite the 8 a= | 
16ds — 3ÞVVU = O. 


acquire Ws. an infinite Deſcent is We 


ATT 
Cor. 2. Let G 4 
e 
H= = 4 Nd. 
3? | ; 
N = Number of the L. —_— 
| wk  H+v | 5h. 
. 302586 X = _ or N = HM | 
; 1 N— ( 
which pales gives 9 = MM H, when the CU 
deſcends. 83 | 
2 _44q_ 
Cor. 3. $=2.302585 h Lag. A= 
8 7 44q NVI' 25 \ 
a 8 6 e. 1 
= 2.302 5 5 N 7 x Log. Mw” hen | . 


Globe deſcends. 
Cor. 4. In like Manner the Velocity and Space m 
be found from the Time when the Globe aſcends. 


SEHOLETFEM 
It we had ſuppoſed the Reſiſtance to be as at 


5 al 


1d ( 


ef FLUXIONS. 


Sect. II. 
2 5 
in Cor. 3. of the laſt Prob.) ET Refi © 
7 
auce of the Globe with V elocity v : and ont 
EZ +8dgb"—= % 5 
{= - FEPF 7 5 and x — vr — 
-= N 16d” + 375 es 
*— eee — . And the Fluents wil 
— RSS 
give 7 and x. 


Note, the Denſity q muſt always exceed p, other- 
wile the Globe will not gravitate; —_— to the 
— 


PR QB. A. 


To find the Velocity and Reſiſtance of a Globe oſcillating 
in a Cycloid, in a reſiſting Medium. | 


Let Ba bi the Arch deſcribed in one entire Oſcil- 
lation, C the loweſt Point, and CZ half the whole 
Cycloidal Arch equal to the Length of the Pendulum: 
Let the Globe deſcerid from B, "and put CZ Sa, CB 
Sb, BD=x, the reſt as in the laſt Problem. 


Then we ſhall. find — W = comparative. 
9 | 
Weight of the Globe in the Medium, and 1 W 


S Reſiſtance of the Globe moving with the Velocity 


vin the Point D; as in the former Problems. Now 
it is Fs that CZ is to CD, as the Weight of the 


Globe £2 . eis to its accelerating Gravity at D, 


33 
te. — 


Ddd 


Therefore 
the 


which therefore is 


218, 


380 


F 1 G. the whole Fore by which the Pendulum 1s urged in 


218. 


— 
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D 1 is An. —— W je 8 =), 
And cerefore we ſhall find (the ſame as in Prob. XIV.) 


F = . and * = (vi . Put f= 
= FLEET 

aq X25, 8 = T7. 84% e 4% 

* VY 


and then? = py We 8 —, and x = * 
And the Fluents will give ? and x, 


die x = == finding the Fluent 


(by the Help of Form the 4th and Rule 8. Prop. X. 


we have x = . — Log: / —fx—gvy + L] 


but when o, V o; therefore the Fluent corrected 
# i 

2.20: : Wo: 
is x Log | 7 2 
| ,' 


Let Number belonging to the Logarithm 


5 
and then 1 = — 7 the th — Which 


2bg + I —2gx — f VU 
H—T H—I f 
5 + 258 1 


— —„V the Reſiſtance in D, then 


22 
2.30258; 


reduced gives vv =: 


3pv0 


a. Let.z = 1607 


expunge v and 
v out of the Value of x, and we ſhall have x = 


JEM 
#5 —bx=—agz* Oe. — 


. 202 
„ and the Fluent x "a A 2 Log: bb— 
bs 
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5 3 1 | 
be — 2g2 + © 27 : and when duly corrected 4 2 Kg 
aten % „ ES 
2.302585. „ Log: = = RO Io ©" 
27 r 
b + 27 * 7 * 
— ANTE 8 
= Felber of the e 2.3025 then 
NNE 88 
will u = —ç : — * which reduced gives 
E 7 2 
1—1 2—1 


Cor. 1. In the loweſt Point C, n = Number belong- 


RE - 
ing to the Logarithm 30258 % And there the 
— 
Velocity = of 5 5 WY * into , and the 
8 A, — 
is = 238 —b: X into - __ L. 


Cor. 2. But the Pelacity a and Reſiſtance are the greatef, 


when Z or Y — bx — 2gz X go, and thence 2 = 
* OP 
SD _ Fx x 7 7 I. 

Cor. 3. And therefore the V elocity and Reiſtance ar? 


2.30258 X4dq 
Lo 
3 "RO 


* _— 
For then 2 = — N 


; 
* Is which reduced gives e +1, and Log. 


or the Number 2 — gi = Log: of 2bg +1. 


Did d 2 SCH O- 


the greateft when x = — 


1. Docraixz nt 


Ss HOLIU M. 


Tf "M fcillating Body is not a Globe, 8 de 
Proportion of its Reſiſtance to that of an equal Globe 
whoſe Diameter is 4, muſt either be calculated from 
Prob. XXII. Sect. II. or found by ae ya [et 


that be as to n: And then we muſt take NY 17 inſtead 


of g. or 2 * of 4 in the foregoing Cal- 
culations. 


p R O B. XVI. 


To Pr the Denfity of the 8 at any Heibi; 
ſuppoſing the Force of Gravity to be as any Power of t 
the Diſtance from the Earth's Center, and the Dj ity 
of the Air as the Compreſſion. 


Let r = Radius of the Earth. 
wx = Any Diſtance from the Center. 
d = Denſity of the Atmoſphere at the Earth's 
„5 K 
2 = Atmoſphere's Denſity at the Diſtance x. 
„ = Exponent of the Law of Gravity. 
Since the Denſity is as the Preſſure therefore the Mo- WI ri 
ment of the Denſity Moment of Preſſure, that 
is o Moment of Matter x Force of Gravity: But 
Moment of Matter & Denſity x Moment of Space. W — 
Therefore the Moment of Denſity Denſity and 
axed of Space and Force of . ; that is 


2 Q& 2. univerſally. 2 L. 
Now it is collected from Experiments, that the h 


Weight of 1 Foot high of Air at the Earth's Surface 
1 


an. of -FLUXION'S. 


i to 29725 = PE at a mean n ; therefore, let 
10 opt 


x be any ſmall Height, and it is 9: 45 * — 


Moment of Denſity. at the Earth's s Surface, Wbence 


0 


from the 0 N Proportion, =, gon 
8 
eee dee e ant >= 


: And (by Form the iſt and 2d) the F uent 


5557 
— 
is 2. 3025 Log: z: F dul * 
2 l x pr”. 
= 1 ＋ 
reted, 2.302585 X r r r 
9 u IN pr 
heref, — 
therefore 2 . Nonbe of the Log:— x 30258 fUr TN 
* x 


Number belonging to the Log. — — 7 
68444 1x7" 
Cor. 1. Fe be any ſmall Height above the Earth's 


Surface, then 2=d X Number of the Log. 7 ; 


Cor. 2. If = oy then 2=d x Number of! the 2 
- 
ubm —- 
68444 X 27 
Cor. 3. Fu, 2 = x Number of the. Legerithm 
F—x 
00444 
Cor. 4. If ng, z=dX Number belouging to the 
Lovarithm IE In all which e, r and x are 
08444 | 


fuppoſed to be taken in Feet, 
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s to the Weight or Preſſure of the Armoſphere, as F I G, 
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p R O B. XVII. 


To find the Denſity of the Atmoſphere at any Heigbi; 
ſuppoſing the Force of Gravity to be as any Power of 
the Diſtance, and the Compreſi ion as any Power of ily 
Denſity. 


Let 7 = Radius of the Earth. 
A = Denſity at the Earth's Surface. 
x = any Diſtance. 
z = Denſity at the Diſtance x, from the Center, 
p = a Length of 29725 Feet. 
„ = Index of the Force. 
m = Index of the Denſity. 
v = compreſſing Force at the Diſtance x. 
Now by the Hypotheſis v & 2”, and Force o&"; 


and n i C Moment of Preſſure, that is as the 
Moment of Space and Denſity and Force of Gravity: 


; * ö 1 N 1 „ | 
that is 2. 2 o x"2x, or 2 *2 , univerſally. 


f * 9 
univerſal Proportion 3 FF 


To find the Moment of Denſity at the Earth's Sur- 


face, we have v & . therefore (by Prop. Il, 


5 2⁰ 
v: U:: 2: ai :: Z : Ins, therefore ZZ — 


but at the Earth's Surface, z d; and ies any ver) 


ſmall Space 5) it will be, 3 5 9 0 


V 3 1 : 
_— whence & = * Fluxion of 


Denſity at the Earth's Surface: Therefore from the 


(18 


) 


7 o 


f the 


ter, 


gect. II. of FLUXIONS. 
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e:: 3: n: Whence 2% = FIG. 


. L; and the Fluent (by Form the 2d) is 


= —— : And the Fluent corrected 


Wim T Ju—=T, x 1 ——— h—v— 
„ 2 —4 — X T F: 


— 
8 —v——— r 


m—  _u+1 xmpr” 


And by Reduction 2" 2 1 4 — pr 


5 url xXmp 
IK. at 
1+ 1 X mpr; 


p R O B. XVII. 
To find the Diameters of the Earth. 


Suppoſe the Earth to be in the Form of the Sphe- 
rod, APB2; AB the Equinoctial, P2 the Axis; 
and let its mean Radius CR=1, AC=1+v=a. And 
PC=1—v=e, let CS be the Conjugate to KC, and 
RT perpendicular to CS, then by Conics CS = 
V aa+ee—1 =1-vv=c, and RT = — 2 12 


Sp. Here I reje& the Powers of v above vv as being 
very inconſiderable. 


In the mean Place R a heavy Body falls about 
16,0917 Feet in 1 Second; and the verſed Sine of 
the Arch deſcribed by R in 1 Second by the Earth's 
Revolution is ,04, (it RC = 21000000 Feet); alfa 
81: Vi: : ,04:,0283 = to the centrifugal Force 
in R, as 16 ,0917 repreſents the Force of Gravity 

| | therefore 


227. 
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FI G. therefore 16, 12 d, will be the gravitating Forcey 


227. 
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Rif the Earth ſtands ſtill: And this is nearly th 
ſame with that of a Spheroid whoſe Axis is 2&7, 
and Radius of the (Baſe or) greateſt Circle Vac; which 


3a can 
X ac—pp = i +4v— 74 v*, omitting the give 
Quantities in that Corollary. Alſo the Force of th 
Earth at A is nearly the ſame as a Spheroid whok 
Axis is AB and Radius of the Baſe Has, that 1s (0 
| aaa 2a X ag—ae 
3V/at „ 
+20v+3vv. Likewiſe the Force of the Earth at] 
. 4ee 200 K -e e > 
n a — =7 + 50 + 4, 

For the centrifugal Force at the Equinoctial, it 
is as Ma: I:: 04: ,05657 XIV =& +60 (bj 
Subſtitution) = centritugal Force at A: Alſo 5+» 

2UU 
— 7600:d::5+AV+ = : 1-5v+10,091 
* d for the gravitating Force at A, if the Earth ſtood 
ſtill: from this take S +bv the centrifugal Force, and 
we get 1—%v+10,03vv x 4—b—bv» for the Forced 
Gravity at A when the Earth is in Motion. 

Let CD=>x, CE. Since the Gravity and alſo the 
centrifugal Force (which is as the Decreaſe of Gravity) 
in A and D, are as a or Ito x, therefore the gr. 
vitating Force of the Earth in D, when the Earth i 
in Motion will be 1-11. 23 f dx—bx. 
| "Eallly, A — Te Ov: #: : 3 + 30 + 40: 
I+;v+15.27vv the Force of Gravity at P. And 
fince the Forces in P and E are as e Or 1— to) 
therefore the Force at E is 1 +{0+1 6,470 x dy. 


the ſame Cor.) 24 — 


Now 


ect. II. of FLUXIONS. 
Now ſuppoſe the Weights of the Columns æ and y F I G. 


to be equal; therefore their Moments or Fluxions 227. 
multiplied into the gravitating Forces at D and E, 


will be equal; that is 1—5v+11.230v X dxx — bux 


= 1+% +16.45vv x d,, and taking the Fluents, 


and dividing by 2d, and putting 1-+v and 1—y for 


4 and y, there comes out 1—{v+11.239* — ＋ 


— —— ———— ͥͤ 


ona | . = * 
14 21 +59 — 10.47VV X 1 3 that is 3 + 


fl 27 a 8 4 . 4+ 2 
K* οss - = -- 16. pu-, 


or vv + ,0639v = ,000141, whence v = ,00213, 
and CA—CP = ,00426 : And therefore if the mean 


Radius of the Earth be 21000000, then CA — CP 


= 89460 Feet or 17 Engliſh Miles nearly: Therefore 


1C=21044730, and PC=20955270 Feet. 


SCHOLIU M. 


This Computation ſuppoſes the Earth every where 
of equal Denſity : But ſince that is not certainly 
known, nor with what Force a Spheroid accurately 
attracts a Body when ſituated out of the Axis; nor 
whether the Earth itſelf is exactly a Spheroid : Theſe 
Things may render this Solution a little incorrect. If 
the Earth be more rare towards the Equinoctial than 
towards the Poles ; its Height at the Equinoctial will 
be increaſed in that Proportion. 


Ee e 


PN 
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Spaces uniiormly deſcribed ; we have, x: P :: 15 
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PROB. XIX. 


F I G. The Velocity and Dad of a : Projeftile being given; u 


find the Path it deſcribes in a ref ting Medium, 


Let A be the Direction of the Projectile, 2 
the Curve deſcribed ; draw AD parallel, and CBD 


perpendicular to the Horizon, and cO infinitely near | 


CB. Alſo draw Bm parallel to Cc, and By parallel 
to AD. 
Call AC, x; CB, y od 2; and let m and » be 


the Sine and Coſine 8 DC; 9 = Velocity at A, or 
the Space deſcribed in Time 1; += Space deſcended 


thro' in the Time 1, by the Gravity 1, acquiring the 
Velocity 25, in Vacuo; 1 Velocity when the Re- 
ſiſtance is equal to the Weight in the Fluid, (ſee Cor, 
1. Prob. 14.); / = Velocity at C in ** Line AC; 


v = the Velocity at B in the Curve = , by Re 


ſolution of Motion. 
Since the Reſiſtance j is as _the Square of the Velo- 


* therefore cc (Vel.) : 1 (Reſ.) :: vv: 2 
vv. 
Reſiſtance in Direction BO, ad 8 1 
728 2 2 
| 2 fe = Reſiſtance in Direction Bm, by the 
COX cc 1 . 


Reſolution of Forces. 


The Body is drawn from the Tangent : at B by ts 
Gravity alone; and 2) is the Space it deſcends 12 
in the Time of deſcribing x with Velocity / ; 4 
twice that Space, or 5, we uld be deſcribed 1 Fbes 
in the ſame Time; and the Velocities being as tit 


j 


eck. II. of FLUXIONS. 
2 = Velocity generated by Gravity in that Time. 


"Now ſince Gravity does not affect the Motion along 
AC, the Retardation. therein is wholly owing to the 
Reſiſtance; therefore —7 Og the Velocity deſtroyed 


by the Reſiſtance alone; and * the Velocity gene · 


tated by the Gravity alone; = the Velocities gene- 
rated or — Te as the Forces, it will be, 1 


, HZ 

(Gravity): me (Vel.) : 72 (Reb * 1 (el 93 
whence 7 * Mt . 

Put J=sx, ſuppoſing x given, then 5 j = 75, there- 

: —_ — Ss | 2 — 2 2 — ach 
fore . = N But 2* = x * — 2MXy = & 
+ *x* — 2h, whence . 2 N 12m +55; 
and (by Form 27.) the Fluent is a = = —— 
x Log: - Vi- I—2msF5s: : + - = _— 12m ,; 
1 2 

and e „ e * . _— L * Log: 
nV 


r WW nn 2 1115 + SS 
i x — 1 82 800 
5 ; for in A, $280. 


Again, Velocity x Flux. velocity Oe i orce x Flux, 


| Space, (fee Prob. I.) zand if 20 repreſents the Velocity 


generated by Gravity, in deſcribing any Space $; then 

5 will repreſent the Fluxion of the Velocity there- 

fore, 25 N $ (Vel. x Fl. Vel.) : 1X8 (Grav. X Space) 
VVs cc 


: V;: X *, whence. = =5757"3 and the 


cc 


correct Fluent, 2 = _ X Log: 7. | 
aw | Now 
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Fl G. — a, 25 | _Tj by 
247. Now fin DOE” TW „and e 7 


the latter be divided by the former, we have 55; 7 


JET © Wy: 25 . in Fluxions, 2075 ＋ 


| => 5 bs 
= , NB yy — cc eee or. coy = = 4bj2, a 


Equation between yandz. Or 22 47 ae 2700 
an Equation between x and y. 


F. 
Now ſince 5 = 2 = N 7 , and IF the Angle 


at n is given; therefore if we aſſume any Angle for 
B, then LO will be given, and conſequently 5 5, and 
trom thence /; and from V, 2 is known. 


1 un. x Log; V F 
= + =; then —>- = 741 
bb CI. b 
and 2 IEEE Alſo 2 2b” x Log: = 
. bb L. 
* * Log: Pp = 55 Log: IE: andy 

8 Bla t — bbs V — ̃—— Jon 
| —— — pon” 
4b X 1 +bbL& 2b Xx 1+bbE 
Wo: bbs 
* g =" A067 =Xx 8 


„Iams Tes be 2bX 1 Þ+04£ 
bbs. 


1 „ 


— . Likewiſe = =p =] Y; oo 5 
. V D 7 1 2M5+5 


os 1—2m5+ oo 
=6 = 1 +bbE 


. — 


yu QQ_ 


— hy ( w—y 


w_ RN ws, — «4 — FLY 


0 


nce 


ect. III. of FLUXIONS. 


Hence if you take S ru, and 5 A, and if be FIG 


taken ſucceſſively = any given Quantities in Arith- 
metic Progreſſion, and the Value of E be found in a 
Series, and ſo proceed by Rule 3, Prob. X. you will 
get all the Parts of x and y. 3 
| mL 
cc 


x Log: 5 1 2 _—_ Therefore put T = Log: 


111 cc 
Catan of half the L ACD—10, as found in the Tables; 
un L +m 5 


4 then E ore = :; and V = 0 
A IE MW 1. 8. VI +ove 
In ccL ä 
= —=, and 2 = X Log: VI Tobe: 
f Vi+bbe e 


For by Trigonometry, if T = Cotan. C, the Co- 
line of its double, (that is the Sine of 4) will be 


Cox. 1. In the Vertex E, s =m, ond E = 


17— : —— : — 2 
Re = reduced T= * — = Cotan. 20. 


Cor. 2. If the Projetiile be a Cannon Ball, and if 8 
be the Diameter, and u the Denſity of another ſinull light 
Ball, which profected at the ſame Elevation, with the 


„ X 9 | 
Velocity g = b * — (/ee Prob. XIV.) This 


Bell will deſcribe a Curve in the Air fimilar to the other 
Curve deſcribed by the Cannon Ball; and whoſe Height or 
Baſe will be to that of the other reſpeively ;, as dg to Ir. 
To prove this, let It be the Element of the Curve, 
irs the Tangent at /, rt perpendicular to the Horizon. 
Since this Figure is fimilar to the correſpondent Ele- 
ment of the other Curve, therefore the Lines &, rs, rt, 
are 1n given Ratio's to one another. Now the Line 
it (y) is generated by the Gravity, and,sr (2) de- 
lroyed by the Reſiſtance, both in the Time (1) where- 
in , (2) is deſcribed with Velocity v. Therefore r of 


Reſiſtance vd VU AIC Gravity 
* aq * 4 077 Matter 


atter 
o 
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O nes x 7 & 2 And or being in a given 
Ratio to 77, 8 © fe or v0 & 9 Nd, there. 


fore vv : V,: DD: * X :: 5: g, (V be. 
ing the Velocity! in the other Curve) ; Y therefore 8) 


& N 
xd 
Again, Time on lr or rt) ox. V5 5 XI 51 8 7 
N Xq 


O 
* 3 


& Virxaq aq; whence lr: Q& Ir x dg, or 7 A dg. But 
if the Elementa of two Curves be ſimilar, the whole 
Curves: will be ſo, whence / oc whole Baſe of the 
Curve ; therefore the Bale is as aq : z whence, 1 Baſe 
FR"! 29": 

Cor. 3. If the two Balls projected with the Velbcities 
and 8, were to move without any Reſiſtance in the Mi- 
dium; they would deſcribe two fimilar Parabolas, whiſe 
Baſes or Heights are reſpedtively as thoſe of the other two 
Curves ns in = reſiſting Medium; and g may bt 


taken va 


and /r & vx Time op 


D as q is vaſtly greater tban p; er 


PT) 
even by FE fig x very much exceeds p. And if the Gra- 


vity of 15 Balls was not at all diminiſhed in the Fluid, 
the Velocities would be exafly as Mg and Vun. 

That they would deſcribe 8 in a non: re- 
ſiting Medium, is plain from the Theory of Projec- 
tiles; which will be ſimilar, becauſe projected at the 
ſame Angle of Elevation. But the horizontal Diſ- 
tance of ſuch a Projection, is as the Velocity Square 
directly, and the Gravity reciprocally, WIN in the 


two Balls will : or bb x 
wo Balls wi be as bb X 2 to G X —_— 0 


1 | 


. — „ 8 — — — 


— 22 


Sect. III. of FLUXIONS. 
Tow e X ns . 

—Þ X F & 7 | 
proved to be the Ratio of the Baſes of the other two 


* FX EN 1+ x7 : 
that is as dq to d, which was 


Curves. Allo it was proved before, that 75 S& . 
— ; 


repreſents the relative Gravity in the Fluid ; 


* 


but 


which if it was , then would vv & 4g. 

Cor. 4. And hence we have a Method of determining 
the Curve deſcribed by a Cannon Ball in the Air, from the 
Phenomena. For if a Cannon Ball whoſe Diameter 
is d and ſpecific Gravity 4, is projected with Velocity 
}, Make a ſmall Globe of Cork, or rather of Paper, 
But WH Bladder, Sc. made hollow, and whoſe Diameter is d, 
ole and fpecifick Gravity *, and colour it red or black; 
the if this be projected in the Air, with the Velocity 8 or 


ee, and at the ſame Elevation; it will exhi- 
in bit to View, the very Curve deſcribed by the Can- 
He. non Ball, in Miniature. And if a Leaden Ball be 
% projected along with it, you will have all the Phæno- 
mena of the Cannon Ball in the Air. And obſerving 


be where the two Globes fall, if the Diſtances of the 


horizontal Projections be meaſured, you will have 


the Space that the Cannon Ball falls ſhorr, by Reaſon 
of the Reſiſtance of the Medium. But the Leaden 
4. Ball ought rather to be projected with the Velocity 
" * — or by 7 ; becauſe the Metal Ball looſes 
re- no ſenſible Weight in the Air, and it ought to be 
c- projected as far with the Gravity 1, as the Cork Ball 


iſ- is with the Gravity without Reſiſtance. But 


8 I 
if a very ſlender Body can be made, like an Arrow, 
ſomething heavier before, and of the i:me ſpecifick 
* Gravity in the whole, as the Cork Ball; then er 
an 
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F I G. and the Cork Ball may be projected together, with 


247, the ſame Velocity; and this ſlender Body will be yer 


Vithout Reſiſtance.” And the ſame all holds good 


Inſtead of 4½ and du, you may take the Weights di. 


; 
= aa 2 11 
el inen 
* 
—* a TH 497 34 
F * 1101 & #4 + * EC 


equal Denſity; but in a Ball ſhot from one of our 


little reſiſted by the Air, as well as the Leaden one, 
and will ſhow how far the Ball would be projected 


if the Balls be projected perpendicularly upwards 
with the: ſame Velocity; then it will appear hoy 
far the? Cork Ball comes ſhort of the other. And 


5 , . "3%: 0% $43 75 2 e „ JF 
vided by dd and d: for dg & 7» W being the 


+ +. 2 . £4 * * X F 
8 + — 7 - w of * , 

* ; f | 
2, 5 4 , : ? a ? _ 4 4 FI 
© * "nn p q > = 5 : 6 7 

> 4 . 4 > 4 , 

” j by a 
”. + * 


This Problem ſuppoſes the Air every where df 


PY » e «as „ 


greateſt Guns, to the Diſtance of four or five Miles, 
the Height at the greateſt horizontal Diſtance, will 
be about a Mile, and there the Denſity of the Air is 
about a ſixth Part leſs than that at the Surface; fo 
that the Ball is leſs reliſted there, and coplequenty 
flies further. Likewiſe the Denſity of the Air is dit- 
ferent at different Times, and conſequently the Re- 
ſiſtance will be ſomething different upon that Account. 


— 


PR O B-. 


ect. III. of FLUXIONS. 


4 „ 


e R N , N 


cylindrical Cana! or Pipe; to find the Time of. one Li- 
bration or Reciprocation of the Mater. x 


Let AD be the Level or horizontal Line in which 


Jet the Water deſcend from F in the Leg KL, and 
aſcend from C in the other Leg; and ſuppoſe it to be 
| in E and G at the ſame Time. Draw EB, DH per- 
dur pendicular to the horizontal Lines BA, GH, and put 
es, WH 17 er CD bb, AE or GD=x, Sine of the - Angles L, 
Fl N=p, 9; v = Velocity in E, t = Time of deſcending 


[Is thre FE; 1 = Length of the Canal AL ND, w = its © 


lo Weight, S Feet: The Force with which the Mo- 
0 tion of the Water is accelerated and retarded alter- 
? nately, is the perpendicular Height of the Water at 
ie. E above G. Then, becauſe EB=ps, and DH qx, 


the Preſſure of the two Columns Ed. DG is "wx, 


the accelerating F orce. By Prob. I. 1 & n 


in falling Bodies, when v=25, ves, whence 25 XS: 


208 ” | — | 

F — WH K EDOo whence 2 2 

— 72 5 : 
P39 = LID aten, but in 


5 25xx, and 


F. v=o, and x=6, therefore the Fluent corrected 


is v = —.＋ X 25 *. Alſo (Prob. I.)? * 


fy 


w 


F £f ang 


the Surface of the Water ſtands when at reſt; and 


V Water or aty Fluid aſcends and deſcends. alternately F } i, 
with a reciprocal Motion in the Legs KL, MN of 4 248. 


The DocTRINE 


and in falling Bodies = whence -—— : = 
5 a x - 


1 


3 | 3 | 
* therefore =— — 
e 25 * bb—xx 


— 
. 


[ 5 2 


| arg X 25 a bb—xx 


ade? — x Arch, whoſe Radius is 1, and Sine 
PT ITX 25 | 5 | 

— and when =, that Arch = . 5 
e £00127 5 e - 

i= * — 2 N . the Time of deſcend- 

P x 25 Fo By 

ing from F to A, and 27 = 3.1416 K, 

1 OSA? © 

the Time of one Libration of the Water. 

Cor. 1. Comparing this Value of t with that in Prob. 

VII. and Cor. 2. it appears, that the Time of one Li. 

bration or Undulation of the Water, is equal to the Tint 


2 And by Form 10, 7 


; whence 


of Oſcillation of a Pendulum, whoſe Length is 7 - "= 
which Length is Sil, when L and N are right Angles. 

Con. 2. All the Times of Libration are equal, whether 
the Height aſcended and deſcended be greater or leſs. 

Cor. 3. It matters not what Figure the Pipe is of 
below the Level of C, provided the Parts above Ct 
ſtreight wherein the Surface of the Water moves. 

Cor. 4. The Water in one Libration will deſcend to |, 
fo that A= AF. For when vg, bb—xx=0, and 
& = ＋＋ or. 


S HOM. | 
If the Leg MN be wider than KL, and its Sec- 


tion to that of KL as c to 1, we ſhall get ws 
7 


11 


ine 


. 


2 | 
F : TE 
— - And if c be infinite, (or 
*. 7 
which is the ſame) the End AM immers'd in ſtagnant 
— pSxx | 
IT 


Water, then vv = 


There is a great Analogy between the Libration 
of the Water in the Canal KLMN, and the Waves 
of the Sea, Sc. Therefore if a Pendulum be made 


| whoſe Length is the Breadth of a Wave from Top 


to Top; then in the Time that it performs one Oſcil- 
lation, the Waves will advance forward a Space equal 
to their Breadth. | 


For (by Cor. 1.) in the Time that the Pendulum 
(i) vibrates once, the Water in the Canal will make 


one Libration; and (the Length of the Canal being 


ſuppoſed = 2 the Breadth of a Wave,) in the ſame 
Time, the Waiter in the Hollow, or loweſt Place 
between two Waves, will become the higheſt, that 
is, the Wave will move forward half its Breadth. 


And in two Vibrations (or one Vibration of the Pen- 


dulum 27) will advance a Space equal to the whole 


Breadth. 
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PROB. XXI. 


F I G. Let a Tos — 5 Steel ( perfectly elaſtic) be h at both 
249. Ends; and allowing that 10 Hundred Weight Avair. 

© dupoiſe hanging in the Middle, will juft brerk the jad Wil © 

Bar; it is required to find the Weight of a Globe, 

falling perpendicular 185 Feet an the Mudd af the 

Bar, to hgve the ſame EfeG.. 5 f 


Let DBE be the Bar of Steel, ſupported at the 
Ends D, E. Now before this Prob. can be ſolved, 
ſomething more muſt be aſſumed than is here ex- 
preſſed. Suppoſe then, that the Space BA is known, h 
thro? which the Bar is bent before it breaks; and let 
the Bar, from the Poſition DBE, be. put into the . 
Poſition DAE, or very near it, and then the 10 C. 
Weight laid ſoftly upon A, which juſt breaks it. Now Ml * 
the Weight failing upon it in the Direction FB, is to : 
bend the Bar juſt thro' the Space Þ A, to A, where it g 
breaks. by ERS | 

Let c = the Weight (10 C.) capable to break it when | 

ſuſpc -nded at A. 
c tight ſought, which is to break it by falling, . 
2 16 FRE 
a = FB the Height that w falls = 187 Feet. 
© b'= BA, the Space the Bar is bent through when 
h it breaks. = 
then 24/37 = Velocity of wo at the Point B. (the Velt- 
city being meaſured by the Feet deſcribed in a 10 


14 


Secu) 
BC — 1 Ce — x. W 
Now 87 the Principles of Mechanics, wh the 5 
ö 


Bar is bent/into the Pofition DEE, it exerts a Force 
85 | which of 


gect. III. of FLUXLONS. 


Force at A(c):: BC (x): 3 = Force at C. There- 


fore the Force chat * is 2a on at Ci 1s 5 — 2. 
Allo by Mechanics, vb ce Xs , ſee Prob. I. In 


the Caſe of falling Bodies, if 24 is the Veloeity 
gained in a Second, & is the Velocity gained i in mov- 


ing over x at the End of 1 Second. And the Weights 
of Bodies being as the Quantities of Matter, there- 


fore (from the general Proportion) 2ax (Vel. Fl. Vel.) 
wk  WeightxFl. Space % 


86 
= Body 1.5.3 Wor" . 


hence — vd = 7 * c 24x, and the Fluent i is 


UVU Ex —bWXx 


—— 2 — — 4, but at By v Sa 


2 Dr 


and x, therefore the Fluent corrected i is 4a⁴. vv 


— 2 
— 2 but in A, v o, and * b, 


therefore 4d = — X aa, or 2d 2 


oli 
and 2dw = be — 2bw, bene % — 2 C25 
"x 5 | 


or W 


Cor. 1. Half the Weight that will break the Bar at 
A, will break it when laid upon B. For wben N 


Cor. 2. The Wight, that by falling a given Height 
will break any Bar, 1s very nearly as the Space (b) thro? 
which the Bar will bend before tt breaks. Hence the 
Reaſon cody brittle Bodies break ſooner by Percaf ion, than 
berg of equal Strength. COR. 


5 
which is as the e BC. Ta BA (3): F I G. 


* BW 
; 
| 
| 
1 
N 
| 
: oy 
1 
* 
: 
1 
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— 
4 


F 1 G. Con. 3. Hence ibe Weight wv is ceteris paribus, y, 


249. 


Ciprocally as d the Height fallen from, very near, 


522 III, SGH G 
Here no Notice is taken of the Weight of the 
Bar itſelf... If inſtead of deſcending, the -Weight 
w. was ſuppoſed to be projected horizontally, with 2 


certain Velocity againſt the Bar DBE, then the Force 


K* 


at C would be , and —vv . 


2 50. 


1 cr aa Ck 
and 40d — vv = eg X 26. And when vg, =), 


and thence ad = A N 24, and 20 = 24 exactly, 


where Gravity has no Concern. 


4 
P R O B. XXII. 


F any Number of Toory Balls of an Inch Diameter tt 
Suſpended in a right Line, and the firſt A let fall frm 

any Height upon the next; to find the Velocity of the 
Motion propagated thro* them. 


Here we ſuppoſe that the Balls are perfectly elaſ- 
tic, and placed fo as juſt to touch each other, or very 
near it. But before this Problem can be ſolved, ſuch 
an Experiment as this muſt be made; black the firll 


Ball over with Ink, and let it fall upon the ſecond | 


in an Arch of a Circle from the Height deſign'd, ot 
with the given Velocity; this will make a black 
Spot on the other; take its Diameter, and from 
thence find the Altitude of the Segment, or the 
verſed Sine of half that Spot. Now the Force b) 


which this Motion is communicated from one Ball 
| to 


—— A _289v my — 


gect. INT. of BLUXIONS. 


which. is flattenꝰd or dented" in by the Stroke, and acts 


| againſt the other Ball by Way of a Spring, in like 


Manner as is deſcribed in Ex. 8. Prob. XIII. Sect. I. 
and this Force is as the Height of the Segment, drove 
in by the Stroke. Now in two Balls meeting each 
other, there are two Segments ſtruck in, both which 
exert their joint Force in REY the Balls again, 
after meeting. 


Let w = Weight of a Ball. | 
= the Weight which can make an equal Com- 
preſſion in the Globe, as the Stroke did. | 
8 = BC, which repreſents the verſed Sine of the 
Segment ftruck in, C being the Vertex, 
7 = Diameter of a Globe or Ballas A. 
c = Velocity it is projedted with at Jt. 
s = 16-7; Feet. 
x = &&- 
v = Velocity in . 
; = Time of deſcribing cb, or the Time in which 
the Vertex C is preſſedin, 10 D, by tbe Strato. 


Now it is the ſame Thing, whether we ſuppoſe one 
Globe, moving with Velocity c, againſt another at 
reſt, or two Globes moving contrary Ways againſt 
one another, each with the Velocity c; or whether 
we ſuppoſe one Globe moving againſt an immaveable 
Obſtacle, with Vel. ic. 

By Mechanics, when the Body is given, vd O 
Force x &, (ſee Prob. I.); but in a falling Body 2s 
ls the Velocity, and & its Fluxion. N in the Col- 


lion of the Balls, the Force at D is - 7935 therefore 


RE : FA "" . 2D5xxX 
are: :: a, and —vv = 5 and 


2 Pr. x 


the Fluent — v. = 


, but at C, vlc, & =O, 
cCerrected 


1 
to another, is the Elaſticity of the ſmall Segment F | Th 


250, 


» Bhs Docrxixz 


N And at laſt n 


enk So, and a ca, whence Ice = 2 


or cr = =: ee, therefore, ſince 87 and 0 ar 
given, and 2 is a given Ratio, cc oe 20, or 700 
1 given Ratio. Allo by Reduction * 12 willh 
: ©. op 2 cc fte 
put for p gives le — u = eee g = 


which reduced is vv = —— X aa—xx. 


Again 10 2 and in * ew 1 2 = (ſee 


Prob. I. . berelore 85 (Time) GX 5 INE 1155 
24x 


TE , 
Ju WE = => and (by Form 10) 
* CV aa—xx 


= = ; X Arch, whoſe. Sine is — and rad = 1, 


Bur when x = a, that Arch = = o; and 7 = _ 


, z after this Time, the Globes are dee 
at — z and after an equal Time the Globes are ſep 
rated again. Therefore 27 or = 3.1416 Time 


of the Contact of the two firſt Globes ; during this 
Time the Motion is propagated. the Lengeh of 1 Dir 


meter; whence (27) = 6:4: 1 
z whence (27) —— X 3.141 1:1: 2ax3,1416 


the Velocity of the Motion i in a Second. 


en 


It 


ect. III. FLUKIONS. 
It is here ſupp 


the third Ball. But if at the ſame Time the econd 
alſo a&ts upon the third, and the third upon the Würth, 
Gc. then the Motion will be propagated further, but 
then the Time will be longer, which comes to the 
ſame Thing. But the Time of Contact of any two 
Balls is ſo very ſmall, that che Action of «the- firſt 
upon the ſecond is over, or very near over, before it 
reaches the- third. If che firſt Ball acted ſenſibly. u 
ſeveral at once, it would be reflected, which is con- 
trary to Experience. 

Cor. 1. *Hence the Velocity of the Mation'is the ſame, 
whatever be tube 9 Y. the PE Globe ' impinging upon 
the ſecond. N 


For d is given, and -* — is a given Ratio. 


Cor. 2. Hence alſo, e paribus, the 2 of 
the Pulſes is as the Diameters of the Globes. 
Cor. 3 In Globes of different Matter, ” Value of 


a muſt be cn and then en Ratio —; =. whence 


' To find the Velocity of Sound. 

Sound is cauſed by the vibrating Motion of a tre- 
mulous Body, which excites a Motion in the Parts of 
the Air that lie next, and theſe excite” the like Mo- 

tions in the Parts that tie next to them, and fo on. 
For the Parts of the ſonorous Body alternately going 
and returning, do in going drive before them thoſe 
Parts of the. Medium that lie neareſt; and by that 
Impulſe, compreſs and condenſe them, and in return- 
G eg 8 ing 


- * 


| that the Action of the Gel Ball FI G. 
or Globe 4 upon the Second, is over before it affects 


23%", 


2514 


+ 


ws 3 


251. 
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F I G. ing, ſuffer them again to recede and expand them- 


The Doc rTRINE 


ſelves. Therefore t the Parts of the Medium are con- 
denſed and expanded by Turns at each Vibration; 

and move to and fro, in like Manner as the Parts of 
the vibrating Body do; and conſequently the Parti- 
cles of the Medium have the ſame Motion ſucceſſive- 
ly communicated to them, and the ſame Laws of 
Motion, that the tremulous Body has. Now it is a 
known Property of the Motion of a vibrating Body, 


that the Force it exerts in vibrating, is as the Diſtance 


from the middle Point of the Vibration, ſee Prob. II. 
and in any elaſtic Body, the Force is as the Diſtance 
it is ſtrerch'd to. Therefore each Particle of the 
Air is ayted;on with a Force which is alſo as its Diſ- 
tance from the middle Point of its Vibration, this 
being premiſed, 

Ler ſome certain Space BC be the Diſtance of two 


ſucceeding Pulles, Ee the Space thro? which a Parti- 


cle vibrates; O its middle Point. EG a very ſmall 
linear. Part of the Medium, ſucceſſively transfer'd 
into the Places ey, eg, and back again. Then, 
Put BC=6, EO or Oe ga, EG=9, t = Time of 
deferibiny Ee, r= Time of deſcribing Gy, v=Ve- 
locity of E at e, » = Force acting at E when it be 


gins firlt to move, Os, the Dittance of « from its 
Center; and y = Diſtance of y from its Center at 


the ſame Time; A= height of a uniform Atmoſphere, 
„ Zi Feet. 


By the Law of Vibration 2: 1: : *: — =PFore 


at :, and by Mechanics (lee Prob. I.) ww Fx, and 
in a falling Body v = 25, and F =p, therefore 25x: 


> — 2 XX FD 2 
* :: D: - -&, and vv = ———,andv*= 
P wage af 00g: 


— MX 25H 


9 and corrected c F au- mx ao) 


ap ap 


ones 1 Vn * Go 1 aa. -x. 


Sect. II. of F LUX1LONS. 
Again 7 - il 75 and in Halls Bodies, 2 K, 


IF [38 20) ige: Dung QoL. 
terefore — 7. — = , 6 md 


„ „ 
Form 10) t =D, i Gba Radius is 45 and Sine 


x; and by Correction (when x ga, chat Arch = 5 


Arch 
Nur. chen) += Se oh whole Coline i is x, let 


2 — hk Arch, then en 1 1 755 for the ſame Rea- 


ſon 7 7 W whoſe Coſine is y. ann fr 


- F. Arch , 
N 75 Fer- , whole Colines are x and 5. Let ⁊ 


= diff. Arches, and * = diff. — and by the 


#4 D 0 TR ar 
Nature of the Circle, z = — —, therefore t 
Was aa 


WNT Wo vides 
7 4 ad- 

As the Particles E, G are ſucceſſivelyagitated wh 
like Motions, the Pulſe | in palling from B to C, ar- 
rives at E before it comes to G; and the Spaces p, 
b, paſſed over by the Pulſe, are as the Times, that 


T4 


e 1 — 2ca 
is (as has been 9 as Tg and 7a" ; therefaul 


-= = —;—, But Ee —Gy Or EG- = & =, 


and 17 2x. No ſince the elaſtic Force of the 
Air is as the Denſity, and the Denſity reciprocally as 
tne Space taken up; if d = the mean Denſity, then 


8 88 2 » : 


; 411 
EI G. 


251. 


— 


4 oy 
—.— 24. Andd: 4: 4 am 
__ 
A + - ee 1 the elaſtic Fe orce in ka Place 
3 E | $308 vg 4 > N 
be. ne” its Florion is 1 x: ——= „the 


Time 2 that is, 
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F luxion of the Force at : correſponding to "3 and 


3 
| xx 20 Ar 


247 


E Decreaſ of the 


yY ag—Xx 


Force correſponding. to x, at the Tang Moment o 


__ or — 7 is ths Exceſs of 
the Force at? above that at y: and this is che Force 
by which e is accelerated, and therefore, that Force 
4ccap d 
A . 
5 2 aß & An 0 


is as &; and when xa, that Force is - 


Therefore 1 — C1 ona 32M an. — "25X46cd 
S828 ca 
— — And . then - z=—= 
209 251 . rr 4 
and f == . Uh and 44 = on 
et 2717 e A 3 A 2 


the Time of vibrating from E to e, and back again, 
or the Time of the Pulſe running thro BC. ben 
ore, 


Parti 
For: 
ſible, 
thro 
ſhou] 
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1 es Ris 
—— (Time) : 5 (Space): : 1: 

fore, 5 -( * ** U — 1 


by/ 2 As ES 
by. — Walt Dp: 6 
Vl, the Velocity of the Pulſes in a Second. 


At a mean Gravity of the Air, when the Quick- 


filver ſtands at 30 Inches, the ſpecific Gravity of Air 


to Quickſilver is about as 1 to 11890, therefore the 
Height of a uniform Atmoſphere muſt then be 29725 
Feet = A. Therefore L = V 323 X 725, 


978 Feet, the Velocity per Second. 


But the Velocity of ſound is really greater; for 


here is no Allowance made for the Diameters of the 
Particles of Air and Vapour, which are unknown. 
For as theſe ſolid Particles themſelves are incompreſ- 
ſible, the Velocity is propagated inſtantaneouſly 
thro' them; and therefore the Space found before 
ſhould be augmented by a Quantity which is to that 
Space, as the Diameters of the Particles to their 
Diſtances : And ſo we find by Experience, that Sound 


moves at the Rate of about 1140 Feet in a Second, 


| at a mean Denſity of the Air. 

Cor, 1. Hence the Velocity of Sound is always the 
ſame in the ſame Medium, whether it be more or leſs in- 
tenſe ; for the Velocity is V2As, in which a is not con- 
dern d. 5 
Cor. 2. Hence alſo the Diſtances of the Pulſes are 
mnown, by dividing 1140 by the Number of double Vi- 
brations made in a Second. Thus by Schol. Prob. II. 
in a String that makes 300 Vibrations in a Second, "s5s 
= 75 Feet, the Breadth of one Pulſe. | 

Cor. 3. The Velocity of Sound (ceteris paribus), is 
the ſame on the Top of a Mountain, as in a deep Valley. 

For if the incumbent Weight of the Atmoſphere 


be increaſed or decreaſed in any Ratio; its Denſity 


(and the Height of the Mercury) will be increaſed 
or decreaſed in the ſame Ratio, and the Height 4, 
of a uniform Atmoſphere of that Denſity, vill con- 
tinue the ſame. And therefore, 


Cor: 5 


4.14 De DocrRINE il 
FIG. Con, 4. The Temper of the Air remaining the jan, ¶ N :o on 
as te heat and cald; the Velocity of Sound will be the fon; WMPhzr 


haw-much ſoever the Air be condenſed or rarified.-. the V 
9b f nar vi 3 SGH O14 T45 Mi: ; obſer 


252, To explain more particularly the Motion of er P. 
Particles of Air, when condenſed and expanded gun 
the Pulſes move thro* them; let B, C, &c. be cer. great 
tain Waves or Pulſes of the Air moving from B « WM 
wards C; draw the Line KF, and ST parallel toit, 
and at any Place Q, erect Q, for the Denſity of the 
Medium at 2 or v, Q being the mean Denſity, Aud 
ſuppoſe O a fixt Point at the Place F, and p a Pari 
cle of the Air exceeding, near it; and let the Pulſes 
of Air, move ſucceſſively thro? the Points O, p, &. 
or rather (for the more eaſy conceiving it) let Obe A 
ſuppoſed to move with a uniform Motion along the lf the! 

1 Line FK, thro' the Waves C, B, &c. at reſt. It is take 

plain the Particle p, going with it, cannot move with I Arch 
a uniform Motion, by Reaſon of the alternate Con- 
traction and Dilatation of the Air, but will move 
ſometimes to one Side, ſometimes to the other Side Will the 7 
of O, if Op be of a due Quantity. Now whilſt 0 Wl Defe 
moves from towards C, the Medium growing den- 
ſer, p will approach nearer to O, and at C where the Cury 
Denſity is greateſt, p and O will coincide ; and pro- 
ceeding forward from C to D, the Denſity ſtill being Wher 
greater than the Mean, p will ſtill loſe Ground, and 
at D, the Place of mean Denſity, p will be the fur- 
theſt behind O; and in paſſing from D to H, into 2 
rarer Medium, the Air expanding towards H, p wil 
move faſter than O; and at E, (the Place of leal 
Denſity), they will coincide. In proceeding to 4, the 
Medium Rill continuing rarer, p will ſtill move faſter 
than O; and at I (where the mean Denſity is,) / wil 
be then the furtheſt before O, the ſame as it was at . 
And after this Manner the Points O, P, will go thro 


all the Waves or Pulſes; the Particle p vibrating fit 
| t0 


dect. III. of FLUXIONS. 4t5 1 | 
to one Side of O, and then to the other. And the F I G. 1 
„ hænomena will be the ſame, if O ſtands ſtill, and 252. Wi! 3 
the Waves move. The Points O and p, or the Syſ- 100 
tem Op repreſents OE (in Fig. 231.) Now we may 14 
obſerve that when the Syſtem is at v, it is in a den- #| 
er Part of the Wave than it was at F, where it be- | F 
gan to move, that is (Fig. 251.) the Denſity at e is - Bl! 


greater than at EO; for the ſame Particles of Air are 

in EG and «y at different Times, and in different Wi 
Parts of the Wave F, and F. 1 But k, IV» being con- | a | | 
temporary Poſitions of the Points, E, G; the Den- 1 
ſity at « is greater than at , as is plain, by Fig. 252. 


WT Therefore the greater Denſity at « will move ? to- | 
| And to conſtruct the Curve of Denſity FCD; with 14 
the Radius OE or Oe Sa, deſcribe the Circle Ve, 
take Os x, and erect the Ordinate . Let 10 
Arch EY =z, mean Denſicy =1, I=. Then in [ 
SE bei og 1 RE” 0 
H, take Fr = ——, and at 7 erect r. = —5-, and lt 
the Point « is in the Curve, and t is the Exceſs (or 1 
Defect) of Denſity at r. And for the Nature of th bl | 
CCC |. 
Curve; put Fr A, r. =, chen e == 7 
whence aA u, a mechanical Curve.  __ | 
| 
F 
11 
: bt 
18 
1 
P R OB. i 


* 
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PROB. XXIV. 


F 1:0. 4 Cerd or ſmall Rope being Auf it be Rad 41 


tended by Means of a Weight at the other End; if 
the Rope be firuck near one End, the Stroke will a. 
cite a Motion in it, Bhich will run al, 


ong the Rope in 
Form of @ Wave. Ti 0 Jing the Velocity Y the M. 
tion. 


We will ſuppoſe che Cord to be exceeding flen- 
der, or rather a heavy Line, perfectly flexible; let 
AB be the Line, and ſuppoſe the Point D to be in. 
pelled as far as to 4 by the ſtroke ; draw ads paral- 
lel to ADB. As ſoon as the Point D arrives at 4 
the Line DE will be found in the Poſition 4SE. For 
the Force being impreſſed upon the Particles of the 
Curve at D, and theſe put into Motion, they will 
exert their Force upon the Parts next to them, and 
upon the next, and ſo on; ſo that the firſt Motion 
will be ſucceſſively communicated to all the Parts df 
the Cord, and they will all, one after another, be 
carry'd over to the Line ab; where all their Motion 
will be deſtroyed; and chey will remain there, if D 
remains at d. In the mean Time the Curve Line 


(or Wave) dSE, will be carried along to os and 
ſo forward. 


As none of the Parts of the Curve beſides thoſ: 
at D, received any ſtroke ; it is plain they are al 
moved by means of the Cord, communicating Ds 
Motion to all the reſt in order. And fince the Force 
which the Cord exerts on any Particle-(by Cor. Ex 
16. Prop. XIII.) is as the Curvature there; there 
fore the Curve near Fi is CONVEX c toward GF. "a 

wile 


Sect, 
wile | 
receiv 
Line 
Curv: 
any t. 
ly dil 
be th 
gener 
it mL 
as to 


and 


and « 


ſo ea 


ward 
they 
neare 
the 
Poin 
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wile fince the Particles of the Cord, after they have FI G. 
received. their Motion, are not carried beyond the 2 535 
Line ab, but ſtop at it; it is plain that near g, the 

Curve is convex towards gb. It is alſo evident tnat at 

any two Points (u, c) of the Curve g CF, that are equal- 

ly diſtant from the Lines AB, as ; the Curvature will 

be the ſame. For as the Motion of any Particle is 

generated gradually as it moves from the Line AB; 

it muſt be gradually retarded in approaching ab, ſo 

as to loſe all its Motion there; therefore the Forces, 

and conſequently the Curvature at a and 2, are equal 11 
and contrary, and at the Middle C is nothing: And if 
fo each Particle is accelerated as far as C, and after- . 
wards retarded. . Moreover the Parts of the Rope as | 
they are drawn from, # towards C, will 'be drawn | | 
nearer into a right Line as they approach to C; ſo 1 
the Curvature will continually decreaſe to C, the — 
Point of contrary Flexure, and therefore the Force 
will likewiſe: decreaſe towards C; and hence the it 
Parts of the Curve, gC, FC are exactly fimilar and = 
equal. This being premiſed, the Time is to be found 
wherein the Wave is carried from C to F, or which 
is the ſame, wherein a Particle at & is tranſlated 


tg ee ee e 

Let E or- Ha, nr, m. e., 
r= Radius of Curvature in F. 3.1416, . Ad ler 
the Force at # be as x. By Prob. V. Sect. II. If S 


| 2288 ä 
be given, the Radius of Curvature at z is = or 


7 (becauſe x decreaſes). Then (by Cor. Ex. 16. 


Prop. XIII.): 2 7 . and ar _ Zur, and 
the Fluent is ar ⁊xx, but ar F, / =, and x ga, 
therefore ar 92 = i X xx—aa ; and 2ary 2 
207 Tx a4 2, and Aaarry: = 2ar -= X 
JJ +xX; and 4% x xx—ag X J* — 207 TN A X 
| H hh * 


£87 De Dei & un K 

FG 4Garr% X nearly, becauſe a is extreamly ſmall! in 
ar 

COR V aa— N 


Form 1009 = 2 £4 > © 2 whoſe Radius is a, 
and Sine x 7 but 1 n that Arch is 3 


e 1 75 therefore £5 = 


| Fo and (by 


* Arch whoſe Coſine 


is x, and when x becomes = = 25 that Arch 1 is a Qua- 


Quadrant; ; | whence * 


el. 
drant = = and y=d, therefore = 10 Har, whence 


44d Fl 
e ee therefore the Rad. Curvature i inzis 18 5 
ca. ar 


To find the Time of moving from Tbs Let 
t the Hime, v = SOOT. in u, 6 = I 67; Feet, 
Length of the Cord, w S its Weight, p= = 


[ 


Cp? 


5 2 : : Be 62-9 | 
Tenſion; then 55 S Weight of the . Z. Then 


| | IS» kr At 4dd | pccxa 
(by Ex. 16. Prop. XIII.) 15 S: : Pit TR” 
Force at m or 2. And by Mechanics (ſee Prob. I.) 
Ex A, that is, 2X5: Xx : : a9: 


Porn | : POR ,,? 
—X, and 7 = ——  ==—=DÞxx 
BE do PP BS: 4669 1x15 OY 
Suvltrution), and dd Fax, aud by Correction, 
| vv = BXaa—xx. | | „ 
: * FRED 8 ce 
KEW ee e Ts „ 
Again, 2 TX * 2 Or 25 Z} . 2 ( T . © F4 - 0) 8 
| : | — I Arch 
| e A = N 
] | VE ing 5 a 
4 2 i 
whoſe Radius is a, and Sine X; a and by Correction, 


12 


4 7 
4 
" 14 
1 
* 
7 1 
. 
Fl 
j 
ö , 
x 
_y 
N 
U 1 
17 
1 
f 
i'f 
1 
= 
118 
A 
1 
N $4 
Ss 
'4 
| 
j 1 
4 is 
\ . 
5 
j 
* 
F| . 
TR 
| \ 
1 
7 *. 
| ; 
[1 6 
} 75 
& 


4+. 


Sect. III. F LUXTLIO Ns. 
= FF X —_ whoſe Coſine is «; and when 
ca 


therefore 7 = 


—o. that Arch is = 
a 1 | 2 Ba 


5 : — a 
3 2 fer 5 Vi hp˙fff #73110 Wy y- the 
Time of a Particle moving thro' I, or of the Wave 
moving from C to &, or thro' 267 or d; whence 
WH) 16% BUF e 
i} I une 14 (Space) „ 85 — „ the 
Velocity of the Wave in a Second. 5 

And ſince f and y are each of them as the Arch 
of the Coſine x; therefore f is as y; and y increaſes 
uniformly, as it ought; for any Point of the Curve 
advances forward equal Spaces in equal Times. 
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Therefore the Force is as x, as was ſuppoſed ; and all 


the Requiſites are truly found, and the Problem right- 
ly ſolved, and the Curve is ſuch as is here deſcribed. 

Cor. 1. Heure in the. ſame Cord and Tenſion, the 
Mzction will be equally fewift, whether the impreſſed Force 
at be greater or leſſer; that is, greater Waves and leſſer 
ones have the ſame Velocity. | 

Cor. 2. The Pulſe is ſwifter woen the Tenſion is 
greater, and that as the ſquare Root of the tending Force. 

Cor. 3. When the Pulſe has run from one End to the 
other, it «will be returned back again in an equal Time: 
And thus it will run back and forward, till the Motion 
be ſpent. _ 

For the fixt Point at the End cannot obey the Mo- 
tion of the Wave; and by its Reſiſtance it is equiva- 
lent to a new Impulſe. | 

Con. 4. F the Cord is not per fecily flexible, but rigid 
ard ſtiff, the Velocity will be greater in the ſub -auplicate 
katio of the Degree of Siiggneſs. 

ror the greater Stiffnels ſupplies the Place of a 
greater J'enſion. 


H Co. 


— — —— — 3 —— 2 


ö 
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Cor. 5. If ſeveral Strokes be made ſucceſſively at D; 
or, which is the ſame Thing, if the End A be ſhaken 
backward and forward ; there will be generated ſo many 
Waves gradually ſucceeding one another, as P, Q, R, ö, 
and the 9 of two Waves will be known by divid. 


ing 2 L. by the Number of Strokes or Shakes in « 


Second. 

Cor. 6. The Wave or ; Pulſe vill run ow the Length 
of any Part of the Cord, in the Jame Time as that Part 
 vould perform one Vibration. | 


T his . from Prob. II. e with this 


s c HOL ITU A. 


And to coinſtres the Curve or Figure of the Wave. 
With the Radius EX (or @) deſcribe the Quadrant of 
a Circle, FI; make m x, draw the Ordinate mT, 


and erect the Ordinate n = / — * the Arch Fr. 


or, which is the ſame, mn = Ed x Arch FT. And 


hence it appears, that this * fern Curve is the 


ſame as the harmonical Curve, conſtructed in Schol. 


Prob. II. For (Fig. 218.) AE = = ＋ and AZ = 


5. 
- N e and -A or ZE = + x Arch, 


* Coſine is 5. And both theſe Curves are of the 
ſame Nature as the Curve of Denſity, conſtructed in 
the Scholium of the laſt Problem; and all of them 
are related to the Figure of Sines. 


* Scenobatical, 


PROB. 


Sec 


Let 


/ 
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To Ind the Height of the Tides. FIG | 

254, | 

Lt R = Radius of the Earth's Orbit, or the Diſtance : | 
| of the perturbating Body, G. | 
p = periodical Time of the Earth round the Sun, 


in Seconds. 
g = Gravity of any Parcel of Matter, as 1 Foot, 


5 = 16,1 Feet, the Space decent in 1 . by Gravity. 
1 2 3146. l | 

| 2»R | {| 
By uniform Motion, p:1:: 25R: — = 4, 


the Arch deſcribed in 1 Second by the Earth and 
AA aunKR 


2 r verſed Sine of that Arch. And 1 
(the Forces being as the Spaces deſcended thereby, = Il 
N 2 R By 
: 8 | 
the centripetal Force of the Sun, or thi perturbating 
Body at C. But by the Theory of Gravity, the Ra- 
dius R is to 30; as the centripetal Force at C, to Bl 
the perturbating Force at Mor D; that is, R: 3CD: : | 1 


in a given Time; therefore) 4 


ZR . 14 
N 47 x CD or IX CD = the 2s = | 
| TT BE 
Force of the Sun, Sc. at D; putting f = 777 . | | | 
Or thus, ht 


Let a = Radius of the Earth. 
e = its Denſity. . = I 

b = Semi-diameter of the perturbating Body at &. Mit 

| 5 = Ys} 
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| putting 72 0 
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Sine of its apparent Semi- diameter. 
d = its Denſity. 
Then the Forces of Bodies being as the Quantities 


of Matter divided by the Squares of the Diſtances, 


and the Matter, as the Denſity x4 by the Cube of 
ge 55 f N 


the Radius, we have ee Heh RR N 
Force of the perturbating Body at C. And by the 
55 _34gp 


Theory of Gravity, R: "Fra 5-36D * 
x OD, the r Force at D or M. But by 
Trigonometry 2 therefore age X CD or 


FCD = 7 Force of the e at Mor D, 
3 — 1 8 : 


Let APBY be the Earth, a, GP =b, 22 


CE x, then the diſturbing Force at D); and 


=. 8 


=, ad WES * z 
therefore the Gravity or Force "of D towards C = 
2 H. Now the whole Columns AC, PC, being 
of equal Preſſure at C; their Fluxions multiply'd by 


the Force of Gravity at D = 


the gravitating Forces muſt be equal]; that is, - 
— by — 3 and the Fluent 2. — | 2 4 == = 
; or = Ly = = = and when y a, and x =b, 
"70k aa =b, and a—b = 2 FR 
In Caſe of the Sun, a=21000000, p=31557600, 
then 2 — 6 = 65 aa = 72 = 1,63 Feet = 19- 


Inches the Height of the Solar Tide. 
. „ 6 a n 


In Caſe of the Moon, $=8'15% A; : an 
f 34 8 
e 


g—b= =aa:= = 7.28 Feet, the Height 


of the lunar Tide. And the Height by their joint 
Force, when in Conjunction, is 8.91 Feet. 

And the ſame Forms will ſerve for finding the 
Height of the Tides on any other Planet, or celeſtial 
Body; mutatis mutandis. eee n e 


SCHOOL PUN 


The Height of the Tides here given is ſuppoſed to 


be at ſuch Places where the Sun and Moon are ver- 
tical, and alſo in the Equinoctial. In Places at a 
Diſtance from-the Equator, the Height will be leſs, 
as the Latitude is greater; their Height will alſo be 
leſs, according to the Sun or Moon's Declination from 
the Equator.  _ f 50 


P N G B. JL, 
To find the Preceſſion of the Equinoxes. 


Let ApEP repreſent the Earth, orthographically 
projected upon the Plain of the ſolſtitial Colure, PCp 
the equinoctial Coiure;, P, p the Poles, AE the Equi- 
noctial, 7K a parallel of Latitude, BCD the Ecliptic; 
let @ be the Sun at an immenſe Diſtance, and vertical 
to D, in the Tropic, draw BDU. 

The Earth being an oblate Spheroid or nearly ſuch, 
the Sphere PApE is encompaſſed with a ſolid Cruſt, 
this Cruſt is ſpread all over the Sphere, and goes 
round the Equator in Manner of a Ring, whoſe 
Thickneſs there is Aa or Ee; in Places at a Diſtance 
from the Equator, as at I, it is thinner. Now the 

| Preceſſion 
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F I G. Preceſſion of the Equinoxes ariſes from the Action 
255. of the Sun and Moon, upon this Cruſt or exterior 
Part of the Earth; the Part PApa being attracted 
toward them, in Lines as AG parallel to CO; and 

the other Side PEpe acted on the contrary Way, or 
in the Direction FE; and both conſpiring to turn the 

Earth about, in the order of the Letters BPD; 

while the inner Sphere is acted on all Sides alike, 

Now the Effect of theſe Forces upon this Cruſt, and 
the Motion communicated thereby to the whole Body 
of the Earth, is what we are now to enquire after; 

and we ſhall firſt begin with the Sun's Force. 

1. Take Arch XL = Al, and draw LM, XY, In 
parallel to DB; and XN, In parallel to 2g; and put 

p = periodical Time of the” Earth about the Sun; 

g = Gravity of any Parcel of Matter, as 1 Foot; 
=16.1 Feet, the Space deſcended in a Second by 
Gravity, 1 = 3.1416; then, by what was demon- 
| ſtrated in the laſt Problem, we have the diſturbing 
Force of the Sun =fx LM = = X LM; allo 
let the mean Radius of the Earth = a, Aa =m, 
asd, . Tol. DCA=c; Arch 
XL or Mg, Sine AL or X/=y, then will NX=y, 

NL=cy, XY =5v, and CY =cv. Therefore LM= 

+50, CM=cv—y, In -, Cn c . 
Now the Force of two Parcels of Matter at L andi. 
to wheel the Earth about the Center C, is = CMX 
x LM + Cm xf x Im, the former acting by the Power 
of the Lever CM, the other by that of Cm: that is. 
the Force of theſe two Parcels of Matter 1s = 


—p—— TS 
cv N +5v + w+9,Xx - -?: X. = 20 F X 
vv—)); therefore the Fluxion of the Force of all the 
Matter in the Circumference I is 2c . 
this Force is directed from ꝗ towards p, D; therefore 
the Flux. of the Force the centrary Way, or 3 Ru 
8 | | | rection 


- l 
Pg) Ps 

4 Tow ant ue ng Wes ha — 9 
— 

- w—_ N 
— . —— 
I 24 wm ry — - ma 5 
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gect. III. of FLUXIONS. 
„ 0 | * 

rection QD is = 2cof2 x3y—wv = 2c5f X — 

— 2c5fouZ ;, whoſe Fluent (by Form 10 and 11) is 

= corrfz — cor cf, and when yr, 


FE 
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and doubled, the Force of the Circumference IK is 


reif Xrr—2vv ncht x aa—39v. Therefore if 
y za, the Force of the Aunulus IK is nothing. 


2. By the Nature of the Ellipſis, @:r ::m: 


3 ; a 
= Height of the Matter at the Circumference IX; 
therefore the Fluxion of the Force in the Annulus 
2 »;- rc fmõ 


IK is — wesfrv X 4d-—3ZVU X * — 5 N 


my 


| rc fm: 


44—3VV X Ga—VU = 9 Xa. AA νο + vt, and 


Ie © SIE 


re 4a 35 
a 


the Fluent = U 


and when v=a, and doubled, the Force of the whole 


8Tcsma T3 ma !. | 
Lust = f 2 <— C2 ——— therefore the 


. | a | 
Force is as the Thickneſs of the Cruſt ; and this is equal 


tothe ſimple Force —_ r acting at the Diſ- 
tance a from the Center C, or by the Power of the 
Leaver 2. And this is the Force with which the 
Sun diſturbs the Earth, when in the Tropic at D; 
call this ſimple Force Fes. 


3. But we muſt find what this Force will be when 


the Sun is in any other Point of the Ecliptic as at H. 
Draw the great Circle pARP, and making Rad. =1, 
let Arch CH=z, Sine CH=y, then in the Spherical 
Triangle CHR, right angled at R, Rad. (1): S. CH 
0% : S. C (): S. HR=s; therefore ſince F conſiſts 
only of given Quantities, the Force of the Sun at H 


s FN Ig); for it was found in the laſt Ar- 


ticle to be Fx by the Rectangle of the Sine and 
ng 5 Coſine 


„ == 
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, * rr 
—w x ñ ſ—„ m A —— x — oe §—— — ——— <a. Po 
. 


= _ —— NOx *. 
OED — [=0w - mee - 
A 199 h * * — * 4 + 


as » The DocrRINE | 
F I G. Coſine of the Sun? 8 Height above the Plane of the 


255. EquinoRtial: But this very {mall. Force FN 1 
acts altogether i in che Plane PRI, therefore we = 
divide it into two Forces, one acting in the Plane 
Pd which we want; the other 1 in the Plane PCy, 
perpendicular to the other; ; this latter Force is de. 
ſtroyed by an equal and contrary; Force, When the 
Sun is equidiſtant on the other Side of the Tropic; 
but the other Force actingal ways one way, is the only one 
the Earth is annually affected with. Ihe Tan. __ 


14 Fiodo PE and by Sph. Trig. 1 6 A0 ( 
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Ii, Yi 
Dn = ans Rc, and 9. Kc = — . 
Vi FL | 10 - View 
WY | 9 1 = 5 9 Ar eh 
hy . "= IE 
Fe i r ec 
3 — then to find the Part of che Foree acting 
V 1—55yy 


in the Plane PA, it will be, Rad. (1): TM I 
(whole Force) : : S. NRC (— 2 Y2 Lech, the Force 


1=—5SvP 
in Direction P9 : T berefore this Horce is as the Square 
of the Sun's Diſtance from the Equinox. From hence to 
find the mean annual Force, we muſt firſt find the 
Sum of all the Fesyy in the Circle, or the Fluent of 
Feevyy M 


Fegy& = „and Big Fluent (by Form 10 
5 Fe 
| ty | 
11) is = Wr — — Vi. and when y=1, e 
F. ju 
the whole r 5 and in the whole Circle = 5 


Fess ; . this divided by the whole Circurnference 27, in 
the 
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the mean Force is = Fes, which is but half the great FIG 
Force, when the Sun was in the Tropic. 255. BE 
4. Purn = Time of the Earth's diurnal: Rotation, : BE 
and ſuppoling 1 it of uniform Denſieys its Solidiey! is | | BE 
— he ee And by Ex. 6. Prob. XXIII. Sed. II. 
the Piſtance of the Center of Gyration, from the . Mi 
Center C of the Earth is = s, and by the Pro- 1 
perty of the Center of Gyratjon, if the whole Mat- 1 
ter of the Earth was ſuppoſed to be collected into | 
that Point, any Force apply'd to move it about the | 
Center C, would generate the ſame angular Velocity 
in it, and in the ſame Time, as it would do in the | ut 
Earth itſelf. And ſince this Force Fes, acts at the Ml 
ſame Diſtance 2%, therefore it is the ſame Thing Þ | 
as if that Force was directly apply*d to the Body to Ki 
move it : Now to find the Motion generated herein. 
By Mechanics the Space deſcribed or generated in a 
given Time, is as the Force directly, and Matter 
Leer 3e 
3770 drag | 


= Space deſcribed in 1, by the Matter of the Earth 
in the Center of Gyration. And 2744/3 (circumf.) 
oe Ye | rn a. 36m ul 
209 Drag f 10 X 8009 w_ X 360, | 
the A deſcribed about the Earth's Center, by the 
Center of Gyration, which is equal to the angular 


reciprocally z therefore: — 2 92 


rr P 


Motion of the Earth i in 1 
3 In the Equator AE, make Ab = „and 


perpendicular to it make þ/=Earth's angular Motion 


260 


juſt found. Now fince in 1 of Time any Point 4, 

is carry*d from A to þ by the Earth's Rotation; and 
in the ſame Time the Point 5 of the Equinoctial i is 
moved to 2, , by the Sun's diſturbing Force ; its Plain, 


1 any 
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FI G. any Point Awill purſue the Fract Air; chat 1 is * 
* Equinoctial Point will be moved from 0 to 7, in l. 

| To find Nich the Triangle Abt, Ab or. A 2 


CST 7 7 iz Wo STIRA. -+ 
3 , 360 . 3c 3 Þ-- 3,0 $ 
2a | 'L 


; Bad. (1): 27 ( 


FO? UA, 


»At,.or Arch ro; and in the Triangle.roG, S. C (Y): 


S. ro e : Rad. (1): "SCE I 
af; the receſſion of the Equinoxes by the Sun's 
n 


Sd 


Force, in 1; and = — 28 Preceſſion j ina Year, 


Therefore the ene 3s ab the Periodic Ti ime of the 
Earth's Revolution about its Axis: © 

6. Laſtly (by Prop. 37. L. III. Newton's Princiia 
the Sun's- Force is to the Moon's, as 1 to 4.4815; 
and the Sum of both is 5.4815 =9, therefore the Sine 
of the Preceſſion in a Year By both Sun and Moon is 


5 e 
205 een G 91706, Ag Feet, by 
Prob. XVII 1 bona 86160, @.=2 1990000, and p= 2 


3eme 
31557600 3 hence : 20% 14.2 +90987 66+ But 


,000390g is: the Sine of. 1 min. or r 603 r 2909 : 


60 : : 2755 7 59. 82, the annual Preceſſion of the 
Equinokes. Which being more than it is found to 
be by Obſervation, makes it probable, that the Earth 
is more denſe towards the Center; or perhaps, that 
the Moon's Force to the Sun's is not rightly adjuſted, 
being only collected from the rifing of the Tides. 
But chat the Earth is rarer at the Surface appears from 
this, that the moſt Part of the Surface is Water. 


Cok. 1. If the Earth. had no Rotation obouk 118 Aris, 
The * the Equator to the Ecliptic would de- 


creaſe 
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creaſe above two Degrees and a baff in one: Year: Au, F I G. 
conſequently in @ few Tears, the Equinodial, would fal 286. 
into the Echiptic. Drain T2 2 vb JIiSils 4 [VS 30H bm ; 
| 23% 84, vn ab. SR Te id hd ET 

For 1 e 36 A- e 368 S 


2,681 Degtees in one Tear. 
Con. 2. The other Force acling in Direc- 
tion PC perpendicular to PA, (which was uſeleſs in 
finding the Motion of the Equinoxes) changes i 
Direction four Times in one periodical Revolution; And 
this generates a Motion, which compounded with the 
Earth's diurnal Motion, cauſes a Vibration or noddi 
of the Earth's'Axis, to and from the Ecliptic*7wice 
in a Year. But becauſe the Moon does not accom- 
pany the Sun thro' a Quadrant. of the Ecliptic, we 
cannot conſider their joint Force; therefore if we re- 
gard only the Force of the Sun (for the Effect of the 
Moon's Force alone will be far leſs); then: the -whole 
Auantity of this Nutation will not amount o a+ fingle 
Second. = dung 
Cor. 3. But there is a Nutation in ibe Earth's Axis, 
tanſed by the Moon's being out of the Ecliptic. For in 
the foregoing Compurations, we ſuppoſed her always 
init; but the Moon's Orbit being inclined to the 
Ecliptic, in an Angle of about 5 Degrees, ſhe will 
oaly be in the Ecliptic when ſhe's in the Nodes; and 
t all other Times ſhe will have a greater or leſſer 
Force to move the Earth, according as her Declina- 
ton is greater or leſſer. And this Force (as was 
hewn Art. 4.) is as the Rectangle of the Sine and 
Coline of Declinarion, . that is, as the Sine of twice 
the Declination: And from hence ariſes a; Perturba- 
tion of all the former Motions, which-will be greateſt 
When ſhe is furtheſt from the Ecliptic, or 907 from 
tne Node. And as the Nodes make a Revolution in 
about 18.6 Years, therefore this Force will be direct- 
ed all manner of Ways during one Period of the 
Nodes, and will therefore cauſe the Poles of the ho af 
| noctia 
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FIG aki ao wer about the mean Pole, deſeribing 1 


255» 


the Ecliptic; but, 5x 56.83, or 75 66 =r0 4 


the Joint . Fo orces of both Sun and Moon. Therefore 
4 813 „ 
N - 18. 52 the Effect of the "Moon's 


Force. alone in a Year; 2 and this Force of. the Moon 


the greateſt and leaſt, which is... 14043 whence this 


Ways, muſt be laid out in the Circumference of a Cir- 
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circular Figute i in the Heavens, in the ſaid Period of 
Time. 
Now to compute the ene of of this Evagati of 


noe od 


the Holes 5 the Arch) rC or Sb 3. was meaſured along 


818 ST 


which meaſures the Motion of the Pole, 01 that by 


in the Ecliptic is as $..47% . 73133 and at 5; deg 
21 when the N odes are at the Equinazes, as S. 550 
— 17 31 $I. 1073, 4 5 is che leaſt )uantity: of | Force; 
and the greateſt is as S. 10%=.1736, or thereabouts, 
when the Nodes are. in the Solſlices. And in other 
Poſitions this perturbating Force is different; but 
we cannot be far wrong if we take a Mean beten | 


Proportion, 73! 3 8 1404 18. 52 2 3. 5 755 the annual 


Effect of the Moon's s diſturbing Force. And 3. 55 * 
18.6 = 66. 17; which, as the Motion is directed all 


66.17 510 14 


cle; and then 21,0, the Diameter of 
3. A1. 


the circle of Ecards which would appear diſtin} 
in the Heavens, if the other Forces and Motions 
were away. But we muſt obſerve, that if the Earth 
is denſer within, and more rare at the Surface, the 
Diameter of this Cirele will come out leſs than is 
here determined. | 

To find the Divettion of this Motion. -It 'was na 
in Art. 5: that when the Solſtice is at D or B, the 


Equinoctial Circle is moved by the Forces of the * 
| an 


I ! 
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ind Moon, from the Place AC, to the Place Ar; con- F 1 | 
ind the Caſe is the ſame with this diſturbing Force | 14 
of the Moon. For ſuppoſe vv to be the, Maon's 104 
Orbit, 0 the nonageſſimal Degree, or higheſt Point . 


of the Orbit elevated above the Plane of the Ecliptic | | ! ; 
DB, towards the Pole P; then v and w being ſituated | 
t D and B, the Force of the Moon, being now 


gener, will alſo, move the Pole I ton arde C. And | || 
for the ſame Reafon, when (by the retrograde Mo- Yi | 
tion of the Nodes) 0 is got to &, P. will be moving i |} 
towards R; when wv is at C, P moves towards A, fo | 
that P always moves the ſame Way, or in the ſame N | 
Direction that w does. Therefore about v, deſcribe S || 
the ſmall Circle afy9:; and ler à be the Place of the $ | 
Pole when w is at B: Then whilſt ww paſſes ſuc- | 
ceſſively thro* BS, SC, CH, HD; the Pole P (mov- 


ing the ſame Way) will paſs thro' «3, By, y9, d; the Bl 
contemporary Poſitions of w and P being B and a; 
$9; C, /; H, d; D,, Sc. and therefore the Circle 
deſcribed «y: muſt of Conſequence include the mean 
Pole x. And from hence it is plain, that the moving 


| 
Pole is in every Place (as ſuppoſe at ) nearer. to w the | 
ligheſt Point of the Orbit (at B), than the mean Pole x, 1} 
by the Radius of the little Circle x or 105 Seconds. | 


I need ſcarce mention that this perturbating Force, $ 
and its Effect, is greateſt in the Moon's Perigee, being 7 
nearly in the reciprocal triplicate Ratio of the Moon's i 
Diſtance, as is well enough known. | ; 

2 
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By a like Method (but by a Proceſs much more 9 U 
eaſy) the Motion of the Moon's Nodes may be com- "Whit 
puted. And I might now proceed to the Calculation Whit 
thereof, and of the Motion of the Apfides, and other - # |ii# 

bings belonging to the Moon's Motion, and other =. 

affcult Problems, ſuch as finding the Curves de- s [i 

| | Ts | ſcribed 3 ji 
Mill 
# [Ii] 
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e Deer, .. 
feribed by Bodies atied upon by any Laws of Grail ] 
iy, and moving in Mediums which refit, as an | 3 
Powers of the Velocity, and ſuch like. But fincl 
theſe cannot be diſpatched in a few Words, but often 
run into long and tedious Calculations, and requite || 

a great deal of room, I ſhall not trouble the Reader 
with them ; eſpecially fince the Method of purſuing i 
and managing theſe, is the very fame as in thoſe Pro- 
blems here delivered. And therefore I ſuppoſe, if th 
Reader underſtands what has been before laid down; | 
he will be able of himſelf to apply his Doctrine, to the 
Solution of any other Problem that happens to fall in 
his Way, though more complex, without any furthet 
Aſſiſtance. pa || 3 
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